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Zusammenfassung (Summary in German)

Schwerfermionenmetalle sind eine Klasse von stark korrelierten Materialien. Sie enthalten sel-
tene Erden wie Ytterbium oder Cer, deren lokalisierte f -Schalen zur Bildung lokaler Momente
neigen. In Verbindung mit den ebenfalls vorhandenen delokalisierten Leitungsbändern führen
die lokalen Momente bei ausreichend niedrigen Temperaturen zu interessanten, stark korre-
lierten Phasen. Ein gut verstandenes Beispiel ist die so genannte schwere Fermi-Flüssigkeit,
in welcher die kollektive Verschränkung zwischen Elektronen in den Leitungsbändern und
lokalen Momenten zu einer Fermi-Flüssigkeit mit Quasiteilchenmassen von mehr als 1000
Elektronenmassen führt. Faszinierenderweise führt diese kollektive Verschränkung zu einer
Mobilisierung der lokalen Momente und somit zu einer so genannten großen Fermi-Fläche.
Diese berücksichtigt sowohl die Leitungselektronen als auch die f -Momente und kann ex-
perimentell z. B. durch eine entsprechende Änderung der Hall-Zahl nachgewiesen werden.
Inzwischen wurde gezeigt, dass diese effektive Delokalisierung der f -Momente aus allgemeinen
Gründen zu erwarten ist.

Überaschenderweise zeigen jedoch einige Verbindungen, z. B. YbRh2Si2 und CeCoIn5, Fermi-
Flüssigkeits-ähnliche Phasen, in denen die f -Momente lokalisiert zu sein scheinen. Diese
Phasen sind durch eine so genannte kleine Fermi-Fläche gekennzeichnet, die nur Leitungselek-
tronen berücksichtigt, was wiederum durch Messungen der Hall-Zahl beobachtet werden kann.
Besonders interessant sind sogenannte Kondo-Zusammenbruchsphasenübergänge zwischen
Phasen mit kleiner und großer Fermi-Fläche. Ein Kennzeichen von Kondo-Zusammenbrüchen
ist eine plötzliche Rekonstruktion der Fermi-Fläche, die als Sprung in der Hall-Zahl beobachtet
werden kann. Trotzdem scheinen Kondo-Zusammenbrüche kontinuierliche Quantenphasenüber-
gänge zu sein. Darüber hinaus weisen der quantenkritische Punkt des Kondo-Zusammenbruchs
und der zugehörige quantenkritische Bereich typischerweise ein “seltsames Metall”-Verhalten
(strange metal behavior) auf. Dazu gehören eine lineare Temperaturabhängigkeit des Wider-
standes, dynamisches Skalierungsverhalten von Suszeptibilitäten und das scheinbare Fehlen
von Quasiteilchen. Viele der Phänomene, die bei Kondo-Zusammenbrüchen beobachtet werden,
sind noch nicht vollständig verstanden, insbesondere die Phasen mit kleinen Fermi-Flächen
und das seltsame Metallverhalten im quantenkritischen Bereich. Das Hauptziel dieser Arbeit
ist es, diese Phänomene mit Hilfe numerischer Methoden zu untersuchen.
Der erste Teil dieser Arbeit befasst sich hauptsächlich mit der Verbesserung von Matrix-

Produkt-Zustands (MPS)-Algorithmen. Dort entwickeln wir ein Verfahren zur kontrollierten
Verbindungserweiterung (CBE), das die günstigen Konvergenzeigenschaften der weit ver-
breiteten 2-Gitterplatz-Aktualisierung aufweist, aber mit einem Rechenaufwand welcher
nur geringfügig höher ist als der einer 1-Gitterplatz-Aktualisierung. Eine anschließende An-
wendung von CBE auf die MPS-Grundzustandssuche für ein Kondo-Heisenberg-Modell auf
einem 4-schenkligen Zylinder, einem paradigmatischen Schwerfermionenmodell, zeigte, dass
in diesem Modell zwei Phasen existieren, die durch eine kleine bzw. eine große Fermi-Fläche
gekennzeichnet sind. Die Untersuchung eines mutmaßlichen Kondo-Zusammenbruchs zwischen
diesen Phasen wird zukünftigen Arbeiten überlassen.

Im zweiten Teil untersuchten wir das periodische Anderson-Modell, ein weiteres paradigma-
tisches Schwerfermionenmodell. Unter Verwendung der 2-Gitterplatz zellulären dynamischen
Molekularfeldtheorie zusammen mit der numerischen Renormierungsgruppe (NRG) als Stör-
stellenlöser, waren wir in der Lage, einen Kondo-Zusammenbruchsphasenübergang in diesem
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Modell zu identifizieren und gründlich zu untersuchen. Dank der Fähigkeit der NRG, ex-
ponentiell kleine Energie- und Temperaturskalen aufzulösen, erzielten wir mehrere neue
Erkenntnisse, insbesondere über die Phase mit kleiner Fermi-Fläche und über den quanten-
kritischen Bereich, in welchem wir seltsames metallisches Verhalten finden und untersuchen.
Mehrere Vergleiche zwischen numerischen Ergebnissen und experimentellen Daten zeigen eine
bemerkenswert gute qualitative Übereinstimmung.
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Summary (Summary in English)

Heavy fermion metals are a class of strongly correlated materials. They typically contain
rare earth elements like Ytterbium or Cerium which host localized f shells that tend towards
local moment formation. In conjunction with itinerant conduction bands which are also
present in these metals, the local moments give rise to interesting strongly correlated phases
at sufficiently low temperatures. A well-understood example is the so-called heavy Fermi
liquid, where collective entanglement between electrons in the conduction bands and local
moments gives rise to a Fermi liquid with quasiparticle masses in excess of 1000 bare electron
masses. A captivating property of the heavy Fermi liquid is that this collective entanglement
effectively renders the local moments mobile. This leads to a so-called large Fermi surface
which accounts for both the conduction electrons and the f moments and is experimentally
detected for instance by a corresponding change of the Hall number. By now, it is well
understood that this effective delocalization of the f moments is expected on general grounds.

It is therefore surprising that some compounds, for instance YbRh2Si2 and CeCoIn5, host
Fermi-liquid-like phases in which the f moments appear to be localized. These phases are
characterized by a so-called small Fermi surface which only accounts for the conduction
electrons, again observable via measurements of the Hall number. Particularly interesting are
so-called Kondo breakdown quantum phase transitions between small and large Fermi surface
phases. A hallmark of Kondo breakdown transitions is a sudden reconstruction of the Fermi
surface, observable as a jump in the Hall number. Despite that, Kondo breakdown transitions
appear to be continuous quantum phase transitions. Furthermore, the Kondo breakdown
quantum critical point and the associated quantum critical region typically exhibit strange
metal behavior. This includes phenomena such as linear-in-temperature resistivity, dynamical
scaling of susceptibilities, and the apparent absence of quasiparticles. Many of the phenomena
observed around Kondo breakdown transitions are not fully understood yet, particularly the
small Fermi surface phases and the strange metal behavior in the quantum critical region.
The main goal of this thesis is to shed light on these phenomena using numerical methods.

The first part of this thesis is mainly focused on improving matrix product state (MPS)
algorithms. There, we develop a controlled bond expansion (CBE) scheme that exhibits
the favorable convergence properties of the widely used 2-site update, but at a reduced
computational cost, only marginally higher than that of a 1-site update. A subsequent
application of CBE to MPS ground-state search for a Kondo-Heisenberg model on a 4-leg
cylinder, a paradigmatic heavy-fermion model, showed that this model hosts two phases,
characterized by a small and a large Fermi surface, respectively. An investigation of a putative
Kondo breakdown transition between those phases was left for future work.
In the second part, we studied of the periodic Anderson model (PAM), another paradig-

matic toy model to describe heavy fermions. Using 2-site cellular dynamical mean-field
theory (2CDMFT) together with the numerical renormalization group (NRG) as an impurity
solver, we were able to identify and thoroughly study a Kondo breakdown quantum phase
transition in this model. Facilitated by the ability of NRG to resolve exponentially small
energy and temperature scales, we were able to obtain several new insights on the small
Fermi surface phase and especially on the quantum critical region, where we find and study
strange metal behavior. Repeated comparison between numerical results and experimental
data shows remarkably good qualitative agreement.
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1 Introduction

This chapter provides some basic background on heavy fermion (HF) materials and the
concepts involved when attempting to understand them. Section 1.1 provides an overview
of basic notions in HF systems, focusing on a motivation of simple toy models and how we
can understand the emergence of a heavy Fermi liquid from those models. Section 1.2 then
provides an introduction to quantum criticality in HF systems, starting with Hertz-Millis-
Moriya theory in Sec. 1.2.1. Finally, an overview of Kondo breakdown quantum criticality is
given, focusing on experimental phenomena in Sec. 1.2.2 followed by an overview of theoretical
approaches to explain these phenomena in Sec. 1.2.3.

1.1 Heavy fermion systems – basic concepts
Heavy fermion systems are intermetallic compounds that typically contain elements with
partially filled, localized f shells [Ste84, Col07] like Cerium or Ytterbium. At low temperatures,
some of these compounds host rather extreme Fermi liquids (FL) with quasiparticle (QP)
masses several orders of magnitude larger than for instance copper. This was first observed
experimentally in CeAl3 [AGO75], where at low temperatures, a paramagnetic state with
properties consistent with an FL was observed. CeAl3 has a specific heat coefficient γ =
C/T = 1620 mJ/mole K2, more than 3 orders of magnitude larger than that of copper
(γ < 1 mJ/mole K2 [BLJF70]). Since γ is directly proportional to the effective mass m∗ in a
FL [GV05], CeAl3 hosts extremely heavy QP, hence the name “heavy fermion” [SAB+79].
Similar extreme enhancement is found in the∼ T 2 coefficient of the resistivity and the magnetic
susceptibility of CeAl3 [AGO75]. Subsequent work has uncovered many more heavy fermion
materials [Ste84, Col07], for instance CeCu6 [SFW84] or the heavy fermion superconductors
CeCu2Si2 [SAB+79] or UBe13 [ORFS83]. Of special interest to this thesis are compounds
which show so-called Kondo breakdown quantum critical points (c.f. Sec. 1.2.2 and 1.2.3) like
YbRh2Si2 [TGM+00] or the so-called Ce-115 family including CeRhIn5 [SSHO05, JCK+15]
or CeCoIn5 [MEC+22].

1.1.1 Simple models

The key ingredient in heavy fermion compounds is the presence of partially filled, localized
f shells from rare-earth elements like Cerium or Ytterbium which hybridize with broad,
itinerant conduction bands [Col15]. The heavy-fermion compounds most relevant for this
thesis contain trivalent Ce3+ or Yb3+ ions, which have a [Xe] 4f1 or [Xe] 4f13 configuration,
respectively. The interesting strong correlation effects observed in heavy fermion compounds
like CeCoIn5 or YbRh2Si2, reviewed in subsequent sections of this introduction, emerge due
to the presence of the 4f electron or hole, respectively. The 4f states in both Ce3+ and
Yb3+ are subject to relatively strong spin-orbit coupling, which leads two sectors with total
angular momenta j = 5/2 and j = 7/2. In Ce3+, the j = 5/2 sector is lower in energy
by ∼ 0.3eV [HYK10, JGK+22], which corresponds to a temperature of ∼ 3500K, i.e. this
temperature scale is not relevant for solid-state experiments and we can therefore focus on
j = 5/2 sector. The situation is similar in Yb3+, but there the j = 7/2 sector is lower in



2 Introduction

Figure 1.1 (a) Crystal structure of CeCoIn5. Red, yellow, and blue balls denote Ce, Co, and In
atoms, respectively. Adapted from Fig. 12 of Ref. [HYK10]. (b) Energy level structure of the 4f shell
of Ce3+ in CeCoIn5. The spin-orbit coupling (SOC) splits the energy levels into a high-energy j = 7/2
sector and a low-energy j = 5/2 sector, with an energy difference of ∼ 0.3 eV [JGK+22]. The crystal
electric field (CEF) leads to a further splitting of the j = 5/2 sector into three Kramers doublets,
denoted Γ−

7 , Γ+
7 and Γ6. The excitation energy of Γ+

7 is 6.8 meV, that of Γ6 is 25 meV [SAS+19]. (c)
Shapes of the Γ−

7 , Γ+
7 and Γ6 orbitals. Adapted from Fig. 4 of Ref. [SAS+19].

energy and the energy difference between the two sectors exceeds 1eV [Nor05, LIK07], i.e. it
is even larger than for Ce3+.
The tetragonal crystal structure of e.g. CeCoIn5 or YbRh2Si2 further splits the low-

energy j = 5/2 (Ce3+) or j = 7/2 (Yb3+) angular momentum sectors due to the crystal
electric field (CEF). For the Ce3+ ion, this leads to three Kramers doublets, denoted Γ+

7 ,
Γ−7 and Γ6 [HYK10]. The Γ−7 orbital is usually lowest in energy, followed by Γ+

7 and Γ6.
The energy difference between Γ6 and Γ−7 is around 25–30meV for Ce-115 compounds like
CeCoIn5 [SAS+19], which corresponds to a temperature scale around 300–350K, i.e. roughly
room temperature. Since the temperature range where heavy fermion metals like CeCoIn5
show interesting strongly correlated phenomena is considerably lower (typically T < 100K or
less), the Γ6 orbital is not expected to be highly relevant for those. On the other hand, the
energy difference to Γ+

7 is rather small and around 5–10meV [SAS+19], which corresponds to
a temperature scale of around 60–120K. In CeCoIn5 for instance, the crystal field splitting
between Γ−7 and Γ+

7 is 6.8meV [SAS+19], corresponding to a temperature scale of 78.9K.
Since emergent strongly correlated phenomena like strange metal behavior emerge at an
even lower scale around ' 40K [MEC+22], an effective description of the 4f shell in terms
of only the Γ−7 Kramers doublet can be expected to be sufficient to describe such emergent
phenomena qualitatively. The situation in CeCoIn5 described above is illustrated in Fig. 1.1,
and the situation in other tetragonal Ce-based HF compounds like CeRhIn5 or CeIrIn5 is
similar.
In YbRh2Si2, the CEF splits the j = 7/2 states into four Kramers doublets, with an

energy splitting between the two lowest-energy doublets of 17meV [SKF+06, LIK07], which
corresponds to almost 200K. Due to that, low-temperature emergent phenomena like strange-
metal behavior in YbRh2Si2 should be well described by a model considering only the lowest
energy Kramers doublet.
The 4f orbitals are comparably narrow and tightly bound to the nucleus [Col15]. As

a result, the 4f electrons in the lowest-energy Kramers doublet are localized and subject
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to strong Coulomb repulsion, which promotes local moment formation in the 4f orbitals.
Further, the 4f electrons are subject to hybridization with itinerant spd-bands present in HF
compounds like CeCoIn5 or YbRh2Si2.

Periodic Anderson model

A basic toy model that contains the key ingredients described above is the periodic Anderson
model (PAM),

HPAM =
∑
iσ

εf f
†
iσfiσ + U

∑
i

f †i↑f
†
i↓fi↓fi↑ +V

∑
iσ

[
f †iσciσ + h.c.

]
+
∑
kσ
εck c

†
kσckσ . (1.1)

Here, fiσ and ckσ annihilate a spin-σ electron in the narrow f or the itinerant c band at site i
or momentum k, respectively. The spin σ should be regarded as an effective spin, accounting
for the 2-fold degeneracy of the lowest-energy Kramers doublet. From here on, we will use
the terms f electrons or c electrons to refer to the localized f band or the itinerant c band.
The f band is completely flat with energy εf while the c band has a dispersion εck with some
bandwidth W . The f and c electrons are subject to local hybridization with strength V . U
is a local Hubbard-type interaction on the f band and is typically the largest scale in the
system, i.e. W,V � U . Realistic values of U are typically of the order of several eV, which
means double occupation only occurs in terms of virtual transitions at the energy scales of
interest. In this thesis, we will usually pick εf ' −U/2, such that the f band is approximately
half-filled such that also the empty state only occurs in virtual transitions. This leaves only
the spin degree of freedom of the f band active, i.e. the f -electrons form local moments at
temperatures and energy scales where the Hamiltonian (1.1) is reasonably applicable.

Kondo-Heisenberg model

The local doubly-occupied or empty states {|0〉i, |↑↓〉i} (from now on referred to as charge
fluctuation sector) are of order U higher in energy than the local moment sector {|↑〉i, |↓〉i}.
Because the interaction energy U is large, the charge fluctuations in the f band of the periodic
Anderson model (1.1) are often (approximately) integrated out [SW66, Col15, LvDW17b].
The result is an effective low-energy Hamiltonian where the f band is described as local
spin-1/2 degrees of freedom. Remarkably, this means we have cooked down the full 4f orbital
of Yb3+ or Ce3+ with a local many-body Hilbert space of dimension 47 = 16384 to its bare
minimum, an effective 2-dimensional Hilbert space. The resulting model is known as the
Kondo-Heisenberg model (KHM),

HKHM = JH
∑
〈i,j〉

Si · Sj + JK
∑
i

Si · si +
∑
kσ
εckc

†
kσckσ , (1.2)

where Si are spin-1/2 operators describing the f local moments and si = ∑
ss′ c

†
isσss′cis′ are

the local c-electron spin operators, with σ Pauli matrices. JK is a local antiferromagnetic
Kondo coupling between f spins and c-electrons while JH is an antiferromagnetic Heisenberg
interaction between nearest-neighbor f local moments. It should be emphasized that both
HPAM and HKHM are expected to describe the same universal phenomena at low energies,
where they should provide a good qualitative description of the otherwise more complicated 4f
shells and their hybridization with the itinerant spd bands in real heavy-fermion compounds.
Which Hamiltonian to use is mostly a matter of convenience.
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1.1.2 Hybridization, Fermi surface and heavy Fermi liquid

A striking aspect of HF metals is the emergence of a heavy Fermi liquid with extremely
large QP masses, as discussed for CeAl3 [AGO75] at the beginning of this section. The
emergence of this heavy FL is a result of c-f hybridization. At high temperatures, the f -
electron local moments are subject to thermal fluctuations, resulting in a Curie-like magnetic
susceptibility [Col15]. As the temperature is lowered, the thermal fluctuations of the local
moments gradually become insufficient to overcome the hybridization between c and f
electrons, which promotes c-f singlet formation. The heavy FL finally emerges at low
temperatures, when thermal fluctuations become weak enough to allow collective Kondo
singlet formation [Col07], similar to the Kondo singlet formation in the single impurity
Kondo or Anderson models [Hew93]. The QPs in this heavy FL are composed of both
c and f electrons, the local nature and strong interactions of the latter result in a large
effective QP mass. The f electrons thus effectively become mobile charge carriers which
contribute to the charge density in the valence band. In Ce-based HF metals, for instance,
the heavy FL formation can be thought of as a crossover in the valence of the Ce ion from
Ce3+ at high temperatures where the f electron should be regarded as a core electron,
to Ce4+ in the low-temperature heavy FL where the f electron contributes as a valence
electron [Col15]. This valence change leads to a corresponding change in Fermi surface (FS)
volume [Lut60, Osh00, Dzy03, CNHC18, NCHC18, HB20] and the Hall number nH [GV05],
both of which are proportional to the charge density in an FL. From here on, an FS whose
volume includes the f -electron density will be called a large FS, the converse will be referred
to as a small FS.

It can be argued using basic conservation laws that the large FS, i.e. the case where the f
electrons contribute as valence electrons, should be the rule at sufficiently low temperatures.
This is known as the Luttinger sum rule [Lut60, Osh00]. Some materials appear to disregard
this rule, e.g. YbRh2Si2 and CeCoIn5, and seem to have a small FS at low temperatures,
at least in some areas of their phase diagram. How this rule can be circumvented is a
major theoretical challenge, and it is one of the main goals of this thesis to improve our
understanding of this.

Periodic Anderson model

The effect of hybridization and the emergence of the heavy FL can be qualitatively understood
from the PAM. At high temperatures, the PAM exhibits local-moment behavior. This can be
qualitatively understood from the V = 0 limit with U � T > 0 and εf = −U/2 such that
there are thermally fluctuating local moments on the f site which are decoupled from the c
electrons. As a result, the FS is determined by the c-electrons alone and is therefore small.
Non-zero V will lead to scattering of the c-electrons off the local moments and thus to a
broadening of spectral features, but the qualitative picture at high temperatures remains
unchanged.

As the temperature is lowered, the c-electron scattering amplitude increases with decreasing
temperature [Hew93]. Since the scattering phase shifts are subject to strong fluctuations,
scattering events at different sites do not develop phase coherence. The scattering described
here has some similarities to the scattering from dilute Anderson or Kondo impurities, which
also leads to a resistivity that increases with temperature (and finally saturates at low
temperatures) [Hew93]. There is however a very important difference between the periodic
Anderson model and dilute Anderson impurities. In the dilute case, what matters is the
scattering amplitude while phase coherence between scattering events is not of importance
because the scatterers are far apart and randomly distributed. In the periodic case, phase
incoherence of scattering events is key since it prevents the formation of coherent Bloch
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waves.
At low temperatures, the scattering phase shift fluctuations eventually become weaker, and

scattering eventually becomes elastic and coherent. A simple way to model this situation is to
just consider a periodic arrangement of non-interacting resonant levels with energy εf . This
corresponds to the PAM with U = 0 and V 6= 0. It has a two-band structure with dispersions
E±k = 1

2

(
εck + εf ±

√
(εck − εf )2 + 4V 2

)
. There is a gap between the bands of order |V |,

referred to as the hybridization gap (c.f. Fig. 1.2). If the chemical potential is within the
gap, the system is an insulator, referred to as a Kondo insulator in the HF context. In this
thesis, we will usually deal with situations where the chemical potential is within one of the
two bands, say in the + band. In these cases, the Fermi surface is shifted from its V = 0
position and determined by E+

k = 0. Thus, the FS is now large and determined by both the
c and f electrons and the single-particle excitations in the vicinity of the FS are now hybrid
c-f particles. Compared to εck, the QP dispersion is relatively flat, a feature inherited by
the localized f electrons. This means they have a large effective mass. Including interaction
effects further renormalizes the band structure and leads to QPs with an even larger effective
mass. If interactions do not trigger a phase transition, the qualitative picture will remain the
same at low temperatures.

Kondo-Heisenberg model

Both the local moment and heavy FL regimes can be described from the perspective of the
KHM. The high-temperature local moment regime can be understood by considering the
JH = JK = 0 limit. The qualitative picture is similar to the PAM and will not be further
discussed here.
On the other hand, the emergence of the heavy FL is not quite as simple. The heavy FL

in the KHM can be derived as a mean-field solution involving auxiliary fermions. Since this
approach is quite instructive, it will be shortly outlined here. We will thereby follow chapters
29-31 of Ref. [Sac23] and chapters 16 and 17 of Ref. [Col15]. For simplicity, we will only
consider the JH = 0 case.
As a first step, we represent the f -spins in terms of fermions, Si = 1

2f
†
isσss′fis′ , with

the constraint ∑s f
†
isfis = 1. Using σab · σcd = 2δadδbc − δabδcd, we can rewrite the Kondo

interaction as

JKSi · si = −JK
2
∑
a,b

f †iaciac
†
ibfib −

JK
4
∑
a

f †iafia︸ ︷︷ ︸
=1

∑
b

c†ibcib . (1.3)

The second term proportional to JK/4 can be lumped together with the chemical potential of
the c-electrons and will therefore be ignored from here on. We can then write the partition
function of the KHM as a path integral (suppressing time arguments on all fields),

ZKHM =
�
DλiDfiσDciσ exp

[
−

� β

0
dτ
(
L0 + LK

)]
, (1.4)

L0 =
∑

k
ckσ (∂τ + εck) ckσ +

∑
iσ

f i(∂τ + iλi)fiσ − i
∑
i

λi , (1.5)

LK = −JK
2
∑
i

f iσciσciσ′fiσ′ , (1.6)

where sums over repeated σ-indices are implied. The expression for ZKHM above is exact
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because the constraint f iσfiσ = 1 is implemented exactly, using the identity

δ
(
f iσfiσ − 1

)
=

�
Dλi exp

[
iλi
(
f iσfiσ − 1

)]
. (1.7)

It should be emphasized that λi is a τ -dependent field whose real part is fluctuating, i.e.,
integrated over. Therefore, even when JK = JH = 0, the action of the KHM is not quadratic
since L0 contains coupling term between the f spinon fields and λi. We can choose a constant
imaginary offset for λi which is not integrated over, without changing ZKHM.
For our mean-field analysis, we perform a Hubbard-Stratonovic decoupling of the Kondo

interaction,

ZKHM =
�
DλiDPiDfiσDciσ exp

[
−

� β

0
dτ
(
L0 + LP

)]
, (1.8)

LP =
∑
i

[ 2
JK

P iPi − Pif iσciσ − P iciσfiσ
]
. (1.9)

Following the standard procedure (c.f. Ch. 6 of [AS10]), integrating over ciσ and fiσ and
minimizing the effective action for the bosonic fields yields the mean-field equations,

〈f iσfiσ〉MF = 1 , P = JK
2 〈ciσfiσ〉MF , (1.10)

where we assume uniform, τ -independent, isotropic and real mean-field solutions for Pi,
denoted P and 〈·〉MF is the average w.r.t. the mean-field action. For λi, we choose a
τ -independent and uniform imaginary part λ̃ such that the single occupancy constraint is
fulfilled on average at the mean-field level. The real part of λi should be zero at the saddle
point. Otherwise, 〈f iσfiσ〉MF is generically not real. This mean-field theory becomes exact in
the limit of a large number of spin flavors σ [Sac23].
The heavy FL corresponds to a mean-field solution with P 6= 0, which always exists if

JH = 0 [Sac23]. The analytically continued Matsubara Green’s functions for f and c at the
mean-field level are (

Gfk(z) Gfck(z)
Gfck(z) Gck(z)

)
=
(
z + λ̃ −P
−P z − εck

)−1

, (1.11)

where z ∈ C. Thus, the picture that emerges from the auxiliary particle mean-field the-
ory of the KHM is qualitatively the same as that discussed for the PAM at U = 0. In
particular, as for the PAM, we get a bandstructure featuring two bands with dispersions
E±k = 1

2

(
εck − λ̃±

√
(εck + λ̃)2 + 4P 2

)
, a hybridization gap in the c-electron density of

states, and a large FS whose volume accounts for both the c and f densities.
The physics of the KHM from a mean-field perspective is illustrated in Fig. 1.2. There, we

consider a cubic lattice with c-electron dispersion εck = −1
6 [cos(kx) + cos(ky) + cos(kz)]− µ,

where µ = 0.2. The band structure and FS of the c electrons (without Kondo spins)
are shown in Fig. 1.2(a). As expected, it features a single band, and the (small) FS is
centered around k = Π = (π, π, π) since the model is slightly electron doped. Figure 1.2(b)
shows the corresponding local spectral function, obtained by k-integrating the imaginary
part of the retarded Green’s function, Ac(ω) = − 1

π Im
�

k Gck(ω+) with ω+ = ω + i0+ and
ω ∈ R. Figure 1.2(c) shows the band structure of the mean-field solution with JK = 0.4. In
stark contrast to Fig. 1.2(a), the band structure now features two bands, separated by a
hybridization gap. Further, the FS is reconstructed and centered around k = Γ = (0, 0, 0),
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Figure 1.2 (a) Band structure of the c electrons on a three-dimensional cubic lattice. The inset
shows the (small) Fermi surface plotted in the first Brillouin zone. The labeled k-points correspond to
Γ = (0, 0, 0), X = (0, π, π) and Π = (π, π, π). (b) Corresponding local spectral function. (c) Mean-field
band structure of the KHM on a cubic lattice. The color scale shows the c (red) or f (blue) character
of the bands. The inset shows the (large) Fermi surface in the first Brillouin zone. (d) Local spectral
functions of the c electrons (red) and f spinons (blue), corresponding to the band structure in (c).
Note that the f -electron spectral function has been divided by a factor of 10.

counting both c and f electrons, i.e. the FS is large. At the Fermi level, the band structure
is flat compared to εck and is mostly f -electron-like (blue). Thus, QPs at the Fermi surface
have a large effective mass. Figure 1.2(d) shows the corresponding local spectral functions.
In contrast to the bare c-electron case in Fig. 1.2(b), the c-electron spectral function now
features a hybridization gap at small negative frequencies. At high frequencies on the other
hand, the c-electron spectral function is almost completely unaltered, illustrating that the
heavy FL is a low-energy phenomenon. The f -electron spectral weight is concentrated around
ω = 0 (note that Af (ω) has ben rescaled by a factor of 10). It also shows a hybridization gap
and sharp features in the flat regions of the QP bands.

1.2 Quantum criticality in heavy fermion systems
In Sec. 1.1.2, we have seen that the emergence of the heavy FL is due to collective Kondo singlet
formation, driven by JK, and in the mean-field theory described by a non-zero expectation
value of the bosonic field P . The Kondo temperature TK, i.e. the energy scale for Kondo
singlet formation, scales exponentially with the Kondo coupling, TK ∝ e−1/(JKρc(0)) [Hew93,
Sac23], where ρc(0) is the free c-electron density of states at the Fermi level. In a Kondo
lattice, the c electrons mediate an effective, dynamically generated interaction between
the f spins, known as Rudermann-Kittel-Kasuya-Yosida (RKKY) [RK54, Kas56, Yos57]
interaction. To leading order in the Kondo coupling, JRKKY ∝ J2

Kρc(0) [Col07, Col15], and
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this interaction is predominantly antiferromagnetic if the c electrons are approximately
half-filled. In the KHM, the RKKY interaction is often included by hand in terms of the
Heisenberg interaction JH. Since JRKKY is a polynomial of JK, in contrast to TK with
its exponential dependence, we expect that the large-JK regime is dominated by Kondo
correlations while the small-JK regime is governed by RKKY correlations. This competition
was initially pointed out by S. Doniach [Don77], who concluded that this should drive a
second-order quantum phase transition between an RKKY-correlated antiferromagnetic and
a Kondo-correlated paramagnetic state. That was explicitly confirmed on Doniach’s “Kondo
necklace model” [Don77], an XY chain with a local Kondo coupling to an array of local
moments [JFD77a, JFD77b].
Quantum criticality in HF systems is a several decades-old problem and is still an active

field of experimental and theoretical research [Ste01, LRVW07, Ste01, KPC+20]. There
is by now a large number of HF compounds that can be tuned through quantum critical
points, for instance by varying magnetic fields, pressure, or doping. In some materials, the
quantum critical behavior can be understood as a spin density wave (SDW) instability of the
heavy FL, described by Hertz-Millis-Moriya (HMM) theory [Her76, Mor85, Mil93, Sac11], see
Sec. 1.2.1. Many HF materials on the other hand show a so-called Kondo breakdown (KB)
QCP [SRIS01, CPSR01, CP02], which does not fit the description in terms of HMM theory.
At KB–QCPs, it seems like the lattice Kondo effect, responsible for the heavy FL with a large
FS, breaks down, leading to a sudden reconstruction of the FS. An overview of experimental
phenomena at the KB-QCP is given in Sec. 1.2.2 and the main theoretical approaches to
describe it are briefly summarized in Sec. 1.2.3.

1.2.1 Hertz-Millis-Moriya theory

Hertz-Millis-Moriya (HMM) theory [Her76, Mor85, Mil93, Sac11] describes ordering of a FL.
In HF materials, we are mostly concerned with magnetic order, which is what we will focus on
here. To describe such a transition, we decouple the Heisenberg interaction of the KHM with
JH > 0 [SSV03] or alternatively the Hubbard interaction of the PAM [Her76] in the magnetic
channel, with a real-valued, three component field φαi [LRVW07, AS10, Sac11] representing
a fluctuating magnetic field. Integrating out the fermions leads to an effective action for φαi ,
which is expanded to fourth order in the field [Her76, Mil93, LRVW07, Sac11],

Sφ '
�

q
T
∑
ωn

[
u2 + q2 + |ωn|/γ

]
|φ(q, ωn)|2 + u4

�
r

� β

0
dτ
[
|φ(r, τ)|2

]2
, (1.12)

where the first term is obtained by expanding the magnetic susceptibility of the (free) fermions
for small frequencies ωn and small wavevectors q around the ordering wavevector. Here, we
assumed antiferromagnetic ordering [Her76, LRVW07]. The constant u2, which depends on
the static susceptibility of the fermions and the interaction strength, can be tuned through
zero. u2 = 0 marks the position of the QCP at the mean-field level. The quartic term is in
principle non-local and retarded, and determined by the 4-point spin correlation function of
the fermions. In the HMM approach, it is approximated as local in time and space [Her76].
To make progress on the relevance of the φ4 or even higher order terms compared to the

φ2 term at long distances and times, we perform a scaling analysis by rescaling [Sac11]

r→ r e−λ , τ → τ e−zλ , φ(x, τ)→ φ(x, τ) e
d+z−2

2 λ , (1.13)

such that the kinetic (∝ q2) and dynamical (∝ |ωn|) terms [Her76] of the Gaussian part of
the action remain invariant under the scaling (u2 = 0 at the QCP where we expect scale
invariance). The dynamical critical exponent z also rescales the upper cutoff of the τ integrals,
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β → e−zλβ. At T > 0 where β = 1/T is finite, this eventually scales the time dimension
to zero. As a result, the action becomes classical and we are dealing with a classical phase
transition. At T = 0 on the other hand, the time dimension is an additional dimension with
infinite extent, and it counts as z effective dimensions [Her76]. In the present case, z = 2
makes sure that the rescaling of the q2 and |ωn| matches. Note also that at T = 0, the
Matsubara sum becomes an integral. The quartic interaction then scales as

u4 → u4 e4−d−z , (1.14)

i.e. whenever 4− d− z < 0, it is reasonable to expect that the quartic term is irrelevant and
we are left with a Gaussian theory at long distances and times. Since z = 2, this is the case for
d > 2. Higher order φn interactions are naively expected to scale with un → un en−n−2

2 (d+z).
Thus, for d+ z ≥ 3, higher order terms become less relevant the larger n, i.e. we can ignore
n > 4 terms from a simple naive scaling perspective.
In d = 3 dimensions and with dynamical critical exponent z = 2 (i.e. antiferromagnetic

ordering), 4 − d − z = −1 < 0, i.e. the u4 interaction is irrelevant. In this case, the
antiferromagnetic SDW–QCP described by HMM theory is Gaussian at long distances and
times. A more careful analysis confirms the naive scaling argument [Sac11]. The fermions in
HMM theory are mostly mere spectators, and quasiparticles remain stable at and across the
transition. In particular, no sudden changes of the FS are expected. The FS will reconstruct
due to elastic scattering off the order parameter in the ordered phase, but that reconstruction
is gradual at a second order transition since the scattering amplitude depends on the size
of the order parameter. Further, since the theory is Gaussian, ω/T scaling of dynamical
susceptibilities, a clear sign of an interacting fixed point [Sac11], is not expected in the HMM
theory in d = 3.

It should be emphasized that potential problems with the arguments outlined in this section
arise not so much because the naive scaling analysis of the φ4 theory is insufficient (instead of
properly integrating out long wavelength fluctuations, e.g. using some perturbative momentum
shell renormalization group). Instead, issues tend to arise when the fermions are integrated
out and the effective action is expanded in φ. At this step, we assume that nothing dramatic
happens to the fermions [Mil93, Sac11], i.e. we assume that the fermions remain stable
quasiparticles that are not seriously affected by the QCP. In d = 2 for instance, this premise
does not hold and HMM theory breaks down and a more elaborate analysis which includes
the fermionic degrees of freedom is necessary [AC00, AC04, MS10a, MS10b, Sac11, HP21].

1.2.2 Kondo breakdown: experimental phenomena

Intriguingly, there is a large number of HF materials with QCPs not compatible with an
itinerant SDW transition and show so-called KB-QCPs [SRIS01, CPSR01, CP02]. The
most prominent examples are compounds from the Ce-115 family like CeRhIn5 [SSHO05,
JCK+15] and CeCoIn5 [MEC+22], YbRh2Si2 [TGM+00, PLW+04, GSS08, CGW+03] or
CeCu6−xAux [LSSW96]. Observations on these materials indicate that the effective c-f
hybridization, i.e. the Kondo correlations described for instance by P in Sec. 1.1.2, appears to
break down across the QCP, hence the name KB-QCP. The decoupling of c and f electrons
at low energies means that the f electrons do not contribute to the FS volume anymore,
which means there is a sudden reconstruction from a large to a small FS, which is indeed
observed as outlined below. Since the f electrons do not contribute as mobile charge carriers
in the small FS phase, they can be considered as effectively localized. The KB–QCP therefore
marks a transition from delocalized (large FS) to localized (small FS) f electrons. Below, key
experimental observations on HF materials undergoing a KB transition are listed, focusing
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on universal phenomena.

The following discussion of experiments associated with KB quantum criticality is an
extended version of parts of the introduction of Ref. [P4].

Fermi surface reconstruction at T = 0

Most of the HF materials showing a KB transition feature heavy FL behavior below some low-
temperature scale TFL. This seems to be the case on either side of the QCP, though the RKKY
correlated small FS phase is often magnetically ordered. The observed heavy FL behavior is
qualitatively similar to that discussed for CeAl3 in Sec. 1.1, i.e. ∼ T 2 behavior of the resistivity
and ∼ T behavior of the specific heat is usually observed [GCG+02, CGW+03, GSS08, SS11].
Remarkable, the RKKY correlated and Kondo correlated FLs differ in their FS volume, which
has been established in many experiments.
Hall number.— An important quantity to distinguish large from small FS is the Hall

number nH ∼ 1/RH, where RH is the Hall coefficient. The Hall number is proportional to the
number of mobile charge carriers per unit cell in the system. A sudden change in nH may thus
be interpreted as a sign of a sudden FS reconstruction. The Hall number has been measured in
several HF compounds. Some of the most impressive experimental results have arguably been
obtained on YbRh2Si2 [PLW+04, FOW+10], where a clear jump in nH has been measured
if tuned across its KB–QCP. Recent measurements on CeCoIn5 show a sharp crossover of
the Hall coefficient as a function of Sn doping, c.f. Ref. [MEC+22], Fig. 1(c). While the Hall
number of CeCoIn5 is consistent with that of LaCoIn5, the analogue compound of CeCoIn5
without f electrons, substituting less than 1% of In by Sn leads to a Hall number consistent
with an additional electron per unit cell, see Figs. 1(b,c) of Ref. [MEC+22]. Thus, CeCoIn5
appears to be located close to a KB–QCP, though on the RKKY side of the transition.
Quantum oscillations.— Quantities like the magnetic susceptibility of the resistivity oscillate

as functions of the inverse of an applied magnetic field. The period of the oscillations depends
on the size and shape of the FS; quantum oscillation measurements are therefore a standard
tool to map out Fermi surfaces [AM76]. Oscillations of the magnetic susceptibility versus
magnetic field, called de Haas–van Alphen (dHvA) frequencies, have been measured mostly in
the Ce-115 compounds CeRhIn5 and CeCoIn5. When CeRhIn5 [SSHO05, JCK+15] is tuned
across its KB–QCP by varying pressure or magnetic field, dHvA frequencies exhibit a jump.
This shows that the FS reconstructs at the KB–QCP. At ambient pressure, where CeRhIn5 is
in its RKKY correlated phase, the dHvA frequencies are almost identical to those of LaRhIn5.
This strongly suggests that the Ce 4f electrons do not contribute to the FS and may thus be
considered localized. Similarly, such a jump has also been observed in CeCoIn5 [MEC+22].
A comparison of the experimental dHvA frequencies [SSI+01] to ab initio calculations with
and without including the f electrons for CeCoIn5 indicate a localization of the f electrons
across the KB–QCP [MEC+22]. Note that there are conflicting conclusions from dHvA
measurements regarding the localized or itinerant nature of f electrons in pure CeCoIn5 at
ambient conditions, with earlier studies concluding an itinerant nature [SSI+01, SSA+02] while
a recent study concludes localized behavior [MEC+22]. For YbRh2Si2, dHvA measurements
are only available in Kondo-correlated large FS phase [RML+08]. The reason is that quite
small magnetic fields (. 0.7 T) induce a KB transition in YbRh2Si2, from a low-field RKKY-
correlated phase to a high-field Kondo-correlated phase [PLW+04].
Angle resolved photoemission.— An even more direct way to map out the FS is provided by

angle-resolved photoemission (ARPES) measurements [KPC+20], which by now have become
possible for HF materials at the relevant temperatures. These experiments are typically done
at ambient pressures and without a magnetic field. Thus, the evolution of the FS across the
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QCP is usually not observed.
For CeCoIn5, ARPES measurements have led to conflicting conclusions, similar to dHvA ex-

periments. Early studies concluded that the f electrons are predominantly localized [KOE+09,
KBI+08]. However, these studies also found indications of c-f hybridization and concluded
that f electrons are not fully localized in CeCoIn5. By contrast, later studies concluded a more
itinerant character of the f electrons [CXN+17, JDA+20]. We note here that pure CeCoIn5
at ambient conditions does not show any signs of FL behavior. CeCoIn5 shows strange metal
behavior below ' 40K and becomes superconducting below Tc ' 2.3K directly out of this
strange metal state [KPC+20]. The above-mentioned ARPES and dHvA experiments on
CeCoIn5 were thus conducted in a quantum critical non-Fermi-liquid (NFL) state where the
distinction between localized and itinerant f electrons may indeed not be clear-cut.
The situation is somewhat clearer for RKKY correlated HF compounds CeRhIn5 and

YbRh2Si2, but nevertheless puzzling. In CeRhIn5 for instance, ARPES measurements
show an FS compatible with localized f electrons [CXN+18], as also clearly inferred from
dHvA measurements. However, the same ARPES experiments also show clear signs of c-f
hybridization [CXN+18] and the formation of Kondo resonances.
For YbRh2Si2, ARPES measurements indicate that the c-electron FS in the RKKY

regime is slightly enlarged due to small but finite c-f hybridization [DVK+11]. Further, c-f
hybridization seems to lead to strong renormalization of the band structure in the vicinity
of the FS. A later ARPES study further found that the size of this slightly enlarged FS
seems to be remarkable stable under variation of temperature [KPC+15]. In Ref. [PFW+16],
this peculiar behavior was explained by arguing that the ARPES measurements had been
performed at temperatures too high to represent the T → 0 limit with a well-defined FS. At the
temperatures considered in the aforementioned experiments [DVK+11, KPC+15], YbRh2Si2
is in the quantum critical region, where spectral weight from critical QP is suspected at
both the small and large FS. The missing spectral weight at the small FS was attributed in
Ref. [PFW+16] to the small photoemission intensity of the c electrons.

For YbCo2Si2, which has an antiferromagnetic ground state with localized f electrons, the
expected small FS has been observed in ARPES studies [GKP+14]. Interestingly, this study
also found weak but finite c-f hybridization, which however does not lead to an increase of
the FS volume.

Continuous suppression of the FL scale to zero

As outlined above, the KB transition appears to be a transition between FLs with different
FS volumes. It appears to be a continuous quantum phase transition because the FL
scale TFL continuously decreases to zero at the QCP [CGW+03, SS11]. This is further
underpinned by evidence that the QP mass diverges when approaching the KB–QCP from
either side [GCG+02, SSHO05, LSSW96].

Onset scale for hybridization

The reconstruction from a large to a small FS across the KB–QCP suggests the assumption
that c and f electrons do not hybridize in the small FS phase. However, hybridization between
c and f electrons, signaled by the presence of a hybridization gap and f -electron spectral
weight close to the Fermi level, sets in at an energy scale much higher than TFL. Following the
notation used in Refs. [P4] and [P5], we will call this scale TNFL from here on, since it marks
the scale below which typically non-Fermi liquid (NFL) behavior emerges. Interestingly, TNFL

is typically almost unaltered across the KB–QCP, as is for instance seen in ARPES studies,
which were discussed above.
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Scanning tunneling spectroscopy.— Apart from ARPES, information on single-particle
properties in both the Kondo and RKKY regimes is provided by scanning tunneling spec-
troscopy (STS) experiments [KPC+20]. STS data on CeCoIn5 [AdSNG+12], CeRhIn5
[HPT+19] and YbRh2Si2 [EKK+11, SJK+18] show the formation of a hybridization gap, a
clear sign of c-f hybridization. Interestingly, the hybridization gap seems to form around
temperatures scales where NFL behavior (see below) begins to set in. The hybridization gap
appears to form irrespective of whether the T → 0 phase has a small or large FS. It deepens
as temperature is lowered, showing that c-f hybridization increases as temperature decreases.
This is the case even for clearly RKKY correlated compounds like YbRh2Si2 and CeRhIn5.
The experiments on CeRhIn5 [HPT+19] showed that the deepening of the hybridization gap
even continues in its antiferromagnetically ordered RKKY regime where the FS is small.
Optical conductivity.— Measurements of the optical conductivity in YbRh2Si2 [KNS+04,

KSF+06], CeRhIn5 [MvdMS05], CeCoIn5 [SBBM02, MvdMS05] and CeCu6−xAux [MW90]
all show a hybridization gap regardless of the FS volume at T = 0, further supporting the
findings by ARPES and STS discussed above.

Possible absence of magnetic ordering

The KB-QCP is not necessarily associated with magnetic ordering [FWB+09, ZZL+19,
MEC+22]. CeCoIn5 orders only away from the KB–QCP in the RKKY-dominated small FS
phase [MEC+22]. Further, in YbRh2Si2, the location of the AFM–QCP and the KB–QCP
can be detuned by chemical pressure [FWB+09]. The latter changes the location of the
AFM–QCP but leaves the location of the KB–QCP almost unchanged. Thus, the jump in
nH can be tuned to either occur in the paramagnetic or in the ordered phase. Moreover,
the compound CeRh6Ge4 hosts a ferromagnetic QCP that exhibits characteristics consistent
with a KB–QCP [SZK+20]. However, the hallmark Fermi surface reconstruction typical of
a KB-QCP has yet to be observed in CeRh6Ge4. Therefore, antiferromagnetic ordering is
apparently not a universal feature of the KB–QCP [Si06, FWB+09, YS10, Si10].

Strange metal behavior

Close to the KB–QCP, a quantum critical region emerges in the temperature region TFL <
T < TNFL. In this quantum critical region, strange metal behavior [PHA22, HM22, CGPS22,
Zaa04, CBC+24] is usually observed. A hallmark feature of the strange metal is a linear-
in-T resistivity, which is observed for all of the above-mentioned materials featuring a
KB–QCP [TGM+00, PLM+20, vL96, PTH+03, MEC+22, MTK+01, SZK+20]. Additionally,
YbRh2Si2 [TGM+00, CGW+03], CeCu6−xAux [LSSW96, vL96], CeCoIn5 [BMV+03] and
CeRh6Ge4 [SZK+20] feature a ∼ T ln(T ) dependence of the specific heat. Further, recent
measurements on YbRh2Si2 nanowires find strongly suppressed shot noise in the strange
metal region [CLB+22], indicating that well-defined QPs are absent.

Further, dynamical susceptibilities exhibit ω/T scaling [VLSR+89] in the quantum critical
region, in stark contrast to expectations from HMM theory, as discussed in Sec. 1.2.1. This
was initially observed for the dynamical magnetic susceptibilites in UCu5−xPdx [AOR+95],
CeCu6−xAux [SAC+00] and CeCu6−xAgx [PLW+19] and very recently also for the optical
conductivites of both YbRh2Si2 [PLM+20] and CeCu6−xAux [YPZ+20]. Note that ω/T
scaling is a clear sign for a non-Gaussian QCP [Sac11], i.e. the critical fixed point is an
interacting one. Particularly interesting, too, are the recent observations of ω/T scaling for
the optical conductivity, as it shows that the critical behavior is not limited to the magnetic
degrees of freedom only, but also includes the charge degrees of freedom.
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1.2.3 Kondo breakdown: theoretical description

The experimental observations discussed in Sec. 1.2.2 above are inconsistent with the HMM
theory discussed in Sec. 1.2.1. Below, we first outline the challenges to theory that arise from
these observations, followed by an outline of routes to overcome those challenges.

The following discussion of theoretical aspects of the KB–QCP is an extended version of
parts of the introduction of Ref. [P4].

Challenges to theory

Description of the strange metal.— Arguably the most challenging aspect of the KB–QCP
is the strange metal behavior at finite temperatures above the QCP. There are by now
various routes to microscopically realize NFL behavior, see Ref. [CGPS22] for an extensive
recent review. Rigorous results on NFL physics can for instance be obtained from Sachdev-
Ye-Kitaev (SYK) models [CGPS22] or from impurity models featuring quantum phase
transitions [Voj06], e.g. multi-channel Kondo impurities [TW84, Tsv85, EK92, CIT95] or
multi-impurity models [Gan95, SSK90, SS92, FHLS03, LF04, SLO+96, AL92, ALJ95, Jon07,
WK23b, WK23a]. Despite considerable recent progress [ETS21, ES21, PGES23], it is to date
not fully clarified to what extent known routes to NFL physics connect to the strange metal
behavior observed experimentally in HF materials.
Description of the Fermi surface reconstruction.— Another challenging issue is to explain

how the FS can change its size in the first place. The volume of the FS is fixed to be
proportional to the particle number by the Luttinger sum rule [Lut60, Osh00], which involves
the combined particle number of the c and f electrons [Osh00]. While the FS volume matches
the Luttinger sum rule prediction in the Kondo correlated phase, this is not the case in the
RKKY correlated phase where the f electrons seem to be missing from the FS volume. A
theoretical description of the KB–QCP also needs to correctly describe both the Kondo and
RKKY correlated phases, which is far from straightforward in the latter case. Nevertheless,
this aspect of the KB–QCP is better understood and intuitively more accessible than the
strange metal physics.

Numerically exact approaches

Significant progress on physical phenomena can be made based on numerically exact solutions,
even if they are only available for simplified models. From such exact solutions, one can then
either gain direct insight into the problem at hand or the corresponding solutions can for
instance be used as benchmarks for approximate solutions which are also applicable to more
realistic settings. So far, simulations of the KHM with the goal of capturing KB phenomena
have mostly been done using Quantum Monte Carlo (QMC) methods [Ass99, Ass04, CA01,
BLST19, PTSA19, RA20, DVAG20, DLAR21, RDA22, DVGA22, FLA+23, LFJ+23], some
of which have reported evidence of a Kondo breakdown [RDA22, DVGA22].
Due to the sign problem, QMC simulations are only available at particle-hole symmetry.

At particle-hole symmetry, the KH model has a charge gap and thus no FS [Ass99, CA01];
KB quantum criticality was thus not obtained in early studies [Ass04]. Recently, progress has
been made by resorting to dimensional mismatch, i.e. by coupling D-dimensional free fermions
to a (D−1)-dimensional spin system [DLAR21, DVGA22, FLA+23, LFJ+23]. Due to the
dimensional mismatch, the spin system is not able to open a charge gap and metallic quantum
criticality can be investigated. Indeed, it was shown in references [RDA22] and [DVGA22]
that Dirac fermions in two dimensions, Kondo-coupled to a Heisenberg chain, exhibit a KB–
QCP. However, no transport properties have been reported so far. In references [FLA+23]
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and [LFJ+23] a two-dimensional Heisenberg model, Kondo-coupled to three-dimensional
electrons, was investigated. It was shown that this model does not exhibit a KB–QCP,
but rather a SDW–QCP [LFJ+23]. Interestingly, a ∼ T resistivity perpendicular to the
two-dimensional Heisenberg model was found [FLA+23] at the QCP.

The KHM can also be simulated with the Density Matrix Renormalization Group (DMRG),
which is not constrained to particle-hole symmetry but to quasi-one-dimensional geometries.
Thus, most DMRG simulations of the KHM were done in one dimension [MJRG01, MJRG02,
SSMS09, KAH+18], but without focusing on possible KB physics. As a part of this thesis,
the KHM has been studied with DMRG on a cylinder [P2]. There, we found two phases
differing in their FS volumes, indicating a KB–QCP in between.

Auxiliary particle approaches

Considerable conceptual progress on KB physics has been achieved using auxiliary-particle
approaches [Col84, BGG02, SSV03, SVS04, P0́5, Voj10, Sac23]. These approaches decompose
the degrees of freedom of the PAM or the KLM in terms of additional auxiliary fermionic
or bosonic degrees of freedom which are subject to constraints, to ensure the mapping is
exact [Col84, P0́7, BGG02, SSV03, SVS04, Voj10, ACPA22]. An explicit example of an
auxiliary particle approach to the KHM is given in Sec. 1.1.2, where we have represented
the spin in terms of auxiliary fermions with a half-filling constraint. There, we have also
seen that the auxiliary particle decomposition does not render the model exactly solvable.
However, the auxiliary particle decomposition allows for much more flexibility in constructing
approximate solutions. For instance, in the example in Sec. 1.1.2, it allowed us to describe
the heavy FL in terms of f spinons hybridizing with the c electrons. Without an auxiliary
particle decomposition of the f spins, a mean-field description of the heavy FL in the KHM
would not have been possible. Indeed, the mean-field solution of the KHM presented in
Sec. 1.1.2 is the starting point for studying KB physics using auxiliary particle methods.
In Sec. 1.1.2, we have seen that the heavy FL in the KHM is due to a condensed bosonic

field, denoted P there, which effectively hybridizes f spinons and c electrons and enlarges
the FS volume. By adding a non-zero Heisenberg interaction and choosing a suitable mean-
field decoupling, it turns out that the KHM can undergo a (non-symmetry breaking) phase
transition to a phase with P = 0, i.e. where the Kondo boson is not condensed [SSV03,
SVS04, Voj10, Sac23]. The f and c electrons are then no longer hybridized at low energies,
leading to a small FS formed by the c electrons which coexists with an f -electron spin liquid.
This spin liquid hosts fractionalized, possibly topological excitations which account for the
missing FS volume [SSV03, SVS04, BCPP16, Sac23], coining the term fractionalized FL
(FL∗). Thus, it is possible to describe a continuous transition between Kondo and RKKY
correlated phases [SVS04, Sac23], including an FS reconstruction accompanied by a jump in
the Hall coefficient [CMS05].
Early work on the KB using auxiliary particles mainly focused on the large-N approach

discussed in Sec. 1.1.2, where the number of spin labels of the fermions is large, but the
Kondo and Heisenberg interactions are decoupled with a single boson flavor per site or
link, respectively. Due to that, feedback between the large number N of fermion flavors
and critical bosonic fluctuations are suppressed by 1/N . As a result, the large-N limit is
non-interacting and does not describe strange metal behavior [ACPA22]. Recently, a different
large-N approach was considered which introduces an artificial large-N flavor index for both
bosons and fermions while considering two spin flavors per artificial flavor [ACPA22]. The
Yukawa coupling between bosons and fermions is then approximated as random, which allows
for an exact solution within the Yukawa-SYK approach [ACPA22, PGES23]. This approach
is capable of describing a strange-metal-like ∼ T lnT resistivity if a spatially random Yukawa
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coupling or anisotropic solutions are considered [ACPA22, PGES23].

Dynamical mean-field approaches

Dynamical mean-field theory (DMFT) [GKKR96, KSH+06] and its extensions [KSPB01,
MJPH05, RHT+18] have been successfully used in many studies on HF systems [SRIS01,
SK03, dMGKB05, SK05b, SKK+19, HCS20, Ov17, THKD11, DLCK08b, DLCK08a] and
have lead to valuable new insights. DMFT methods treat lattice models by mapping them
on self-consistent impurity models.
The most prominent approach, which has led to many insights, is the extended DMFT

(EDMFT) approach to KHM [SSI99, SS00, SRIS01, SRIS03, SK03, ZGS03, GI07, CYH+20,
HCC+21, HCCS21, KHSI22, HCS22a, HCS22b]. EDMFT maps the KHM on a self-consistent
Bose-Fermi-Kondo (BFK) impurity model and is able to capture a KB–QCP due to the
local competition between Kondo screening and magnetic fluctuations. One of the main
successes of EDMFT is the explanation of ω/T scaling of the dynamical spin structure factor
in CeCu6−xAux [SAC+00] at the KB–QCP. However, to the best of our knowledge, predictions
of other thermodynamic and transport properties, like the linear-in-T resistivity or the T lnT
dependence of the specific heat, are lacking to date. It is therefore still unclear whether the
EDMFT approach correctly describes the experimentally observed strange metal behavior.
A downside of the EDMFT approach is that full self-consistency leads to a first-order

phase transition [SK03, SK05a] at T > 0. A continuous transition can be recovered by
insisting on a featureless fermionic density of states (DOS) [SZG05], at the cost of giving
up self-consistency of the fermionic degrees of freedom. This is routinely done in KB–QCP
studies using EDMFT [ZGS03, GI07, HCC+21].

This downside of EDMFT has led to the proposal of using 2-site cellular DMFT (CDMFT)
[KSPB01] to study Kondo breakdown physics in the PAM [SK05b]. Using exact diago-
nalization (ED) as an impurity solver, it was shown that a 2-site CDMFT treatment of
the PAM can describe the KB–QCP as an orbital selective Mott transition (OSMT) at
T = 0 [DLCK08b, DLCK08a], where the f electrons localize while the c electrons remain
itinerant. Similar studies with QMC impurity solvers [MA08, MBA10, THKD11] were how-
ever not able to find signs of a KB–QCP in the temperature range studied. Since ED suffers
from limited frequency resolution while QMC has trouble reaching low temperatures, it was
not clear prior to the work reported in this thesis to what extent CDMFT can describe KB
physics. The ED study was further not able to establish conclusively whether the transition
is first or second order.

1.3 Scope and outline
The main goal of this thesis is to shed light on the emergent phenomena associated with
KB-QCPs and the phases in their vicinity, primarily relying on numerical methods. To achieve
this, we focused on both improving methods and applying methods to examine concrete
heavy fermion models. The structure of the thesis is outlined below.

In Chapter 2, we provide an overview of the methods employed in this thesis. Section 2.1
covers DMFT and its cluster extensions, including techniques for performing momentum
integrals for Green’s functions in Section 2.1.3, and numerically more stable alternatives to the
Dyson equation to computing the hybridization function in DMFT in Section 2.1.4. Section 2.2
introduces the numerical renormalization group (NRG), which we use as an impurity solver
for DMFT. Sections 2.1 and 2.2 provide the necessary methodological background for the
results presented in Chapter 3.
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Section 2.3 introduces MPS methods, focusing on subspace structures implied by the
isometries of an MPS. There, we also introduce the tangent space projector and its 2-site
generalization. Section 2.3.1 offers an MPS perspective on NRG. Sections 2.3.2 and 2.3.3
introduce the density matrix renormalization group (DMRG) for MPS ground-state search
and the time-dependent variational principle (TDVP) for MPS time evolution, respectively.
Section 2.4 presents Ref. [P1], where the subspace structure implied by the isometries of
an MPS is fleshed out in detail and n-site generalizations of the tangent space projector is
derived. In Sec. 2.5, we present Refs. [P2] and [P3], where the insights from Ref. [P1] are
used to arrive at a scheme called controlled bond expansion (CBE). CBE is intended as a
computationally cheap alternative to the widely used 2-site update, and we show in Refs. [P2]
and [P3] that its application to DMRG and TDVP is highly successful. Using CBE–DMRG,
Ref. [P2] also shows that the KHM on a 4-leg cylinder hosts two phases with different FS
volumes.

Chapter 3 presents Refs. [P4] and [P5], which contain an extensive 2-site CDMFT plus
NRG study of KB quantum criticality in the PAM. There, we identify a KB–QCP in the
PAM and thoroughly study its properties, gaining new insights, especially into the RKKY
phase and the quantum critical region, where we find strange metal behavior.

Chapter 4 concludes the thesis and offers an outlook on future research directions to further
explore the phenomena surrounding the KB-QCP beyond the achievements of this thesis.



17

2 Methods

This chapter provides an overview of the numerical methods that have been used in this
thesis. Section 2.1 provides a brief overview of dynamical mean-field theory (DMFT) and its
most widely used cluster extensions, the cellular DMFT (CDMFT) and the dynamical cluster
approximation (DCA). In Sec. 2.1.3, a comparison of different momentum integration methods
for Green’s functions is given, which is an essential ingredient when solving DMFT equations.
Section 2.1.4 further provides a numerically more stable method to extract the dynamical
mean-field ∆(ω) in the case of limited accuracy of momentum-integrated Green’s functions.
In Section 2.2, the numerical renormalization group (NRG) is introduced, which we use as
an impurity solver in our DMFT calculations. Matrix product states (MPS) are introduced
in Sec. 2.3, including a brief overview of the structure of the MPS manifold and its tangent
space. Sections 2.3.2 and 2.3.3 introduce the density matrix renormalization group (DMRG)
for MPS ground state search and the time-dependent variational principle (TDVP) for MPS
time evolution, respectively.

2.1 Dynamical mean-field theory
This section provides an introduction to DMFT and its most commonly used cluster ex-
tensions, the cellular DMFT (CDMFT) and the dynamical cluster approximation (DCA).
DMFT has been used with great success in the past, for instance by shedding light on the
Mott metal-to-insulator transition [GKKR96] or as a powerful tool in electronic structure
calculations [KSH+06]. By now, DMFT has evolved into a standard tool to approach various
phenomena in strongly correlated metals and is used by many researchers worldwide. Similar
to other mean-field theories, DMFT has a controlled large-N limit, namely the limit of large
coordination number [GKKR96]. In contrast to many other large-N limits, the limit of a
large coordination number does not render the action Gaussian. The DMFT approximation
instead leads to an action equivalent to the action of an effective impurity model, i.e. a single
interacting site hybridizing with an effective non-interacting bath. DMFT thereby neglects
non-local correlation effects, which can, however, be of qualitative importance in certain situ-
ations. In HF metals, for instance, the competition between local and non-local correlations
is thought to drive the Kondo breakdown transition as discussed in the introduction. To
include short-ranged non-local correlation effects, cluster extensions to DMFT [MJPH05] like
CDMFT [KSPB01] and DCA [HTZJ+98, HMJK00] have been developed. These methods
approximate the lattice model by mapping it to an effective cluster impurity model, with
multiple interacting lattice sites hybridizing with an effective non-interacting bath.

2.1.1 Single-site dynamical mean-field theory: brief overview

The idea behind DMFT originated from foundational work by Metzner and Vollhardt [MV89],
followed up by Georges and Kotliar [GK92], who considered the Hubbard model in infinite
dimensions and realized its connection to the single-impurity Anderson model (SIAM). In
infinite dimensions, correlations become purely local, reflected by an entirely local self-energy,

Σij(ω) = δijΣ(ω) ↔ Σk(ω) = Σ(ω) . (2.1)
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Assuming a purely local self-energy, also in finite dimensions, and exploiting the simplifications
that arise from this approximation is at the heart of DMFT [GKKR96]. It should be
emphasized that the simplifications that arise assuming a purely local self-energy also require
a purely local bare interaction vertex U . In DMFT, non-local parts of U are truncated and
treated in a static mean-field approximation.
The DMFT equations can be conveniently derived using the Baym-Kadanoff formal-

ism [BK61, Bay62], which formulates the many-body problem as a variational optimization
of the grand potential as a functional of the Green’s function G and the bare interaction
vertex U [AGD63],

Ω[G,U ] = Φ[G,U ] + T
∑
n,k,σ

[lnGk(iωn)− Σk(iωn)Gk(iωn)] . (2.2)

Here, Φ[G,U ] is the Luttinger-Ward (LW) functional [LW60]. Variation of Φ[G,U ] provides
the self-energy as a functional of G and U ,

δΦ[G,U ]
δGk(iωn) = TΣk[G,U ](iωn) . (2.3)

Demanding stationarity of Ω[G,U ] w.r.t variation of G gives the stationarity condition

δΩ[G,U ]
δGk(iωn) = TΣk[G,U ](iωn) + TG−1

k (iωn)− TG−1
k (iωn) != 0 ∀k , (2.4)

where Gk(iωn) is the non-interacting Green’s function and we have used Dyson’s equation,
Σk(iωn) = G−1

k (iωn)−G−1
k (iωn). We can now reshuffle the stationarity condition (2.4),

Gk(iωn) = 1
G−1

k (iωn)− Σk[G,U ](iωn)
∀k , (2.5)

which provides us with a self-consistency condition forG. Since both Φ[G,U ] and Σk[G,U ](iωn)
are generically not known, approximations are required to make progress. For instance, in
self-consistent n-th order perturbation theory, the functional Σk[G,U ](iωn) is expanded to
order n in the interaction vertex U and the self-consistency equation (2.5) is then iterated
until convergence.
DMFT uses a non-perturbative approximation which assumes that the self-energy as a

functional of G is (i) k-independent and (ii) depends only on Uloc, the local part of the
interaction vertex (in Hubbard models, U = Uloc),

Σk[G,U ](iωn) DMFT−→ Σ[G,Uloc](iωn) . (2.6)

For the LW functional, this implies that it only depends on the k-averaged or, in other words,
local Green’s functions, Gii(iωn) = 1

N

∑
k Gk(iωn),

Σ[G,Uloc](iωn) = δΦ[Gii, Uloc]
δGk(iωn) = 1

N

∑
i

δΦ[Gii, Uloc]
δGii(iωn) = Σ[Gii, Uloc](iωn) . (2.7)

By k-averaging Eq. (2.5), we get a self-consistency condition for Gii,

Gii(iωn) = 1
N

∑
k

1
G−1

k (iωn)− Σ[Gii, Uloc](iωn)
. (2.8)

We now need a way to evaluate Σ[Gii, Uloc](iωn) for a given Gii. In DMFT, this is done via a
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reference impurity model with bare interaction vertex Uloc, LW functional φ[Gimp, Uloc] and
Ω-functional

Ωimp[Gimp, Uloc] = φ[Gimp, Uloc]− T
∑
nσ

[lnGimp(iωn)− Σ(iωn)Gimp(iωn)] , (2.9)

with Σ(iωn) = G−1
imp(iωn) − G−1

imp(iωn). Since the DMFT approximation to the lattice LW
functional is then given by Φ[G,Uloc] = ∑

i φ[Gii, Uloc], solving the impurity model and
computing its Green’s function Gimp(iωn) self-energy Σimp(iωn) allows us to evaluate the
DMFT Σ-functional, Σ[Gimp, Uloc](iωn) = Σimp(iωn). Since we want to evaluate the functional
at Gii to solve Eq. (2.8), a second self-consistency condition between impurity model and
lattice model is required,

Gimp(iωn) = Gii(iωn) , (2.10)

which is used to adjust the non-interacting Green’s function of the impurity model, Gimp(iωn).
The latter can be written as G−1

imp(iωn) = iωn + µ− ε0 −∆(iωn), where ε0 is the local on-site
energy of the lattice model and the hybridization function ∆(iωn) describes the influence of
the bath on the impurity model.
The DMFT equations (2.8) and (2.10) are solved in an iterated self-consistency cycle,

initialized by some guess for Σ(iωn):

(i) Compute Gloc(iωn) = 1
N

∑
k

[
G−1

k (iωn)− Σ(iωn)
]−1

(ii) Using Gimp(iωn) != Gloc(iωn), update the hybridization function via ∆(iωn) = iωn +
µ− ε0 − Σ(iωn)−G−1

loc(iωn).

(iii) Solve the impurity model with the updated ∆(iωn) from step (ii) to obtain an updated
Σ(iωn), repeat with step (i) until convergence.

After the cycle has converged, Gimp(iωn) = Gii(iωn) and Eq. (2.8) is fulfilled. Usually, the
DMFT cycle converges without major issues. Convergence can be accelerated using mixing
methods [Žit09b]. These can also help to stabilize the DMFT cycle in the rare cases where it
does not converge.

2.1.2 Cluster extensions of DMFT

DMFT approximates the self-energy as entirely local/k-independent and therefore neglects
non-local correlation effects. To overcome this shortcoming of DMFT, there are by now
several different approaches, which can largely be divided into two subclasses: (i) cluster
extensions of DMFT [MJPH05] and (ii) diagrammatic extensions of DMFT [RHT+18].

Diagrammatic extensions aim to extend the self-consistency of DMFT on the single-particle
level to the n-particle level, where n = 2 is currently computationally feasible. This allows us
to deal with e.g. long-ranged spin, pairing, and charge fluctuations and their feedback on the
electronic spectral function. The reference system remains a single lattice site hybridizing with
an effective bath. Diagrammatic extensions are expected to work well in cases with strong,
long-ranged fluctuations, e.g. at magnetic (quantum) phase transitions. The dynamical vertex
approximation [TKH07] has for instance been used to study the quantum phase transition
between a Kondo insulator and an antiferromagnetic insulator in the PAM [SKK+19].
Cluster extensions on the other hand focus on short-ranged correlations and treat them

on equal footing as local correlations. This is achieved by considering a cluster of multiple
lattice sites hybridizing with an effective self-consistent bath. To date, there are two main
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Figure 2.1 (a) Tiling of a 2-dimensional square lattice into Nc = 2-site unit cells (blue ellipses).
CDMFT fully considers the self-energy within each cell but neglects self-energy contributions between
cells. (b) Patching of the Brillouin zone of a 2-dimensional square lattice into Nc = 2 equally sized
patches. DCA approximates the self-energy within each patch as k-independent, but the self-energy
for different patches may differ.

methods, the cellular DMFT (CDMFT) [KSPB01] and the dynamical cluster approxima-
tion (DCA) [HTZJ+98, HMJK00]. Both methods are described in more detail below.

Cellular dynamical mean-field theory

CDMFT takes a real-space approach by tiling the lattice into a superlattice of unit cells
containing Nc sites, c.f. Fig. 2.1(a). The method then takes the intra-cell self-energy fully
into account but neglects any inter-cell self-energy contributions. As a result, the translation
symmetry of the original lattice is broken and only the translation symmetry of the superlattice
remains. We therefore have to work in the Brillouin zone of the superlattice, corresponding
momenta will be denoted K to distinguish them from momenta k in the Brillouin zone of
the original lattice. The self-energy Σ(ω) is K-independent and is a matrix of the intra-cell
site indices [1 and 2 in Fig. 2.1(a)]. In that way, short-ranged non-local correlations within
each cell are taken into account, described for instance by Σ12(ω) in the example shown in
Fig. 2.1(a). The inter-cell hopping εK is a K-dependent matrix of the intra-cell site indices.
Analogous to DMFT, CDMFT proceeds by iteratively solving the matrix-valued self-

consistency equations,

Gii(ω) = Nc

N

∑
K

[
G−1

K (ω)−Σ[Gimp, Ucl](ω)
]−1

, (2.11)

Gimp(ω) = Gii(ω) , (2.12)

where G−1
K (ω) = ω + µ− �cl − �K, �cl describes intra-cell hopping and on-site energies and

N is the number of lattice sites in the original lattice and Ucl is the bare interaction vertex
truncated to the cluster. Gimp is the Green’s function of a reference impurity model, used to
non-perturbatively evaluate the functional Σ[G, Ucl](ω). This reference impurity model now
contains Nc impurities, with the impurity Hamiltonian mirroring the intra-cell Hamiltonian,
and a non-interacting Green’s function Gimp(ω) which is also matrix-valued. Except for the
complication that everything is matrix-valued, the self-consistency cycle is analogous to the
DMFT self-consistency cycle. The non-interacting impurity Green’s function can again be
written as G−1

imp(ω) = ω + µ − �cl −∆(ω), where ∆(ω) is a matrix-valued hybridization
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function that determines the influence of the bath on the cluster impurity model.
In many cases, it is possible to diagonalize the local self-energy and Green’s function

matrices, with a unitary transformation independent of ω. For instance, in the example shown
in Fig. 2.1(a), if we assume that sites 1 and 2 are equivalent, such that Σ11(ω) = Σ22(ω) and
Σ21(ω) = Σ12(ω) (and the same also for cluster Green’s functions), the unitary

UH = 1√
2

(
1 1
1 −1

)

diagonalizes all intra-cell Green’s functions and self-energies. However, it is generically not
possible to diagonalize εK independent of K, meaning that the integrand in Eq. (2.11) remains
matrix-valued.

Dynamical cluster approximation

The DMFT approximation can also be approached from a k-space coarse-graining approach,
by averaging the bare interaction vertex U over the Brillouin zone [MH89, MJPH05]. The
DCA is motivated from the perspective of this k-space coarse-graining perspective. DCA
partitions the Brillouin zone into Nc patches Pi of equal size (the shape of the patches can
otherwise be chosen arbitrarily), see Fig. 2.1(b). The bare interaction vertex is now only
averaged over the patches, the coarse-grained vertex U now retains a coarse momentum
dependence and in particular also inter-patch momentum conservation [MJPH05]. As a result,
the LW functional depends only on the patch-averaged Green’s functions,

Gi(ω) = Nc

N

∑
k∈Pi

Gk(ω) , (2.13)

and the same goes for the Σ-functional. This leads to self-consistency equations for Gi

Gi(ω) = Nc

N

∑
k∈Pi

1
G−1

k − Σi[Gimp,i, U ](ω)
, (2.14)

Gimp,i(ω) = G(ω) , (2.15)

where Gimp is the Green’s function of an Nc-site reference impurity model with bare interaction
vertex U . The iterative solution of the self-consistency equations is analogous to DMFT and
CDMFT.

2.1.3 Momentum integrals of Green’s functions

To solve the DMFT, CDMFT, or DCA self-consistency equations, it is generically necessary
to perform momentum integrals to determine the local or patch-averaged Green’s functions.
If one works with real frequencies, ω+, the integrands are often close to singular. I describe
here methods to deal with such k integrals efficiently. It should be noted that efficiency is
of importance since the integrals typically have to be performed for O(103–104) ω-points.
Even though parallelization over ω-points is, of course, possible, it is desirable to not require
additional cores just for the integration task (the NRG impurity solver typically parallelizes
well with ∼ 10 cores). Thus, we would like to perform O(103–104) k integrals on ∼ 10 cores
within a time window of a few minutes. This means the integrator should be able to solve a
single k integral within O(10−1 sec).
Below, three methods to perform momentum integrals will be presented, (i) the adaptive

linear tetrahedron (ALT) method, (ii) iterated adaptive integration (IAI) [KBB+23] and (iii)
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η = 10−2 10−4 10−8

ALT 41.67s 87.15 s 88.85s
IAI 66.73s 198.21 s 520.19s
IQT 11.29s 24.87s 39.13s

Figure 2.2 (a) Imaginary part of the local Green’s function for η = 10−2 and 10−8, respectively,
evaluated on a linear frequency grid with 103 grid points, evenly spaced between −2.2 ≤ ω ≤ 2.2
(min |ω| = 2.2× 10−3). All three methods, ALT, IAI, and IQT meet the absolute accuracy criterion of
ε = 10−3. The curves in (a) produced by all three methods are identical on the scale shown there. The
table below panel (a) shows the total wall time needed by the integrators (all calculations were done
on a single core of an Intel Core i7-9750H CPU) versus η to compute Gloc(ω + iη) on the frequency
grid used in (a). (b) Scaling of the wall time versus η away from the van Hove singularity at ω = 0.1.
As described in the text, ALT has constant scaling with η since the k-dependence of the inverse
Green’s function at the relevant k-points is reasonably well captured by a linear function. IAI has
[ln η−1]α scaling, with α ' 1.5 < d = 2 smaller than the expected worst scaling. IQT is by far the
fastest of the three methods and scales with [ln η−1]α−1 (see text). (c) Scaling of the wall time versus
η at the van Hove singularity at ω = 0. ALT now has power law scaling, η−1.5, since the k-dependence
of the inverse Green’s function at the relevant k-points is quadratic and therefore never well captured
by linear approximations. IAI has [ln η−1]α scaling, with α = d = 2 saturated at the expected worst
scaling. IQT has again by far the best performance and scales with [ln η−1]α−1, as expected.

iterated adaptive integration with the adaptive quadratic tetrahedron method as the initial
integrator [iterated quadratic tetrahedron (IQT)]. All of these methods are tested on the
non-interacting Green’s function of a two-dimensional square lattice with nearest-neighbor
hopping,

Gloc(ω + iη) =
� π

−π

dkx
2π

� π

−π

dky
2π Gk(ω + iη) (2.16)

Gk(ω + iη) = 1
ω + iη + cos kx + cos ky

. (2.17)

Runtime and accuracy will be compared for different η, which controls the sharpness of the
features of Gk(ω + iη).

The results are shown and compared in Fig. 2.2 and are discussed below. The main message
is the following: away from van Hove singularities, ALT performs very well and runtime is
approximately constant as a function of η. Very close to van Hove singularities, however,
ALT has very unfavorable O(ηa) scaling, with a ' 1.5 in the present case. IAI scales as
O([log η−1]α), with α ≤ d bounded by the dimension d of the the integration area, i.e. d = 2
for G(kx,ky)(ω+iη). The exponent α seems to saturate (i.e. α = 2) at the van Hove singularity,
while away from the van Hove singularity, the scaling is more favorable with α < d. IQT
performs by far the best and scales as O([log η−1]α−1), where α is the same exponent as that
for IAI. For more details, see the discussion of the three methods below.
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Adaptive linear tetrahedron method

The integration method used for most of the results in this thesis is the linear tetrahedron
method [LV84, BJA94, Kap12], with an adaptive k-grid to improve performance and allow
us to control the accuracy [adaptive linear tetrahedron (ALT)]. When integrating Green’s
functions over momenta, the integrals can typically written in the form

I =
�
A

dkf(k)
g(k) , (2.18)

where both f(k) and g(k) are smooth functions of k and A is the integration area. The idea
behind the linear tetrahedron method is now to tile the integration area into tetrahedra Ti
(triangles in 2 dimensions or lines in 1 dimension), approximate both f(k) and g(k) as linear
functions within each tetrahedron, f(k) ' ai + bi ·k and g(k) ' ci + di ·k, and then solve the
integral over each Ti exactly and sum up all contributions,

I '
∑
i

�
Ti

dkai + bi ·k
ci + di ·k

. (2.19)

To achieve accuracy control, we can tile each tetrahedron into smaller tetrahedra, τij ∈ Ti.
To check whether an absolute error threshold ε is satisfied, we use the global criterion∣∣∣∣∣∣

∑
i

�
Ti

dkai + bi ·k
ci + di ·k

−
∑
i

∑
j

�
τij

dkaij + bij ·k
cij + dij ·k

∣∣∣∣∣∣ < ε . (2.20)

If the global criterion is not met, tetrahedra Ti are fine-grained if they do not meet the local
criterion ∣∣∣∣∣∣

�
Ti

dkai + bi ·k
ci + di ·k

−
∑
j

�
τij

dkaij + bij ·k
cij + dij ·k

∣∣∣∣∣∣ < ε
Vi
VA

, (2.21)

where VA is the volume of the integration area and Vi is the volume of Ti. The tetrahedra
Ti that do not meet the local accuracy criterion are fine-grained by promoting the finer
tetrahedra to coarse tetrahedra, τij → T`, followed by fine-graining the newly promoted T`
into even finer tetrahedra τ`j . This is iterated until the global accuracy criterion is passed.
More information on the adaptive linear tetrahedron method, especially also on how to deal
with matrix-valued integrands, can be found in my Master’s thesis [Gle19], Ch. 5.

For instance, in the example (2.16), g(k) = ω + iη + cos kx + cos ky and f(k) = 1, i.e. both
functions are smooth and do not contain sharp features. The main contributions to the
integral (2.16) are due to k-space regions where Re g(k) = 0. In most cases, g(k) can be very
well represented with a piecewise linear function, and the tetrahedron method is expected to
converge quickly in these cases. The runtime depends only on the number of k-points needed
to obtain a reliable piecewise linear interpolation around k-points with Re g(k) = 0. For
small η, we therefore expect that the runtime is approximately independent of η, provided
that a reliable piecewise linear interpolation around k-points with Re g(k) = 0 can be found.
Our expectations are confirmed in Fig. 2.2(a). ALT performs the integral (2.16) for 103

frequency points in less than 1.5 minutes, i.e. every frequency point requires less than 0.1s on
average. Further, η = 10−4 and η = 10−8 require almost the same amount of time, confirming
the η-independnece claimed above. This is further illustrated in Fig. 2.2(b), which shows
the time required to compute Gloc(0.1 + iη). At small η, the time required by ALT does not
depend on η, since g(k) can be sufficiently well represented by a linear interpolation in the
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momentum region satisfying cos kx + cos ky = −0.1.
However, g(k) also contains saddle points where the gradient ∇k g(k) vanishes, for instance

at (kx, ky) = (0,±π). At these points in the BZ, piecewise linear interpolation of g(k) cannot
be expected to be very reliable. Thus, whenever Re g(k) = 0 and ∇k g(k) = 0, (which leads to
van Hove singularities in Gloc(ω + iη)), we expect ALT to converge slowly. An example is the
evaluation of (2.16) at ω = 0. As can be seen in Fig. 2.2(c), ALT has very unfavorable η−1.5

scaling there and performs considerably worse than IAI or IQT. In principle, this issue could
be cured by choosing a piecewise quadratic interpolation on every tetrahedron. Unfortunately,
the integrals over the tetrahedra are then generically not analytically solvable. An exception
is in one dimension, which will be the basis for IQT, together with insights from IAI presented
below.

Iterated adaptive integration

Another efficient way to deal with integrals over Green’s functions is iterated adaptive
integration (IAI) [KBB+23]. The idea behind iterated integration is to perform the integrals
over different dimensions in series. For the integral (2.16) for instance,

F (kx) =
� π

−π

dky
2π Gk(ω + iη) (2.22)

Gloc(ω + iη) =
� π

−π

dkx
2π F (kx) , (2.23)

where the integrals (2.22) and (2.23) is evaluated with a standard adaptive integrator, e.g.
adaptive Gauss quadrature [KBB+23]. For a given kx, the integrand in Eq (2.22) contains, in
the present example, two sharp features as a function of ky, where ReG−1

k (ω + iη) = 0. The
sharpness of the features is controlled by η. Using an adaptive grid, such a sharp feature can
be resolved with O(log η−1) ky-points; evaluating Eq. (2.22) therefore scales with O(log η−1).
To ease the discussion of Eq. (2.23), we exploit the fact that in the simple case of the

example (2.16), F (kx) is known exactly,

F (kx) = 1√
(ω + iη + cos kx)2 − 1

. (2.24)

F (kx) also contains a small set of sharp features, in the example (2.16) located where
|ω + cos kx| = 1, with their sharpness again controlled by η. Thus, evaluation of Eq. (2.23)
generically requires O(log η−1) evaluations of F (kx), which in turn requires O(log η−1) eval-
uations of Gk(ω + iη). We therefore expect that IAI requires O([log η−1]2) to evaluate the
2-dimensional integral (2.16). The scaling O([log η−1]2) should be regarded as a worst-case
scenario. Typically, the sharpness of features in F (kx) are more well-behaved w.r.t. η than
those in Gk(ω + iη), which means we can expect O([log η−1]α) scaling, with 1 ≤ α ≤ 2. For
instance, F (kx) in Eq. (2.24) scales with η−1/2 close to its singularities, while Gk(ω + iη)
scales with η−1. In general, α is expected to be upper bounded by d, where d is the dimension
of the integral [KBB+23].
The scaling and performance of IAI are illustrated in Fig. 2.2. We have used MATLAB’s

integral2 function with the option “‘method’,‘iterated’” to produce the data there. In
the table below Fig. 2.2(a), we can see that IAI takes longer than ALT to produce the curves
in Fig. 2.2(a), reflecting the O([log η−1]α) scaling of IAI versus the constant scaling of ALT for
generic frequency points [note that ω = 0 is not part of the frequency grid used in Fig. 2.2(a)].
The O([log η−1]α) scaling is further illustrated in Fig. 2.2(b), where α = 1.5 < 2 for a generic
frequency point which is not at a van Hove singularity. Figure 2.2(c) shows that at the van
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Hove singularity at ω = 0 in our example, the exponent α = 2 saturates, showing that such
points are most challenging for IAI. Importantly, IAI scales reasonably both away from a
van Hove singularity and at a van Hove singularity. In that sense, IAI is more suitable as a
general-purpose integrator, but ALT will in most cases be faster.

Iterated quadratic tetrahedron method

As we have seen in the discussions above, ALT is usually a very fast Green’s function
integration routine. An exception is van Hove singularities, where it performs very poorly
because g(k) cannot be represented reliably using a piecewise linear interpolation. A fix
for this issue would be piecewise quadratic interpolation, but an analytic expression for
the integral can only be obtained in one dimension. IAI on the other hand performs worse
than ALT for generic cases, but it has a much more favorable performance at van Hove
singularities. The performance of IAI is most severely influenced by the initial integral
[Eq. (2.22)], whose integrand is more singular than e.g. the integral Eq. (2.23). Here, I
present a new method that combines the advantages of both IAI and ALT, which I call
iterated quadratic thetrahedron (IQT) method.

The main idea is to proceed as in IAI, but using the adaptive quadratic tetrahedron method
to perform the initial integral (2.22). As for ALT, we assume an integrand of the form
f(k)/g(k), with f and g smooth functions. We proceed by performing the integral

F (kx) =
�

dky
f(kx, ky)
g(kx, ky)

'
∑
i

�
Li

dky
ai(kx) + bi(kx)ky + ci(kx)k2

y

αi(kx) + βi(kx)ky + γi(kx)k2
y

, (2.25)

where we have partitioned the integration domain in ky-direction into lines Li and have chosen
a quadratic interpolation on every Li. The integral over Li is easy to evaluate analytically,
summing over the contributions gives F (kx). Error control is achieved analogous to ALT.
The remaining procedure is analogous to IAI, i.e. we use a standard adaptive integrator (in
this thesis: MATLAB’s integral function) to integrate F (kx).
We expect that the integral (2.25) has constant scaling with η, regardless of whether we

are close to a van Hove singularity or not. Similar to ALT, this is because g(kx, ky) can be
represented well with piecewise quadratic interpolation, requiring only a small number of ky
points. In contrast to ALT, this now works also close to van Hove singularities because the
interpolation is now quadratic opposed to linear. Using the same arguments as for IAI, we
therefore expect that IQT scales with O([log η−1]α−1), where α is the same exponent as in
IAI. The reason is that IQT is using a much more efficient integration routine to evaluate
Eq. (2.22) (for IAI, this step had a scaling of O(log η−1), opposed to constant for IQT).

Figure 2.2 illustrates the performance of IQT. To produce the curves in Fig. 2.2, IQT takes
between around 1/2 and 1/10 the time of the other two methods. Figures 2.2(b,c) confirm
the expected scaling and illustrate that the exceptionally good performance of IQT holds
both away and at a van Hove singularity.

2.1.4 Improved estimators for ∆(ω)
The evaluation of the local Green’s function Gloc by numerical integration is is subject to an
integration error ε. When computing the hybridization function in DMFT via the Dyson
equation,

∆(ω) = ω + µ− Σ(ω)−G−1
loc(ω) , (2.26)
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a relatively small error ε ' 10−3 can lead to a much larger error for ∆(ω), because (i) Gloc is
inverted and (ii) Eq. (2.26) contains a subtraction. By computing additional functions,

Floc(ω) =
�

k
εk Gk(ω) , Iloc(ω) =

�
k
ε2k Gk(ω) , (2.27)

numerically more stable formulas for the hybridization function can be obtained:

∆FG(ω) = Floc(ω)G−1
loc(ω) , (2.28)

∆IFG(ω) = Iloc(ω)− Floc(ω)G−1
loc(ω)Floc(ω) . (2.29)

The formula for ∆IFG came up in a discussion with Fabian Kugler, and both formulas also
appear in Ref. [KK22], while ∆IFG also appears in Ref. [BSB22]. Here, the purpose is to show
that ∆FG and ∆IFG provide numerically more stable alternatives to Eq. (2.26), the precise
context in Refs. [KK22, BSB22] is different. Further, similar formulas also appear in the
literature as more stable alternatives to the Dyson equation for computing the single-particle
irreducible self-energy Σ(ω) [BHP98, Kug22]. A derivation of Eqs. (2.28) and (2.29) can be
found in the supplemental material of Ref. [KK22] and will not be repeated here. We will
denote ∆ computed via Eq. (2.26) by ∆G in this subsection, to clearly distiguish it from
∆FG and ∆IFG. If |∆(ω)| � |Σ(ω)| ' |G−1

loc(ω)|, Eq. (2.26) involves the subtraction of two
almost equal numbers which are subject to numerical inaccuracies, which leads to much
larger relative inaccuracies in their difference, ∆(ω). Eqs. (2.28) and (2.29) avoid subtracting
almost equal numbers and are therefore expected to be numerically more stable.

As an example, consider the Hubbard model on a cubic lattice,

H =
∑
kσ

(εk − µ)c†kσckσ + U
∑
i

ni↑ni↓ , (2.30)

with dispersion εk = −1
6(cos kx + cos ky + cos kz), µ = U/2 and U = 2.2 at temperature

T = 10−6. The single-site DMFT spectral function, obtained by DMFT plus NRG is shown
in Fig. 2.3(a). We use the ALT method to compute the one-dimensional density of states
integrals,

Gloc(ω) =
� 1

−1
dε ρ(ε)
ω + µ− ε− Σ(ω) , Floc(ω) =

� 1

−1
dε ερ(ε)
ω + µ− ε− Σ(ω) , (2.31)

Iloc(ω) =
� 1

−1
dε ε2ρ(ε)
ω + µ− ε− Σ(ω) , ρ(ε) =

�
BZ

dk
(2π)3 δ(ε− εk) , (2.32)

where ρ(ε) is the non-interacting density of states the cubic lattice (which was precomputed
with high accuracy and stored in the past).

Figure 2.3(b) shows the imaginary parts of Σ, G−1
loc and ∆. The latter is a reference curve,

obtained by a high-accuracy computation of Gloc, Floc and Iloc (error less than 10−12) and
using Eq. (2.29). Around ω ' 10−1, we find −ImΣ ' ImG−1

loc � −Im∆ (note that the y-axis
of Fig. 2.3(b) is in log scale!). In this region, obtaining −Im∆ via Eq. (2.26) is therefore
prone to numerical errors, and Eqs. (2.28) and (2.29) are significantly more stable. This is
illustrated in Fig. 2.3(c), which shows −Im∆ obtained via Eq. (2.26) (blue, unstable) versus
Eq. (2.29) (red dashed, stable), with the integrals now performed with a more practical
accuracy of 10−3. We have checked that Eq. (2.28) and Eq. (2.29) yield identical results
on the scales shown in Fig. 2.3(c). Around ω ' 10−1, −Im∆G has clearly visible artifacts,
which are not present in −Im∆IFG. In Figures 2.3(d,e,f), we show the error of ∆G, ∆FG and
∆IFG for different integration accuracies ε w.r.t the high-accuracy reference curve. Both ∆FG
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Figure 2.3 (a) Local spectral function of the Hubbard model on a cubic lattice in the single-site
DMFT approximation at U = 2.2 and T = 10−6. (b) Corresponding imaginary parts of the self-energy
Σ(ω), hybridization function ∆(ω) and inverse local Green’s function Gloc(ω). Gloc(ω) and ∆(ω) have
been evaluated using an integration accuracy of ε = 10−12. (c) Imaginary part of the hybridization
function ∆(ω) using the Dyson equation (2.26) (∆G, blue) and using the improved estimator (2.29)
(∆IFG, red dashed), respectively. A practical integration accuracy of ε = 10−3 has been used. ∆G has
clearly visible artifacts where −Im ∆G becomes negative. (d-f) Absolute errors of the estimates ∆G,
∆FG and ∆IFG to the reference curve shown in (b). Both ∆FG and ∆IFG come with an acceptable
error (< 10−3) at moderate integration accuracies (ε ≥ 10−4) while ∆G needs smaller ε ' 10−6 to
achieve an error of less than 10−3.

and ∆IFG have an error of order at most ε, while the error of ∆G significantly exceeds the
integration error in some frequency region.
To conclude, Eqs. (2.28) and (2.29) offer a numerically much more stable alternative to

Eq. (2.26), at the expense of requiring the evaluation of one or two additional integrals,
respectively. From current experience, ∆FG is the best choice since it requires only one
additional integral while performing similarly to ∆IFG in terms of accuracy. It should also be
emphasized that the parameters chosen in this section were picked such that ∆G is prone to
numerical inaccuracies. In many cases, ∆G is accurate for a reasonable integration accuracy
of say ε = 10−3, but ∆FG and ∆IFG offer a safer alternative which also work when Eq. (2.26)
is unstable. Also, while we have concluded here that ∆FG and ∆IFG are equally accurate for
the problem in this section, there is no guarantee that this generically the case.

2.2 Numerical Renormalization Group
In this thesis, we have employed the Numerical Renormalization Group (NRG) as an im-
purity solver to within the DMFT self-consistency equations. NRG is a non-perturbative,
real-frequency impurity solver with unparalleled low-frequency and temperature resolu-
tion [BCP08]. The original ideas for the NRG algorithm were published by Wilson [Wil75]
in 1975 as a solution to the Kondo problem. Back then, NRG could not compute Green’s
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functions or self-energies, a prerequisite for applying it in the DMFT context. This problem
was solved by subsequent work [FO86, CHZ94, BHP98, Hof00, WvD07, Kug22]. Important
developments on the way to its current status were (i) the construction of a complete basis
using NRG by F. B. Anders and A. Schiller [AS05, AS06], (ii) the subsequent development of
the full density matrix NRG (fdm-NRG) by A. Weichselbaum and J. von Delft [WvD07] for
sum-rule conserving spectral functions at arbitrary temperatures, and (iii) the computation
of self-energies via equations of motion by R. Bulla et. al. [BHP98] and F. B. Kugler [Kug22].
In the following, a brief overview of NRG is provided. The NRG code used to produce the
results in this thesis was implemented by S.-S. B. Lee and is based on A. Weichselbaum’s
QSpace tensor library [Wei12, Wei20, Wei24], which allows the exploitation of Abelian and
non-Abelian symmetries.

NRG uses a Hamiltonian formulation of the impurity model,

H = Himp +Hhyb +Hbath , Hhyb =
∑
αλ

Vαλf
†
αcλ + h.c. , Hbath =

∑
λ

ελc
†
λcλ , (2.33)

where fα are annihilation operators on the impurity with flavor α (spin, orbital, etc.), cλ are
annihilation operators for bath flavor λ and Himp is the local impurity Hamiltonian, which
can be an arbitrary function of fα but does not depend on cλ. The number of impurity
flavors Nα, is assumed to be small. NRG can, at the moment, reasonably deal with 4 spinful
fermionic orbitals (Nα = 8) if symmetries can be exploited. On the other hand, the number
of bath flavors λ is usually infinite, and the energies ελ are continuous.

The influence of the bath on the impurity is described by the hybridization function ∆(z),

∆αβ(z) =
∑
λ

VαλV
∗
βλ

z − ελ
, Γαβ(ω) =

∑
λ

VαλV
∗
βλδ(ω − ελ) , (2.34)

where the Hermitian matrix Γ(ω) is the spectral function of ∆(z). In the following, we assume
that Γαβ(ω) ∝ δαβ is diagonal, since this is the case in all situations considered in this thesis.
To make progress with Hamiltonian-based methods, the bath usually needs to be discretized
by approximating Γ(ω) by a discrete set of spectral peaks,

Γα(ω) ' Γdisc
α (ω) =

∑
n,ζ=±

|γnζα |2δ(ω − ξnζα ) . (2.35)

In NRG, a logarithmic discretization is used [Wil75, BCP08], which allows us to resolve
features at different frequency scales with equal accuracy. There, the support of Γα(ω),
[−D−α , D+

α ], is partitioned into intervals In+
α = D+

α [Λ−n−1,Λ−n] and In−α = −D−α [Λ−n,Λ−n−1],
where Λ > 1 is a discretization parameter. A single peak at a representative energy
ξnζα ∈ Inζα and weight |γnζα |2 is chosen per interval and impurity flavor α. The weights
|γnζα |2 are chosen such that the total weight of the hybridization spectrum in Inζα is conserved,
|γnζα |2 =

�
Inζα

Γα(ω). For the representative energies, ξnζα , we use a scheme invented by R.
Žitko and T. Pruschke [ŽP09, Žit09a] and whose stable implementation was achieved by K. M.
Stadler, c.f. Sec. 2.2.3 of Ref. [Sta19]. The corresponding discretized bath and hybridization
Hamiltonians are

Hdisc
bath =

∑
α,n,ζ

ξnζα a†αnζaαnζ , Hdisc
hyb =

∑
α,n,ζ

γnζα a†αnζfα + h.c. . (2.36)

In the next step, the bath is transformed into a semi-infinite chain using Lanczos tridiagonal-
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ization, known as Wilson chain [Wil75],

Hchain
bath =

∑
α

[ ∞∑
`=1

(
t`αd

†
`−1αd`α + h.c.

)
+
∞∑
`=0

ε`αd
†
`αd`α

]
, Hchain

hyb =
∑
α

t0αd
†
0αfα + h.c. . (2.37)

Due to the logarithmic discretization, the hopping matrix elements t`α and on-site energies
ε`α decay as ∝ Λ−`/2 and ∝ Λ−`, respectively. The problem has therefore been separated into
energy scales, with

Hchain
L = Himp +

∑
α

[
t0αd

†
1αfα + h.c.+

L∑
`=1

(
t`αd

†
`−1αd`α + h.c.

)
+

L∑
`=0

ε`αd
†
`αd`α

]
(2.38)

describing the spectrum with a resolution of order Λ−L /2. NRG then uses iterative diagonal-
ization to obtain a full approximate spectrum of limL→∞H

chain
L . The chain is successively

extended, Hchain
L → Hchain

L +1 , thereby improving energy resolution by a factor Λ−1/2, but also
increasing the Hilbert space size by a factor 2Nα . To keep the problem computationally
feasible, the high-energy part of the spectrum of Hchain

L is discarded and Hchain
L is projected

to its low-energy kept sector before extending the chain. Thus, the high-energy discarded
states |s〉DL are not further fine-grained and therefore computed with resolution Λ−L /2, while
the low-energy kept states |s〉KL are further fine-grained. Because tL +1 � tL , Hchain

L +1 is
not expected to strongly mix |s〉KL and |s〉DL , which justifies the truncation. Typically, the
approximate eigenenergies EL

s are shifted by the ground state energy EL
0 and rescaled by the

scale Λ−L /2. This helps to avoid small numbers and identify crossovers and fixed points in the
low-energy spectra, but is conceptionally not necessary. The iterative diagonalization is halted
at some length L max after a certain desired energy resolution Λ−L max/2 has been reached. In
fdm-NRG, this resolution is set by the temperature, Λ−L max/2 ' T [WvD07, Wei12].
As was pointed out by Anders and Schiller [AS05, AS06], the iterative diagonalization

generates a complete approximate eigenbasis of Hchain
L max

,

Hchain
L max |s〉

D
L ⊗ |e〉L ' EL

s |s〉DL ⊗ |e〉L , (2.39)

where |e〉L = |σL +1〉⊗ · · · ⊗ |σL max〉 is some product state on sites L + 1 to L max. Thus, the
energy level EL

s has, by construction, a degeneracy of 2Nα(L max−L ), which reflects that the
discarded states have not been fine-grained further. In the fdm-NRG scheme, the approximate
eigenstates are used to set up a full approximate eigenbasis, construct a thermal density
matrix and compute spectral functions using the Lehmann representation [WvD07, Wei12].

Since we have discretized the originally continuous bath, the spectral functions computed
with fdm-NRG consist of discrete δ-peaks with an exponentially increasing density towards
ω = 0, reflecting the exponentially fine energy resolution of fdm-NRG around ω = 0. These
discrete spectral peaks are broadened using a log-Gaussian kernel [LW16] to mimic the effect
of the bath modes which have been truncated by the logarithmic discretization.

To improve the resolution of NRG, several calculations with shifted discretization grids can
be performed, known as z-averaging. For that, several, (usually equally-spaced) parameters
z ∈ [0, 1) are chosen to define shifted discretization intervals In+

α (z) = D+
α [Λ−n−1−z,Λ−n−z]

and In−α (z) = −D−α [Λ−n−z,Λ−n−1−z]. The results from separate fdm-NRG calculations
with different z are in the end averaged to achieve higher resolution, especially at high
frequencies [OO94, ŽP09]. By considering the effect of an infinitesimal z-shift on the spectra,
it is further possible to adaptively adjust the widths of the log-Gaussian broadening kernels,
which further improves high-frequency resolution [LW16, LvDW17a].

The z-shifting trick can also be used to reduce the computational cost if Nα is large, known
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as interleaved NRG (iNRG) [MGWF+14, SMvDW16]. For that, different shift parameters
zα are used for the different impurity flavors α, which introduces an artificial scale separation
between flavors. Due to that, different flavors can be added in series during the iterative
diagonalization, which reduces the Hilbert space dimension at every diagonalization step and
thus the computational cost.

2.3 Matrix product states
This section introduces matrix product states (MPS), which offer a very efficient representation
of one-dimensional quantum states. For reviews on MPS, see Refs. [Sch11, CPGSV21]. The
discussion which follows is partially based on parts of Ref. [P1] and extensively uses the
notation developed there. Consider a quantum state

|Ψ〉 =
∑

σ1,...,σL

Ψσ1...σL |σ1 . . . σL 〉 , (2.40)

where {|σ`〉} are basis vectors of some local, low-dimensional Hilbert space v` with dimension
d, e.g. a local moment or a spinful fermionic orbital. In general, the wavefunction Ψσ1...σL

can be decomposed as a product of matrices Mσ`
` , known as MPS representation,

Ψσ1...σL = Mσ1
1 . . .MσL

L =
LM1M 2M

1σ 2σ
1α 2α1 1

Lσ
1−Lα

. (2.41)

Here, we have used a graphical notation that represents the tensors M` as circles with legs
representing tensor indices. Connected legs are summed over. The MPS representation
is useful if the rank of Mσ`

` is small (say at most D, called bond dimension), or if a
controlled low-rank approximation can be found. In that case, the number of parameters
needed to represent the wavefunction has been reduced dramatically, from initially O(dL ) to
O(LD2d). The existence of a controlled low-rank approximation can be proven for ground
states of one-dimensional gapped local Hamiltonians [Has07, ECP10, AKLV13, BH15]. In
general, the MPS representation is very efficient for one-dimensional systems, even if they are
critical [VC06, PMTM09]. For this reason, MPS algorithms are arguably the most powerful
numerical tools available to date to treat (quasi-) one-dimensional systems. An important
class of effectively one-dimensional systems are impurity models, as we have seen for NRG
in Sec. 2.2 where we have mapped the impurity model on a Wilson chain. As discussed in
Sec. 2.3.1, NRG can be formulated as an MPS method [Wei12]. Apart from NRG, other
impurity solvers based on MPS [WMPS14, WMS14, WGM+15, FH17, BBLG+23, CLSP24]
or more general loopless tensor network states [BZT+17, GWK+24] are becoming increasingly
popular in the DMFT community.
The MPS representation is not unique since we can insert some invertible matrix X and

its inverse between two MPS matrices, Mσ`
` M

σ`+1
`+1 = Mσ`

` XX
−1M

σ`+1
`+1 = M̃σ`

` M̃
σ`+1
`+1 , with

M̃σ`
` = Mσ`

` X and M̃σ`+1
`+1 = X−1M

σ`+1
`+1 . Since M and M̃ represent the same state, an MPS

has a gauge freedom. A very convenient gauge is the so-called bond-canonical form,

Ψσ = 1A �A LB

1−�D +1�D�D�D

�Λ1−�A +1�B
, (2.42)

where the bond matrix Λ` ( ) is called isometry center and A˜̀ ( ) and B˜̀′ ( ) are left
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and right isometries, respectively. They fulfill the isometry conditions

= == =
�̃A

�̃
∗A

α

α′α

α

′α

′α

α

′α
ᾱ ᾱ

′�̃
∗B

′�̃
B

,′αα

]
�̃
K

[
′αα

]
1−′�̃

K
[

, (2.43)

where lines denote identities and K stands for kept space, denoted VK
˜̀ and WK

˜̀′ , respecively.
The isometry A˜̀ is an orthogonal map from the parent space VP

˜̀ = V
K
˜̀−1 ⊗ v˜̀ to the kept

space VK
˜̀ , and likewise for B˜̀′ . The kept spaces are spanned by the kept states

|ΨK
˜̀α〉 =

∑
σ1...σ˜̀

[ΨK
˜̀α]σ1...σ˜̀|σ1 . . . σ˜̀〉 , |ΦK

˜̀′α′〉 =
∑

σ˜̀′ ...σL

[ΦK
˜̀′α′ ]

σ˜̀′ ...σL |σ˜̀′ . . . σL 〉 (2.44)

ΨK
˜̀α =

1A �̃A
α ΦK

˜̀′α′ =
LB′�̃B

′α , (2.45)

which form an orthonormal basis due to the isometry condition (2.43). Using the kept states
and the bond matrix Λ` (chosen to be diagonal), we obtain a Schmidt decomposition of |Ψ〉,

|Ψ〉 =
∑
α

[Λ`]αα|ΨK
`α〉 ⊗ |ΦK

`+1α〉 . (2.46)

We can also define orthogonal complements to A˜̀ and B˜̀′ , denoted by A˜̀ ( ) and B ˜̀′
( ). They also fulfill isometry conditions and they are orthogonal to A˜̀ and B˜̀′ ,

A
†
˜̀A˜̀ = 1D

˜̀ , A†˜̀A˜̀ = 0 , B ˜̀′B
†
˜̀′ = 1D

˜̀′−1 , B ˜̀′B
†
˜̀′ = 0 ,

1−˜= == = , , ,= 0 = 0D D

˜ ˜˜˜
˜ , (2.47)

where D stands for discarded space, denoted VD
˜̀ and WD

˜̀′ . The discarded spaces are such
that together with the kept space, they span the full parent space, i.e. VK

˜̀ ⊕VD
˜̀ = VP

˜̀ and
W

K
˜̀′ ⊕WD

˜̀′ = WP
˜̀′ . Thus, the direct sum of A˜̀ and A˜̀, A˜̀⊕A˜̀ = ⊕ is a unitary on the

parent space VP
˜̀ = V

K
˜̀−1 ⊗ v˜̀, and likewise for B˜̀′ and B ˜̀′ . Similar to the kept states, we

can use the isometries to write down wavefunctions for the discarded states,

|ΨD
˜̀α〉 =

∑
σ1...σ˜̀

[ΨD
˜̀α]σ1...σ˜̀|σ1 . . . σ˜̀〉 , |ΦD

˜̀′α′〉 =
∑

σ˜̀′ ...σL

[ΦD
˜̀′α′ ]

σ˜̀′ ...σL |σ˜̀′ . . . σL 〉 (2.48)

ΨD
˜̀α =

1A
,α

�̃A
ΦD

˜̀′α′ =
LB

,′α
′�̃B

(2.49)

which span the discarded spaces VD
˜̀ and WD

˜̀′ , respectively.
Another convenient gauge, the so-called site-canonical gauge, can be obtained by contracting

C` = A`Λ` in Eq. (2.42),

Ψσ =
1σ �σ1−�σ +1�σ

1A 1−�A �C +1�B

Lσ

LB

1−�D2−�D +1�D�D
. (2.50)

Shifting the isometry center or finding the canonical form can be done using singular value
decompositions (SVD) or QR decompositions as usual, c.f. for instance Eq.(7) of Ref. [P1] or
Ref. [Sch11].
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The set of MPS with bond-dimension D forms a submanifold of the full space V =
v1 ⊗ · · · ⊗ vL , denoted MD-MPS [HOV13, HMOV14]. It is not a vector space since for
instance adding two bond-dimension D MPS generally leads to an MPS with bond dimension
2D, i.e. the result is not inMD-MPS. The tangent space TΨMD-MPS ⊂ V denotes the space
of 1-site changes of |Ψ〉 ∈ MD-MPS. A projector to TΨMD-MPS, denoted P1s, can be written
down using the kept and discarded isometries of |Ψ〉 [LOV15, HLO+16, P1],

P1s =
L∑
`=1 �

+
LL1

(2.51)

=
L∑
`=1 �︸ ︷︷ ︸

P1s
`

−
L−1∑
`=1 �︸ ︷︷ ︸

Pb
`

, (2.52)

where we have defined single-site and bond projectors P1s
` and Pb

` , respectively. A generic
tangent vector |∂Ψ〉 ∈ TΨMD-MPS does not have a bond-dimension D MPS representation.
Thus, taking macroscopic steps within the tangent space will in general result in a state that
is not in MD-MPS, which reflects that this manifold has a curvature. There are, however,
subspaces of TΨMD-MPS within which we can take macroscopic steps while remaining on
MD-MPS (MD-MPS is therefore flat in these directions, i.e. the (non-uniform) MPS manifold
is a ruled manifold [HMOV14]). These are for instance the images of the single-site projectors
P1s
` (denoted V1s

` ) and bond projectors Pb
` (denoted Vb

` ), i.e. |Ψ〉 + aP1s
` |∂Ψ〉 ∈ MD-MPS

and likewise for Pb
` . Further, |Ψ〉 ∈ V1s

` and |Ψ〉 ∈ Vb
` . As a result, we can manipulate an

MPS within the subspaces V1s
` and Vb

` at will without leavingMD-MPS. This is for instance
used in ground-state search, c.f. Sec. 2.3.2. The tangent space projector can be decomposed
into projectors to V1s

` and Vb
` , c.f. Eq. (2.52) [HLO+16]. This convenient decomposition is

used in time evolution withinMD-MPS, c.f. Sec. 2.3.3.
Another important projector is the 2-site generalization of P1s [HLO+16, P1],

P2s =
L−1∑
`=1 �︸ ︷︷ ︸

P2s
`

−
L−1∑
`=2 �︸ ︷︷ ︸

P1s
`

. (2.53)

For an n-site generalization, see Ref. [P1].
Similar to states, we can represent operators like the Hamiltonian Ĥ as matrix product

operators (MPO),

Ĥ =
∑
σ,σ′

|σ1 . . . σL 〉Hσ1...σL
σ′1...σ

′
L
〈σ′1 . . . σ′L | , (2.54)

Hσ1...σL
σ′1...σ

′
L

= [W1]σ1
σ′1
. . . [WL ]σL

σ′L
= LW1W 2W

1σ 2σ1 1

1
′σ 2

′σ
L
′σ

Lσ1−Lν1ν 2ν
, (2.55)

with an MPO bond dimension denoted w. Important for ground-state search and time
evolution are the bond, 1-site and 2-site projections of Ĥ,

Hb
` =

� +1�

, H1s
` = ,

� +1�1−�

H2s
` = ,

� +1� +2�1−�

(2.56)
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with the left and right environments

L` = = =

1 � �� 1−�L

, R` = = =

� L � +1�R

. (2.57)

2.3.1 Numerical renormalization group as an MPS method

The kept and discarded states in NRG are naturally generated as MPS [Wei12]. Consider the
situation where we have iteratively diagonalized the Wilson chain up to site ˜̀−1, i.e. we have
computed the kept and discarded states |s〉K˜̀−1 and |s〉D˜̀−1, respectively. Since the discarded
states are not further fine-grained, we project Hchain

˜̀ to the subspaceVP
˜̀ = span{|s〉K˜̀−1⊗|σ˜̀〉},

called parent space in the parlace of Sec. 2.3. We now proceed by diagonalizing the projected
Hamiltonian,

[
Hchain

˜̀
]P =

∑
sσ˜̀

∑
s′σ′̃`

|sK
˜̀−1σ˜̀〉 〈sK

˜̀−1σ˜̀|Hchain
˜̀ |s′K˜̀−1σ

′
˜̀〉︸ ︷︷ ︸[

Hchain
˜̀

]
sσ˜̀,s′σ′̃`

〈s′K˜̀−1σ
′
˜̀|

diag=
∑
s̃

|s̃〉X˜̀E
˜̀
s̃〈s̃|X˜̀ , (2.58)

|s̃〉X˜̀ =
∑
sσ˜̀

U
σ˜̀
ss̃ |s

K
˜̀−1σ˜̀〉 , (2.59)

where X is a placeholder for K or D and U is the unitary which diagonalizes the matrix[
Hchain

˜̀
]
sσ˜̀,s′σ′̃`

. The states |s̃〉X˜̀ are now split into kept (K) and discarded (D) based on their
energy E ˜̀

s̃, which amounts to splitting the unitary U into kept and discarded isometries A˜̀
( ) and A˜̀ ( ), respectively. Thus, we can write the kept and discarded states as

|s̃〉K˜̀ =
∑
sσ˜̀

[
A
σ˜̀
˜̀ ]ss̃|sK

˜̀−1σ˜̀〉 , |s̃〉D˜̀ =
∑
sσ˜̀

[
A
σ˜̀
˜̀ ]ss̃|sK

˜̀−1σ˜̀〉 . (2.60)

Representing the K states from earlier shells ˜̀′ < ˜̀ in the same way leads to an MPS
representation of both kept and discarded states,

|s̃〉K˜̀ =
∑
σ1...σ˜̀

[
Aσ1

1 . . . A
σ˜̀
˜̀
]
1s̃︸ ︷︷ ︸

1A �̃A
α

|σ1 . . . σ˜̀〉 , |s̃〉D˜̀ =
∑
σ1...σ˜̀

[
Aσ1

1 . . . A
σ˜̀−1
˜̀−1 A

σ˜̀
˜̀ ]1s̃︸ ︷︷ ︸

1A
,α

�̃A

|σ1 . . . σ˜̀−1σ˜̀〉 .

(2.61)

Using this MPS representation is very convenient for bookkeeping, and the computation of
thermal expectation values, spectral weights, etc. can be nicely formulated in terms of tensor
network diagrams [Wei12].

2.3.2 Denstiy matrix renormalization group

The density matrix renormalization group (DMRG) [Sch05, Sch11] is currently the standard
algorithm for MPS ground-state search. It was invented by S. R. White in 1992 [Whi92,
Whi93], but its connection to MPS was realized only later by S. Östlund and S. Rommer [OR95,
RO97, VPC04]. Given a Hamiltonian Ĥ, DMRG is designed to find an optimal bond-
dimension D MPS by minimizing the cost function

E(Ψ) = 〈Ψ|Ĥ|Ψ〉
〈Ψ|Ψ〉 (2.62)
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with |Ψ〉 ∈ MD-MPS. To achieve that, DMRG uses thatMD-MPS is ruled. Thus no matter
where |Ψ〉 is onMD-MPS, there is a large number of directions, V1s

` ⊂ TΨMD-MPS, in which
MD-MPS is completely flat. Thus, we can search for the optimal solution of E(Ψ) in V1s

`

without having to worry about leavingMD-MPS. Since V1s
` is a subspace of TΨMD-MPS and

therefore a vector space, we can search for the optimal solution using conventional linear
algebra operations. In the present case, we can find the optimal solution in V1s

` by finding
the ground state of Ĥ projected to this space, H1s

` = P1s
` ĤP1s

` [c.f. Eq. (2.56)], i.e. we have
to solve for the ground state of the eigenvalue problem

H1s
` C` = E C` ,

�

E=

� +1�1−�

, (2.63)

where C` is the isometry center in the bond-canonical form (2.50). Solving for the ground
state Eq. (2.64) comes with a computational cost of O(D3dw) if an iterative eigensolver is
used, see [Sch11] for more details. This concludes a local DMRG optimization step, called
single-site (1s) update since a single-site tensor of the MPS is updated. Global optimization
of E(Ψ) is achieved by iteratively moving from site to site and updating |Ψ〉, called sweeping.
Sweeping is repeated until changes of E(Ψ) are below some convergence threshold. An
important property of the tangent space is that it is completely covered by the flat directions,
TΨMD-MPS = ∪`V1s

` . Due to that, the DMRG algorithm does not miss any directions, which
may otherwise constrain the solution to some submanifold ofMD-MPS.
It should be noted that the manifold of uniform MPS (uMPS) with bond dimension D,
MD-uMPS, is not ruled [HMOV14]. This is because changing a single tensor in a uMPS
generally leads to a non-uniform MPS which is not inMD-uMPS. For that reason, optimizing
uMPS is usually more complicated, and is done for instance either by using retractions to
remain on MD-uMPS [HDH21] or by leaving MD-uMPS during optimization, followed by a
projection back on MD-uMPS. The latter strategy is for instance used by the variational
uMPS (VUMPS) algorithm [ZSVF+18].
In practical applications, precisely sticking to MD-MPS turns out to be not very useful.

First, D may be too small to reliably approximate the true ground state of the system. In that
case, we would like to adjust D accordingly. Generically, since DMRG scales with O(D3), it
is advantageous to start with some small D and gradually increase it while sweeping. Second,
when exploiting symmetries, the MPS manifold is not fully classified by D, but we further
need information on the sizes of the symmetry sectors (labeled by quantum numbers q) at
bond `, Dq

` . Thus, the set {D
q
`} determines our MPS manifold and we would like to choose an

optimal manifold at a given bond dimension D` = ∑
qD

q
` . Third, even if the bond dimension

and quantum number sectors do not need further adjustment, it can be advantageous for
convergence to search for an optimal solution in a slightly larger space and then project back
onMD-MPS.
The standard extension of 1s DMRG to meet the demands above is 2-site (2s) DMRG,

which can grow the bond dimension, adjust the sizes of quantum number sectors, and in
general venture away from MD-MPS to accelerate convergence. Instead of solving for the
ground state of H1s

` during the update, 2-site DMRG updates the state by finding the ground
state of H2s

` = P2s
` ĤP2s

` , see also Eq. (2.56). For that, we have to solve for the ground state
of the eigenvalue problem

H2s
` Ψ2s

` = EΨ2s
` , E=

� +1� � +1�+2�1−�

, (2.64)
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where Ψ2s
` = A`Λ`B`+1 is the 2-site wavefunction. Before we can move on from site ` to

`+ 1, we have to decompose Ψ2s
` into the isometries A` and B`+1 and the bond matrix Λ`

using SVD. In general, Λ` will be a Dd × Dd matrix, which means the newly optimized
MPS is not inMD-MPS. To project it back onMD-MPS, we truncate the small eigenvalues of
Λ†`Λ` (or equivalently the small singular values of Ψ2s

` ), which amounts to finding the state
onMD-MPS which has the largest overlap with the state directly after 2-site optimization.
In general, the quantum number sectors of the state after optimization and truncation will
have different sizes than before optimization, i.e. the 2-site update adjusts the relative sizes
of quantum number sectors. Further, we can decide not to fully truncate down to bond
dimension D, which allows us to control the bond dimension. Typically, one monitors the
truncated weight of Λ†`Λ` to determine whether the bond dimension is adequate or not. The
truncation step concludes the 2-site update. Otherwise, 2-site DMRG functions analogous to
single-site DMRG. Due to exploring a larger space, the 2-site update comes with an increased
computational cost of O(D3d2w) for the iterative eigensolver and O(D3d3) for the SVD (the
latter has a smaller prefactor than the former).

In many cases, 2-site DMRG converges very well and, despite the increased computational
cost, is preferred over 1-site DMRG, for the reasons discussed above. There are however cases
where 2-site DMRG has convergence problems. For such situations, mixing methods like
density matrix perturbation [Whi05] or DMRG3S [HMSW15] have been developed. These
mixing methods can also be used together with the 1-site update, which would lead to 1-site
computational cost. In practice, convergence is faster if one uses mixing with the 2-site update,
which is what is often done nowadays [SW12]. In Ref. [P2], we have developed a so-called
controlled bond expansion (CBE) algorithm which has very similar convergence properties as
the 2-site update, but at a reduced computational cost of O(D3dw), i.e. 1-site cost. Using the
CBE update together with mixing provides a computationally cheap algorithm with excellent
convergence properties.

2.3.3 Time-dependent variational principle for MPS

Apart from ground state search, another important application of MPS is time evolution.
For an overview of MPS time evolution methods, see Ref. [PKS+19]. Here, we focus on the
time-dependent variational principle (TDVP) [Dir30, McL64] for MPS, which aims to solve
the time-dependent Schrödinger equation constrained to the manifoldMD-MPS [HCO+11].
For that, we have to solve the differential equation [HLO+16]

d|Ψ(t)〉
dt = −iP1s

Ψ(t)Ĥ|Ψ(t)〉 , (2.65)

where |Ψ(t)〉 ∈ MD-MPS is a bond-dimension D MPS and P1s
Ψ(t) is its tangent-space projec-

tor (2.52). We have indicated Ψ(t) as a subscript of the projector to convey that it inherits
a time dependence from |Ψ(t)〉. Due to the time dependence of the projector, Eq. (2.65)
amounts to quite an intimidating set of non-linear coupled differential equations [HCO+11].
These can be conveniently dealt with using the projector splitting integrator of C. Lubich
and I. V. Oseledets [LO13]. This approach uses the decomposition (2.52) of the tangent
space projector in terms of P1s

` and Pb
` . To first order in a small timestep δt, this leads to

a set of first-order linear differential equations for the site tensors C` and bond matrices
Λ` [HLO+16],

dC`(t)
dt = −iH1s

` C`(t) ,
dΛ`(t)

dt = iHb
` Λ`(t) . (2.66)
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These are then solved in series, i.e. by sweeping from site 1 to L and updating C`(t) →
C`(t+δt), followed by an update of Λ`(t)→ Λ`(t+δt). Integrating each individual contribution
to Eq. (2.66) can be done by exponentiating H1s

` and Hb
` (usually by means of a Lanczos

scheme). The projector splitting approach again uses the fact thatMD-MPS is completely
flat when projecting to V1s

` or Vb
` , which allows us to stay onMD-MPS without having to

worry about any curvature. We have to pick δt since the projector splitting approach has an
error of O(δt2). Higher-order integration schemes can be used which introduce an error of
O(δtn+1), but also require more sweeps.

Similar to 1-site DMRG,MD-MPS is usually too restrictive to achieve reliable time evolution.
In Ref. [HLO+16], a 2-site TDVP algorithm based on Eq. (2.53) has been proposed. It amounts
to iteratively solving the differential equations

dΨ2s
` (t)
dt = −iH2s

` Ψ2s
` (t) , dC`(t)

dt = iH1s
` C`(t) , (2.67)

for a small timestep δt. Here, Ψ2s
` (t) = A`(t)Λ`(t)B`+1(t) is again the 2-site wavefunction.

Similar to 2-site DMRG, it has to be decomposed into isometries A` and B`+1 and the bond
matrix Λ` using SVD, followed by truncation to keep the bond dimension manageable. In
that way, 2-site TDVP can dynamically adjust the bond dimension and change the sizes of
quantum number sectors.

As for DMRG, the 1-site TDVP algorithm has a cost of O(D3dw) while the 2-site algorithm
comes at a cost of O(D3d2w) (not including the SVD). For that reason, multiple bond
expansion schemes to reduce the cost of 2-site TDVP have been proposed [YPZ+20, DC21,
XXX+22]. In Ref. [P3], we show that the CBE scheme we developed for DMRG in Ref. [P2]
also works very well for TDVP.

2.4 n-site generalization of the tangent space projector

2.4.1 Overview

In Sec. 2.3, we have introduced the tangent space projector (2.52), which was an important
conceptional ingredient of the single-site DMRG and TDVP algorithms. In Eq. (2.53), we
have further introduced its 2-site generalization, which is conceptionally important for the
2-site generalizations of DMRG and TDVP. The construction of these projectors was based
on the kept and discarded isometries discussed in Sec. 2.3.
In Ref. [P1], we use the diagrammatic notation for the kept and discarded isometries

introduced there (which was also used in Sec. 2.3) to explicitly construct n-site generalizations
of the tangent space projector (2.52), denoted Pns. We further reveal a nested structure of
these projectors. An n-site projector Pns can be decomposed into an (n−1)-site projector Pns

and an irreducible n-site projector Pn⊥. These irreducible projectors are mutually orthogonal,
Pn⊥Pn′⊥ = δn,n′Pn⊥. As a result, the n-site projectors can be decomposed into irreducible
n ≥ n′-site contributions, Pns = ∑n

n′=0 Pn
′⊥, with P0⊥ = |Ψ〉〈Ψ|. Since PL s = 1 is the

identity on the full Hilbert space, the irreducible projectors induce a complete orthogonal
decomposition of the identity, 1 = ∑

L
n′=0 Pn

′⊥.
This decomposition of the identity is particularly convenient when computing connected

equal-time correlation functions,

〈AB〉c = 〈Ψ|AB|Ψ〉 − 〈Ψ|A|Ψ〉〈Ψ|B|Ψ〉 = 〈Ψ|A
(
1 − |Ψ〉〈Ψ|

)︸ ︷︷ ︸∑L

n′=1 P
n′⊥

B|Ψ〉 =
L∑
n′=1
〈AB〉n′c , (2.68)
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where 〈AB〉n′c = 〈Ψ|APn′⊥ B|Ψ〉 is the irreducible n′-site contribution the connected correla-
tion function. It is in general numerically more stable to compute the connected correlation
function via orthogonal projectors instead of subtracting expectation values, especially if
〈AB〉c � 〈Ψ|AB|Ψ〉. Further, if either A or B are sums of operators which act non-trivially
only on at most ` consecutive sites, it is easy to show that 〈AB〉nc = 0 if n > `. Since this
is the case in many situations of interest, it usually suffices to compute a small number
of contributions 〈AB〉nc . An important example is the case where A = B = Ĥ, i.e. the
computation of the energy variance. Up to n = 2, this was first considered in Ref. [HHS18].
In Ref. [P1], we generalize this to arbitrary n.
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Any matrix product state |�〉 has a set of associated kept and discarded spaces, needed for the description
of |�〉, and changes thereof, respectively. These induce a partition of the full Hilbert space of the system into
mutually orthogonal spaces of irreducible n-site variations of |�〉. Here, we introduce a convenient projector
formalism and diagrammatic notation to characterize these n-site spaces explicitly. This greatly facilitates the
formulation of MPS algorithms that explicitly or implicitly employ discarded spaces. As an illustration, we derive
an explicit expression for the n-site energy variance and evaluate it numerically for a model with long-range
hopping. We also describe an efficient algorithm for computing low-lying n-site excitations above a finite MPS
ground state.
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I. INTRODUCTION

Matrix product states (MPS) are widely used for the nu-
merical description of quantum systems defined on one- or
two-dimensional lattices. Well-known MPS-based algorithms
include ground-state searches and time evolution using the
density matrix renormalization group (DMRG and tDMRG)
[1–6], time-evolving block decimation (TEBD) methods
[7–9], or the time-dependent variational principle (TDVP)
[10–14]; and the computation of spectral information us-
ing the numerical renormalization group (NRG) [15–17],
DMRG [18–21], or so-called post-MPS approaches [14,22];
see Refs. [23–25] for reviews.

All such algorithms involve update steps: a quantum state
of interest, |�〉, is represented in MPS form, and its con-
stituent tensors are updated, e.g., during optimization or time
evolution. During an update, highly relevant information is
kept (K) and less relevant information discarded (D). A se-
quence of updates thereby endows the full Hilbert space of
the system V with a structure of intricately nested K or D sub-
spaces, changing with each update, containing states from V,
which either do (K) or do not (D) contribute to the description
of |�〉.

The nested structure of V is rarely made explicit in the
formulation of MPS algorithms. A notable exception is NRG,
where D states are used to construct a complete basis [26] of
approximate energy eigenstates for V, facilitating the com-
putation of time evolution or spectral information [16,17].
For the computation of local multipoint correlators [27] using
NRG, it has proven useful to elucidate the structure of K and
D subspaces by introducing projectors having these subspaces
as their images. The orthogonality properties of K and D pro-
jectors bring structure and clarity to the description of rather
complex algorithmic strategies.

Inspired by the convenience of K and D projectors in the
context of NRG, we here introduce an analogous but more

general K, D projector formalism and diagrammatic conven-
tions suitable for the description of arbitrary MPS algorithms.
In particular, our K, D projectors offer a natural language for
the formulation of algorithms that explicitly or implicitly em-
ploy discarded spaces; this includes algorithms evoking the
notion of tangent spaces [10,12–14,22] and generalizations
thereof, as will be described later.

To formulate the goals of this paper, we here briefly indi-
cate how the nested subspaces mentioned above come about.
Concrete constructions follow in later sections.

An MPS |�〉 written in canonical form is defined by a set
of isometric tensors [23]. The image space of an isometric
tensor, its kept space, is needed for the description of |�〉. The
orthogonal complement of the kept space, its discarded space,
is not needed for |�〉 itself, but for the description of changes
of |�〉 due to an update step, e.g., during variational optimiza-
tion, time evolution, or the computation of excitations above
the ground state. Any such change can be assigned to one of
the subspaces Vns in the nested hierarchy

V0s ⊂ V1s ⊂ V2s ⊂ · · · ⊂ VL s = V, (1)

where V is the full Hilbert space of a system of L sites, Vns

the subspace spanned by all n-site (ns) variations of |�〉, and
V0s = span{|�〉} the one-dimensional space spanned by the
reference MPS itself. The orthogonality of kept and discarded
spaces induces a partition of each Vns into nested orthogonal
subspaces [6,28], such that

Vns = ⊕n
n′=0V

n′⊥, (2)

where Vn⊥ is the subspace of Vns spanned by all irreducible
ns variations not expressible through n′s variations with n′ <

n, and V0⊥ = V0s. In particular, the full Hilbert space can be
represented as V = ⊕L

n=0V
n⊥.

The subspaces defined above underlie, implicitly or explic-
itly, all MPS algorithms. V1s is the so-called tangent space
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of |�〉, i.e., the space of all one-site (1s) variations of |�〉.
It plays an explicit role in numerous recent MPS algorithms,
such as TDVP time-evolution, or the description of transla-
tionally invariant MPS and their excitations [13,14,28]. It also
features implicitly in MPS algorithms formulated using 1s
update schemes, such as the 1s formulation of DMRG [23],
because 1s updates explore states from V1s. Likewise, the
space V2s implicitly underlies all 2s MPS algorithms such
as 2s DMRG ground-state search, 2s time-dependent DMRG
(tDMRG), or 2s TDVP, in that 2s updates explore states from
V2s. Moreover, V1⊥ and V2⊥ are invoked explicitly when
computing the 2s energy variance, an error measure for MPS
ground-state searches introduced in Ref. [6]. Finally, Vns is
implicitly invoked in MPS algorithms defining excited states
of translationally invariant MPS through linear combinations
of local excitations defined on n sites [22].

The construction of a basis for Vns and Vn⊥ is well known
for n = 1 [12], and for n = 2 it is outlined in Ref. [6]. How-
ever, we are not aware of a general, explicit construction for
n>2, as needed, e.g., to compute the ns energy variance.
Here, we explicitly construct projectors, Pns and Pn⊥, having
Vns and Vn⊥ as images, respectively. For n = 1, this amounts
to a construction of a basis for the tangent space V1s. More
generally, our K,D projector formalism used to construct Pns

and Pn⊥ greatly facilitates the formulation of MPS algorithms
that explicitly or implicitly employ discarded spaces. As an
illustration, we derive an explicit expression for the n-site
energy variance, generalizing the error measure proposed in
Ref. [6], and evaluate it numerically for a model with long-
range hopping, the Haldane-Shastry model. We also show
how the multiparticle ns excitations proposed in Ref. [22]
are formulated in our scheme, and propose a strategy for
computing them explicitly, for any n.

We expect that the K, D projector formalism developed here
will be particularly useful for improving the efficiency of MPS
algorithms by incorporating information from Vn⊥ into suit-
ably expanded versions of V(n′<n)s without fully computing
Vn⊥. For example, we have recently developed a scheme,
called controlled bond expansion, which incorporates 2s in-
formation into 1s updates for DMRG ground-state search [29]
and TDVP time evolution [30], in a manner requiring only 1s
costs.

This paper is structured as follows. In Sec. II we col-
lect some well-known facts about MPSs, and formally define
the associated kept and discarded spaces and corresponding
projectors. Section III, the heart of this paper, describes the
construction of the Pns and Pn⊥ projectors for general n. As
applications of our projector formalism, we compute the ns
energy variance of the Haldane-Shastry model in Sec. IV, and
describe the construction and computation of ns excitations in
Sec. V. We end with a brief outlook in Sec. VI.

II. MPS BASICS

This section offers a concise, tutorial-style summary of
MPS notation and the associated diagrammatics. Moreover,
we formalize the notion of kept spaces, needed to describe an
MPS |�〉, and discarded spaces, needed to describe changes
to it at specified sites. We also recapitulate the definition of

local bond, 1s and 2s projectors routinely used in 1s and 2s
MPS algorithms.

A. Basic MPS notation

Consider a quantum chain with sites labeled � = 1, ..., L .
Let each site be represented by a d-dimensional Hilbert space
v� with local basis states |σ�〉, σ� = 1,..., d . The full Hilbert
space is V =∏

⊗� v� = span{|σ〉}, with basis states |σ〉 =
|σ1〉|σ2〉···|σL 〉. Any state |�〉 = |σ〉�σ ∈ V can be written
as an open boundary MPS, with wavefunction of the form

(3)

(This diagram depicts both the wavefunction � and the corre-
sponding state |�〉.) For clarity, we do not use ellipses in our
MPS diagrams, but instead draw them for some small choice
of L , e.g., L = 7 above. Sums over repeated indices are
implied throughout, and depicted diagrammatically by bonds.
Each M� is a three-leg tensor with elements [M�]σ�

α�−1α�
. Its

physical and virtual bond indices, σ� and α�−1, α�, have di-
mensions d and D�−1, D�, respectively. The outermost bonds,
to dummy sites represented by crosses, have D0 = DL = 1.
The bond dimensions D� are adjustable parameters, control-
ling the amount of entanglement an MPS can encode. (In
the literature, it is common practice to drop the subscript on
D� for brevity, understanding that D can nevertheless vary
from bond to bond.) Likewise, a Hamiltonian acting within
V, H = |σ〉Hσσ′〈σ′|, can be expressed as an MPO, with

(4)

where the four-leg tensors W� have elements [W�]
σ�σ

′
�

ν�−1ν�
, and

the virtual bond indices ν� have dimensions w�.
Any MPS wavefunction can be brought into canonical

form with respect to an “orthogonality center” at site � ∈
[1, L ], or with respect to bond � connecting sites � and � + 1,

(5)

where we indicated some of the bond dimensions. Here, A�̃

and B�̃′ (with 1� �̃<�<�̃′ �L ) satisfy the relations

(6)

or A†
�̃
A

�̃
= 1K

�̃
, B

�̃′B
†
�̃′ = 1K

�̃−1
for short, where 1K

�̃
denotes a

D�̃ ×D�̃ unit matrix. (The superscript K stands for “kept”, for
reasons explained below.) The open triangles representing A�̃

and B�̃′ are oriented such that their diagonals face left or right,
respectively. The orthogonality center can be shifted left or
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right by using singular value decomposition (SVD) to express
it as C� = U�−1S�−1B� or C� = A�S�V

†
� ,

(7)

Here U�−1, V †
� , S�−1, S� are square matrices, the former two

unitary, the latter two diagonal and containing SVD singular
values. (Shifting can be combined with truncation, if desired,
by discarding some small singular values and correspondingly
reducing the bond dimension.) By renaming V †

� B�+1 as B�+1

and defining �� = S�, we can also express �σ in “bond-
canonical” form with respect to bond �,

(8)

The fact that the same MPS can be written in many different
but equivalent ways reflects the gauge freedom of MPS repre-
sentations.

B. Kept spaces

Given an MPS |�〉 in canonical form, its constituent ten-
sors can be used to define a set of state spaces defined on parts
of the chain, and a sequence of isometric maps between these
state spaces. Let us make this explicit to reveal the underlying
structures.

The A�̃ tensors for sites 1 to �̃ can be used to define a set of
left kept (K) states |�K

�̃α
〉, and the B�̃′ tensors for sites �̃′ to L

can be used to define right K states |�K

�̃′α′ 〉, with wavefunctions
of the form

(9)

These states are called kept, since they are building blocks of
|�〉. Their spans define left and right K spaces,

VK

�̃
= span

{∣∣�K

�̃α

〉} ⊂ v1 ⊗ ... ⊗ v�̃, (10)

WK

�̃′ = span
{∣∣�K

�̃′α′
〉} ⊂ v�̃′ ⊗ ... ⊗ vL , (11)

of dimension D�̃ and D�̃′−1, respectively. The dummy sites 0
and L + 1 are represented by one-dimensional spaces, VK

0
and WK

L+1.
Each A�̃ and B�̃′ tensor defines an isometric map, from a

parent (P) space involving a direct product of a K space and a
local space, to an adjacent K space,

A�̃ :VK

�̃−1⊗v�̃ → VK

�̃
,

∣∣�K

�̃−1,α

〉|σ�̃〉[A�̃]σ�̃

αα′ = ∣∣�K

�̃α′
〉
,

B�̃′ :v�̃′ ⊗WK

�̃′+1 → WK

�̃′ , [B�̃′]
σ�̃′
αα′ |σ�̃′ 〉|�K

�̃′+1,α′ 〉 = |�K

�̃′α〉.
(To connect sites 1 and L to their neighboring dummy sites,
we define �K

0,1 = 1, �K
L+1,1 = 1.) We orient the triangles de-

picting A�̃ and B�̃′ such that equal-length legs point to parent
spaces and 90-degree angles to kept spaces. The dimensions
of left or right kept and parent spaces satisfy D�̃ � D�̃−1d
or D�̃′−1 � dD�̃′ , respectively. If a kept space is smaller than
its parent space, it has an orthogonal complement, called

discarded (D) space, discussed in Sec. II D below. The fact
that the maps A�̃ and B�̃′ are isometries follows from Eqs. (6).
These ensure that the left and right K basis states form or-
thonormal sets,

(12)

The basis states can be used to build projectors onto the left or
right K spaces VK

�̃
or WK

�̃′ , depicted as

(13a)

(13b)

with PK
0 = 1, QK

L+1 = 1, and (PK

�̃
)2 = PK

�̃
, (QK

�̃′ )
2 = QK

�̃′ ,

(14)

C. Bond, 1s and 2s projectors

The above projectors can, in turn, be used to construct
bond, 1s and 2s projectors acting on the full chain,

(15a)

(15b)

(15c)

defined for �∈ [0, L ], �∈ [1, L ] and �∈ [1, L −1], respec-
tively. They mutually commute and satisfy (PX

� )2 = PX
� , as

follows from Eqs. (12) and (14). For example,

The projectors Pb, P1s, and P2s map the full V into the
subspaces VK

� ⊗ WK
�+1, VK

�−1 ⊗ v� ⊗ WK
�+1, and VK

�−1 ⊗ v� ⊗
v�+1 ⊗ WK

�+2. These spaces offer three equivalent representa-
tions of the same state |�〉, in bond-, 1s- or 2s-canonical form,

|�〉 = ∣∣�K
�α

〉∣∣�K
�+1,α′

〉[
ψb

�

]
αα′ (16a)

= ∣∣�K
�−1,α

〉|σ�〉
∣∣�K

�+1,α′
〉[
ψ1s

�

]σ�

αα′ (16b)

= ∣∣�K
�−1,α

〉|σ�〉|σ�+1〉
∣∣�K

�+2,α′
〉[
ψ2s

�

]σ�σ�+1

αα′ , (16c)

ψb
� = ��, ψ1s

� = C�, ψ2s
� = A���B�+1. (16d)
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These forms emphasize the tensors describing bond �, site �

or sites (�, �+1) and the bond in between, respectively. For
example, Eqs. (16a) and (16b) are depicted as

The projections of the Hamiltonian into these spaces, Hx
� =

Px
� HPx

� , have matrix elements of the form

(17)

with left and right environments for sites � ± 1 given by

(18a)

(18b)

Here the first equalities define L� and R�, the second equalities
show how they can be computed recursively, starting from
L0 = 1, RL+1 = 1. The open triangles on L� and R� signify
that they are computed using left- or right-normalized A or B
tensors.

The above matrix elements are standard ingredients in
numerous MPS algorithms. To give a specific example, we
briefly recall their role in DMRG ground-state searches. These
seek approximate ground-state solutions to H|�〉 = E |�〉
through a sequence of local optimization steps. Focusing on
bond �, or site �, or sites (�, �+1), one updates ��, or C�,
or A���B�+1, by finding the ground-state solution of, respec-
tively,

(19a)

(19b)

(19c)

One then uses Eq. (7) to shift the orthogonality center to
the neighboring bond or site, optimizes it, and sweeps back
and forth through the chain until the ground-state energy has
converged. These three schemes are known as 0s or bond
DMRG, 1s and 2s DMRG, respectively. They differ regard-
ing their flexibility for increasing (“expanding”) virtual bond
dimensions, which increases the size of the variational space
and hence the accuracy of the converged ground-state energy.
0s and 1s DMRG offer no way of doing this, because the
tensors �� or C� have the same dimensions after the update as
before. By contrast, 2s DMRG does offer a way of expanding

bond dimensions: the bonds connecting the updated tensors
A�, ��, and B�+1 have dimensions d min(D�−1, D�+1), which
is � D�; one may thus expand bond � by retaining more than
D� singular values in ��. However, this comes at a price. The
numerical cost is O(D3d2w) for applying H2s to ψ2s during
the iterative solution of the eigenvalue problem Eq. (19c), and
O(D3d3) for SVDing the resulting eigenstate to identify the
updated A, �, and B. By contrast, for 1s DMRG the costs
are lower: O(D3dw) for applying H1s to C, and O(D3d ) for
SVDing C to shift to the next site. Various schemes have
been proposed for achieving 2s accuracy at 1s costs; see
Refs. [4,5,29].

D. Discarded spaces

In this section, we define discarded spaces as the or-
thogonal complements of kept spaces, and introduce their
corresponding isometries and discarded space projectors.

As mentioned above, the kept spaces VK

�̃
and WK

�̃′ have
dimensions smaller than the parent spaces VK

�̃−1
⊗v�̃ and

v�̃′ ⊗WK

�̃′+1
from which they are constructed. Their or-

thogonal complements are the above-mentioned discarded
spaces, to be denoted VD

�̃
and WD

�̃′ , respectively, of dimen-

sion DA
�̃

=D�̃−1d − D�̃ and DB
�̃′ =D�̃′d − D�̃′−1. By definition,

span{VK

�̃
,VD

�̃
} and span{WK

�̃′ ,W
D

�̃′ } yield the full parent

spaces, respectively. Let A�̃ and B�̃′ be isometries from the
parent to the discarded spaces,

A�̃ :VK

�̃−1⊗v�̃ → VD

�̃
,

∣∣�K

�̃−1,α

〉|σ�̃〉[A�̃]σ�̃

αα′ = ∣∣�D

�̃α′
〉
,

B�̃′ :v�̃′ ⊗WK

�̃′+1 → WD

�̃′ , [B�̃′]
σ�̃′
αα′ |σ�̃′ 〉

∣∣�K

�̃′+1,α′
〉 = ∣∣�D

�̃′α

〉
.

Then A�̃ ⊕ A�̃ and B�̃′ ⊕ B�̃′ are unitary maps on the parent
spaces, and Eq. (6) is complemented by relations expressing
orthonormality and completeness,

(20)

(21)

Here, left- or right-oriented grey triangles denote the com-
plements A�̃ and B�̃′ associated with discarded spaces. The
orthogonality relations (6) and (20) state that K meeting K

or D meeting D yield unity, whereas K meeting D yields zero.
We will use them often below. For the completeness relations
(21), 1P

�̃
= 1K

�̃−1
⊗1d and 1P

�̃′−1
= 1d ⊗1K

�̃′ are identity matrices
on the parent spaces, with 1d a d×d unit matrix. In numerical

practice, it desirable to avoid the explicit computation of A
�̃
A

†
�̃

or B
†
�̃′B�̃′ , since these are huge objects. Instead, one can always

use Eq. (21) to express them as 1P

�̃
−A

�̃
A†

�̃
or 1P

�̃′−1
−B†

�̃′B�̃′ .
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Equations (21) imply additional identities that will likewise
be useful below:

(22a)

(22b)

(22c)

The first two lines can be used to express 1s or 2s projectors
through bond projectors, as elaborated below. The third line
follows from the first two. The two equivalent forms on the
right of Eq. (22a) arise from combining the physical state
space of site � with virtual state spaces on either the left or the
right, yielding either left- or right-normalized parent spaces.

In complete analogy to Eqs. (9)–(13), the complement
isometries can be used to define orthonormal bases states for
the left and right discarded spaces VD

�̃
and WD

�̃′ ,

(23)

satisfying the orthonormality relations

(24a)

(24b)

The corresponding projectors are defined as

(25)

(26)

with PD
0 = QD

L+1 = 0. They obey orthonormality relations,

PX

�̃
PX

�̃
= δXXPX

�̃
, QX

�̃′QX

�̃′ = δXXQX

�̃′, (27)

where here and henceforth, X, X ∈ {K, D}. Moreover, Eq. (21)
implies the completeness relations

PK

�̃
+ PD

�̃
= PK

�̃−1 ⊗ 1d , QK

�̃′ + QD

�̃′ = 1d ⊗ QK

�̃′+1, (28)

stating that the kept and discarded projectors of a given site
together form a projector for their parent space. These will
play a crucial role in subsequent sections.

To conclude this section, we apply the projector identity
(22b) to the open legs of the state H2s

� ψ2s
� appearing in the 2s

Schrödinger (19c). We obtain

(29)

If only the first term is retained, the 2s Schrödinger Eq. (19c)
reduces to the bond Schrödinger Eq. (19a), sandwiched be-
tween A� and B�+1,

A�(Hb
� −E )��B�+1 = 0. (30a)

The first term together with the second or third term reduces
to the 1s Schrödinger Eq. (19b) for sites �+ 1 or �, left or right
contracted with A� and B�+1, respectively,

A�

(
H1s

�+1−E
)
C�+1 = 0, (30b)(

H1s
� −E

)
C�B�+1 = 0. (30c)

All four terms together of course give the full 2s Schrödinger
Eq. (19c), (

H2s
� −E

)
A���B�+1 = 0. (30d)

Evidently, the fourth term in Eq. (29), involving a DD pro-
jector pair, is beyond the reach of 1s schemes. A strategy for
nevertheless computing its most important contributions with
1s costs, called controlled bond expansion, has recently been
formulated by us in Ref. [29].

III. CONSTRUCTION OF Pns AND Pn⊥

As discussed in the introduction, each site of an MPS |�〉
induces a splitting of the local Hilbert space into K and D

sectors. This induces a partition of the full vector space V
into intricately nested orthogonal subspaces [6]. It is useful
to identify orthogonal projectors for these subspaces. Gauge
invariance—the existence of many equivalent representations
of |�〉—makes this a nontrivial task. It can be accomplished
systematically by Gram-Schmidt orthogonalization, formu-
lated in projector language. The following three sections are
devoted to this endeavor.

In the present section, we define a set of projectors, PXX

��̄
,

X, X ∈ {K, D}, involving kept and/or discarded sectors at sites
�, �̄. These serve as building blocks for all projectors intro-
duced thereafter. Then, in Sec. III B, we define generalized
local n-site (ns) projectors Pns

� describing variations of |�〉
involving up to n contiguous sites. In Sec. III C, we add them
up to obtain global ns projectors Pns; and in Sec. III D we
orthogonalize these to obtain irreducible global ns projectors
Pn⊥ not expressible through combinations of variations on
subsets of n′ < n sites. They are useful for various purposes,
including the computation of the energy variance [6], and the
formulation of MPS algorithms based on the notion of tangent
spaces [11–14,30] and generalizations thereof. Throughout,
we concisely summarize the properties of the various projec-
tors encountered along the way.
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A. Projectors for kept and discarded sectors PXX
��̄

We start by introducing kept and discarded space projectors
defined on the full Hilbert space V. To this end, we supple-
ment PX

� and QX
� by right or left environments (E) comprising

the entire rest of the chain, and define

(31)

with � ∈ [0, L ] for PXE
� and � ∈ [1, L + 1] for PEX

� . Equa-
tions (12) and (24) imply orthogonality relations for projectors
with E on the same side (both right or both left),

PXE
� PXE

�̄
= δ�<�̄δXKPXE

�̄
+δ��̄δXXPXE

� +δ�>�̄PXE
� δKX, (32a)

PEX
� PEX

�̄
= δ�<�̄PEX

� δKX+δ��̄δXXPEX
� +δ�>�̄δXKPEX

�̄
. (32b)

The δ symbols indicate that the first, second, and third terms
contribute only for � < �̄, � = �̄, and � > �̄, respectively.
Thus, same-site projectors are orthonormal; different-site
products with Es on the same side, of the type PXE

� PXE

�̄
(or

PEX
� PEX

�̄
), vanish if the earlier (later) site hosts a D; if it hosts a

K, they yield the projector from the other site. We depict two
cases of Eq. (32a) below:

Equation (32a) was first written down in that form in
Ref. [27], Eq. (29), in the context of NRG. There, one
deals exclusively with left-normalized states, and sites to the
right of the orthogonality center are treated purely as envi-
ronmental degrees of freedom, described by product states.
Equation (32b) is the counterpart of (32a) for right-normalized
states.

Projector products with Es in the middle, PXE
� PEX

�̄
, and

� < �̄, again yield projectors. We denote them by

(33)

They have local unit operators on n = �̄ − (� + 1) contigu-
ous sites, sandwiched between any combination of K and D

projectors to the left and right. In this sense, they generalize
Eqs. (15) and will be called generalized local ns projectors.

They fulfill numerous orthogonality relations following di-
rectly from Eqs. (32). For example,

PXX

��̄
PX′X′

��̄
= δXX′

δX X′PXX

��̄
, (34a)

∀�<�′ : PDX

��̄
PX′ X′

�′ �̄′ = 0, ∀�̄<�̄′: PXX

��̄
PX′D

�′ �̄′ = 0, (34b)

PDX

��̄
PDX′

�′ �̄′ ∼ δ��′, PXD

��̄
PX′D

�′ �̄′ ∼ δ�̄�̄′ . (34c)

Thus, two projectors having the same site indices are or-
thonormal; projector products involving a D on a site earlier
or later than all other indexed sites vanish; those involving
two Ds on the same side but different sites vanish, too. Some
of these relations are illustrated below:

Equation (28) implies another useful property (for �̄−�>1),

PKX

��̄
= PKX

�+1,�̄
+ PDX

�+1�̄
, PXK

��̄
= PXK

�,�̄−1 + PXD

�,�̄−1, (35)

reflecting Eq. (22b). Thus, a K on a given site � (or �̄) can
be decomposed into K and D on the inner neighboring site
� + 1 (or �̄ − 1), thereby expressing one projector through two
that both target one less site. This decomposition will be used
repeatedly below.

B. Local n-site projectors Pns
�

The KK projectors merit special attention. For �̄ − � = 1,
2 or 3, they correspond to the bond, 1s and 2s projectors
introduced in Eqs. (15). These can be expressed as

Pb
� = PKK

�,�+1, P1s
� = PKK

�−1,�+1, P2s
� = PKK

�−1,�+2. (36)

Generalizing the notation of (36), we define a set of local ns
projectors (for n � 0 and � ∈ [1, L +1−n]) as

(37)

Then P0s
� = Pb

�−1, and for n � 1, these projectors span the
spaces of variations of |�〉 on n contiguous sites from � to
� + n − 1. However, projectors Pns

� and Pns
�′ with � 
= �′ are

not orthogonal. Instead, the following relations hold for all
� < �′,

Pns
� Pns

�′ = P (n−1)s
�+1 Pns

�′ = Pns
� P (n−1)s

�′ = P (n−1)s
�+1 P (n−1)s

�′ ,

(38)
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as can be verified using Eqs. (32). For example, for

we obtain the same result in both cases. In particular, for n �
1, two ns projectors mismatched by one site yield an (n−1)-
site projector,

(39)

Orthogonalized versions of the Pns
� projectors will be

constructed in the next subsection. Here, we collect some
properties, following from Eq. (32), that will be needed for
that purpose,

∀� < �′: PDX

��̄
Pns

�′ = 0, (40a)

∀(�+n)� �̄′: Pns
� PX′D

�′ �̄′ = 0. (40b)

Thus, Pns
� is annihilated by a left D on its left or a right D on

its right. For example,

Using Eq. (35), Pns
� can be expressed through two (n−1)s

projectors,

(41)

The existence of two different decompositions of Pns
� , mim-

icking Eq. (22a), reflects the gauge freedom of MPSs. This
can be exploited to write PDK

�,�+n as P (n−1)s
� + PKD

�−1,�−1+n −
P (n−1)s

�+1 , converting DK to KD, or vice versa. Repeated use

yields an identity that will be useful below,

�′∑
�=�̄

PDK
�,�+n = P (n−1)s

�̄
+

�′∑
�=�̄

PKD
�−1,�−1+n−P (n−1)s

�′+1 . (42)

C. Global ns projectors, Pns

We now are ready to define the ns spaces Vns. For n = 0,
we define V0s = span{|�〉}. For n � 1, we define Vns as the
span of |�〉 and all states |� ′〉 differing from it on at most n
contiguous sites,

(43)

For n = 1, V1s is the tangent space of |�〉. More concretely,
Vns is defined as the image of all local ns projectors,

Vns = span
{
im

(
Pns

1

)
, im

(
Pns

2

)
, . . . , im

(
Pns

L+1−n

)}
. (44)

For any n′ � n, the image im(Pn′s
� ) is by construction fully

contained in the image im(Pns
� ), hence Vn′s is a subspace of

Vns, implying the nested hierarchy (1).
Let Pns be the projector having Vns as image; then,

im(Pns) contains im(Pns
� ) for all � ∈ [1, L + 1 − n]. For-

mally, Pns has the defining properties(
Pns

)2 = Pns, PnsPns
� = Pns

� , (45a)

Pns
� |�〉 = 0 ∀� ⇒ Pns|�〉 = 0. (45b)

Moreover, the nested structure of the Vnss implies

∀n′ < n : PnsPn′s = Pn′s. (46)

Let us construct Pns explicitly. Simply summing up the
local projectors Pns

� does not yield a projector because the
images of Pns

� and Pns
�′ are not orthogonal. A set of mutually

orthogonal local projectors can be obtained by projecting out
the overlap between Pns

� and Pns
�±1. We thus define

Pns
�≶ = Pns

�

(
1V − Pns

�±1

)
, (47)

so that Pns
�≶Pns

�′ = 0 holds for neighboring �, �′ with � ≶ �′.
It suffices to orthogonalize ns projectors mismatched by one
site, since from these we can select a set of projectors mutually
orthogonal on all sites. Indeed, Eqs. (39) and (41) yield (n−
1)-site projectors containing Ds,

Pns
�< = Pns

� − P (n−1)s
�+1 = PDK

�,�+n, (48a)

Pns
�> = Pns

� − P (n−1)s
� = PKD

�−1,�−1+n, (48b)

and the Ds ensure the orthonormality relations [cf. (34)]

Pns
�≶Pns

�′≶ = δ��′Pns
�≶, (49a)

∀� < �′: Pns
�<Pns

�′> = 0, (49b)

∀� ≶ �′: Pns
�≶Pns

�′ = 0. (49c)

These equations have a remarkable implication: for any choice
of �′ ∈ [1, L −n+1], the projectors Pns

�< for � ∈ [1, �′ − 1],
Pns

�′ , and Pns
�> for � ∈ [�′ + 1, L + 1 − n] form an orthonor-

mal set, and this set contains a Pns
� (in projected form) for
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every � ∈ [1, L + 1 − n]. We define the global ns projector
as their sum,

(50)

Here, �′ may be chosen freely as convenience dictates; dif-
ferent choices are equivalent, being related by Eqs. (41). The
orthogonality relations (49) ensure the properties (45a). For
example,

PnsPns
�′ = 0 + Pns

�′ Pns
�′ + 0 = Pns

�′ . (51)

The property (45b) is ensured by orthogonalizing Pns
� with

respect to each other and thus never including states with
Pns

� |�〉 = 0 ∀�. This confirms that im(Pns) contains im(Pns
� )

for all � ∈ [1, L + 1 − n]; thus, Pns indeed is the desired
projector having Vns as image. Evaluating Eq. (50) using the
middle expressions from (48), we obtain

(52a)

expressing Pns through local ns and (n − 1)s projectors in a
manner manifestly independent of �′, and not involving an D

sectors. The occurrence of the first term, a sum over all Pns
� , is

no surprise; the nontrivial part of the above construction was
establishing the form of the second term, needed to ensure that
Pns is a projector. Note that Eq. (45a) directly implies property
(45b). Alternatively, we can use the rightmost forms of (48) in
(50) to obtain

Pns =
�′∑

�=1

PDK
�,�+n + PKK

�′,�′+n +
L −n∑
�=�′

PKD
�,�+n, (52b)

now expressed purely through (n−1)s projectors, with all but
one involving D sectors.

For n = 1, Eqs. (52) reproduce the well-known tangent
space projector,

(53a)

(53b)

These expressions are widely used in MPS algorithms based
on tangent space concepts, such as time evolution using the
time-dependent variational principle (TDVP) [11–14,30]. The
form (53a), or (53b) with the choice �′ = L − 1, was first
given Lubich, Oseledts, and Vandereycken [11] (Theorem
3.1), and transcribed into MPS notation in Ref. [12]. In these
papers, it was derived in a different manner than here, using
arguments invoking gauge invariance. Our derivation has the
advantage that it generalizes directly to ns projectors. For
n = 2, our expression (52a) for P2s reproduces the projector
proposed in Ref. [12] for 2s TDVP:

(54)

D. Irreducible global ns projectors Pn⊥

Our final step is to orthogonalize the global Pns projectors
to obtain mutually orthogonal global ns projectors Pn⊥. This
step is inspired by the observation, made in Ref. [6], that a
given MPS |�〉 induces a decomposition of the full Hilbert
space into mutually orthogonal subspaces,

V = ⊕L

n=0V
n⊥, (55)

where V0⊥ is spanned by |�〉, and for n � 1 each Vn⊥ is the
complement of V(n−1)s in Vns = V(n−1)s⊕Vn⊥. Each Vn⊥ is
irreducible, comprising variations of |�〉 defined on n con-
tiguous sites that are not expressible through variations on
subsets of n′ < n sites.

The decomposition (55) induces a decomposition of the
identity on V into a sum of irreducible, mutually orthogonal
projectors Pn⊥, each with a Vn⊥ as image,

1V = 1⊗L
d =

L∑
n=0

Pn⊥, Pn⊥Pn′⊥ = δnn′Pn⊥. (56)

We now construct the Pn⊥ projectors through a Gram-
Schmidt procedure. For n � 1, we define Pn⊥ by projecting
out P (n−1)s from Pns, using Eq. (46),

Pn⊥ = Pns(1V − P (n−1)s) = Pns − P (n−1)s. (57)

195138-8



PROJECTOR FORMALISM FOR KEPT AND DISCARDED … PHYSICAL REVIEW B 106, 195138 (2022)

This scheme is initialized by the definition

P0⊥ = P0s = |�〉〈�| (58a)

(58b)

(58c)

The two equivalent forms for P0⊥, (58b) and (58c), reflect
MPS gauge invariance.

For n = 1, Eqs. (57) and (52a), with P0s = P0s
1 , yield

(59a)

More compact forms are obtained by evaluating Eq. (57)
using Eq. (52b), choosing either �′ = L or 0 for P0s,

(59b)

(59c)

Diagrammatically, the latter expressions also follow di-
rectly from (59a), using (22a). That two equivalent forms exist
again reflects MPS gauge invariance.

For n � 2, Eqs. (57) and (52a) yield

(60a)

A more compact form is obtained by evaluating Eq. (57) using
Eq. (52b), choosing �′ = L + 1 − n for both terms,

(60b)

We used the first and second relations in Eq. (35) to
combine the

∑
� sums and cancel the remaining terms. Di-

agrammatically, Eq. (60b) also follows directly from (60a),
using a relation analogous to (22c) (with n − 2 additional unit
operator lines in the middle). Its form is very natural: n − 2
unit operators are sandwiched between two Ds, which project
out contributions contained in n′-site projectors with n′ < n.
For future reference we also display the n = 2 projector

(61)

This projector is implicitly used in Ref. [6] to compute the 2s
variance, as will be recapitulated below. It also plays a key role
in controlled bond expansion algorithms recently developed
by us for performing DMRG ground-state searches [29] and
TDVP time evolution [30] with 2s accuracy at 1s costs.

Equations (58) to (61), giving explicit formulas for Pn⊥ for
all n, are the main results of the last three sections.

The orthonormality of the Pn⊥, guaranteed by construc-
tion, relies on gauge invariance. This is seen when verifying
orthonormality explicitly. For example, P1⊥P0⊥ = 0 can
be shown in two ways, using either PDK

�,�+1PKK
L ,L+1 = 0 or

PKD
�−1,�PKK

0,1 = 0 (both relations hold ∀� ∈ [1, L ]).
We continue with some remarks providing intuition about

the structure of states in the image of Pn⊥. The basis states
for the spaces Vn⊥ can be chosen such that they involve
wavefunctions of the following forms:

(62a)

(62b)

(62c)

(62d)

(62e)

Due to MPS gauge invariance, any choice of � in Eq. (62a)
for V0⊥ yields the same wavefunction �. Gauge invariance
also implies that the wavefunctions in Eqs. (62b) and (62c)
for V1⊥ are not all independent; nevertheless, both forms are
useful.

To explicitly construct a complete basis on V1⊥, we can for
instance use the form Eq. (62b) and construct a complete set
of mutually orthonormal bond matrices of dimension DA

� × D�

for every bond �. (DA,B
� are defined near the beginning of

Sec. II D.) Note that we could have as well used the form
Eq. (62c). Using this construction, we can also explicitly
determine the dimension of V1⊥, dim V1⊥ = ∑L

�=1 DA
� D�.

In the same way, a complete basis with states of the form
Eq. (62d) for V2⊥ can be constructed by constructing a com-
plete set of mutually orthonormal DA

� × DB
�+1 bond matrices

for every bond �. Thus, we find dim V2⊥ = ∑L −1
�=1 DA

� DB
�+1.

A complete basis for V(n>2)⊥ may be characterized by find-
ing, for every � < L − n + 1, a complete set of mutually
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