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mg/ml pepstatin, 4 mM PMSF, and 0.5% NP-40) was
then added. The tubes were shaken for 2 hours in the
The supernatant was collected for ELISA and protein
measurements. The ELISA reaction was completed in
96-well plate (Dynatech, Chantilly, VA) according to
the ELISA manufacturer’s instructions (GDNF Emax

ImmunoAssay Systems Kit G3520, Promega, Madi-
son, WI). The optical densities were recorded in ELISA
plate reader (at 450 nm wave length; Dynatech).
Some lysates were diluted to ensure all the optical
densities were within the standard curve. The con-

centrations or GDNF were calculated against six-
point standard curve and then adjusted to picograms
of GDNF per milligram of total protein. The total
protein in each tissue lysate was measured using
Bio-Rad protein assay kit (Bio-Rad, Richmond, CA).
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Quantum Superposition of
Macroscopic Persistent-Current

States
Caspar H. van der Wal,1* A. C. J. ter Haar,1 F. K. Wilhelm,1

R. N. Schouten,1 C. J. P. M. Harmans,1 T. P. Orlando,2

Seth Lloyd,3 J. E. Mooij1,2

Microwave spectroscopy experiments have been performed on two quantum
levels of a macroscopic superconducting loop with three Josephson junctions.
Level repulsion of the ground state and first excited state is found where two
classical persistent-current states with opposite polarity are degenerate, indi-
cating symmetric and antisymmetric quantum superpositions of macroscopic
states. The two classical states have persistent currents of 0.5 microampere and
correspond to the center-of-mass motion of millions of Cooper pairs.

When a small magnetic field is applied to a
superconducting loop, a persistent current is
induced. Such a persistent supercurrent also
occurs when the loop contains Josephson tun-
nel junctions. The current is clockwise or
counterclockwise, thereby either reducing or
enhancing the applied flux to approach an
integer number of superconducting flux
quanta F0 (1). In particular when the en-
closed magnetic flux is close to half-integer
values of F0, the loop may have multiple
stable persistent-current states, with at least
two of opposite polarity. The weak coupling
of the Josephson junctions then allows for
transitions between the states. Previous theo-
retical work (2–4) proposed that a persistent
current in a loop with Josephson junctions
corresponds to the center-of-mass motion of
all the Cooper pairs in the system and that
quantum mechanical behavior of such persis-
tent-current states would be a manifestation
of quantum mechanical behavior of a macro-
scopic object. In a micrometer-sized loop,
millions of Cooper pairs are involved. At
very low temperatures, excitations of individ-
ual charge carriers around the center of mass

of the Cooper-pair condensate are prohibited
by the superconducting gap. As a result, the
coupling between the dynamics of persistent
supercurrents and many-body quasi-particle
states is very weak. Josephson junction loops
therefore rank among the best objects for
experimental tests of the validity of quantum
mechanics for systems containing a macro-
scopic number of particles (3, 5, 6) [loss of
quantum coherence results from coupling to
an environment with many degrees of free-
dom (7)] and for research on the border
between classical and quantum physics. The
potential for quantum coherent dynamics has
stimulated research aimed at applying Jo-
sephson junction loops as basic building
blocks for quantum computation (qubits) (8–
11).

We present microwave spectroscopy ex-
periments that demonstrate quantum superpo-
sitions of two macroscopic persistent-current
states in a small loop with three Josephson
junctions (Fig. 1A). At an applied magnetic
flux of 1⁄2F0, the system behaves as a particle
in a double-well potential, where the classical
states in each well correspond to persistent
currents of opposite sign. The two classical
states are coupled via quantum tunneling
through the barrier between the wells, and the
loop is a macroscopic quantum two-level sys-
tem (Fig. 1B) (12). The energy levels vary
with the applied flux as shown (Fig. 1C).
Classically, the levels cross at 1⁄2F0. Tunnel-
ing between the wells leads to quantum me-
chanical eigenstates that at 1⁄2F0 are symmet-

ric and antisymmetric superpositions of the
two classical persistent-current states. The
symmetric superposition state is the quantum
mechanical ground state with an energy low-
er than the classical states; the antisymmetric
superposition state is the loop’s first excited
state with an energy higher than the classical
states. Thus, the superposition states manifest
themselves as an anticrossing of the loop’s
energy levels near 1⁄2F0. We performed spec-
troscopy on the loop’s two quantum levels
(Fig. 2) and our results show the expected
anticrossing at 1⁄2F0 (Fig. 3) (13). We also
studied the resonance-line shapes and found
behavior similar to microscopic quantum
two-level systems (14, 15) (Fig. 4).

Detecting quantum superposition. In
our experiments, the magnetic flux generated
by the loop’s persistent current was measured
with an inductively coupled direct-current su-
perconducting quantum interference device
(DC-SQUID) (Figs. 1 and 2), while low-
amplitude microwaves were applied to in-
duce transitions between the levels. We ob-
served narrow resonance lines at magnetic
field values where the level separation DE
was resonant with the microwave frequency.
The DC-SQUID performs a measurement on
a single quantum system. Thus, we should
expect that the measurement process limits
the coherence of our system. While the sys-
tem is pumped by the microwaves, the
SQUID actively measures the flux produced
by the persistent currents of the two states.
Detecting the quantum levels of the loop is
still possible because the meter is only weak-
ly coupled to the loop. The flux signal needs
to be built up by averaging over many repeat-
ed measurements on the same system (Fig.
2B), such that an ensemble average is effec-
tively determined. We measure the level sep-
aration, i.e., energy rather than flux, as we
perform spectroscopy, and we observe a
change in averaged flux when the micro-
waves are resonant with the level separation
(the peaks and dips in Figs. 2B and 3A). We
also chose to work with an extremely under-
damped DC-SQUID with unshunted junc-
tions to minimize damping of the quantum
system via the inductive coupling to the
SQUID.

Similar observations were recently made
by Friedman et al. (16) who performed spec-
troscopy on excited states in a loop with a
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single Josephson junction (radio frequency
SQUID). Previous experiments with single-
junction loops have demonstrated resonant
tunneling between discrete quantum states in
two wells (17, 18) and microwave-induced
transitions between the wells (19, 20). Other
observations related to macroscopic superpo-
sition states are tunnel splittings observed
with magnetic molecular clusters (21, 22) and
quantum interference of C60 molecules (23).
In quantum dots (24) and superconducting
circuits where charge effects dominate over
the Josephson effect (25–27), superpositions
of charge states have been observed, as well
as quantum coherent charge oscillations (28).

Macroscopic quantum system. Our
quantum system is a low-inductance loop
intersected by three Josephson tunnel junc-
tions (Fig. 1A) (10, 11). The Josephson junc-
tions are extremely underdamped and are
characterized by their Josephson coupling EJ

and charging energy EC 5 e2/2C, where C is
the junction capacitance and e is the electron
charge. The critical current of a junction is

IC0 5
2e

\
EJ, where \ 5

h

2p
is the reduced

Planck constant. One of the junctions in the
loop has EJ and C smaller by a factor b ' 0.8.
At an applied flux Fext close to 1⁄2F0, the
total Josephson energy forms a double-well
potential. The classical states at the bottom of

each well have persistent currents of opposite
sign, with a magnitude Ip very close to IC0

of the
weakest junction and with energies E 5
6Ip(Fext 2 1⁄2F0) (dashed lines in Fig. 1C)
(29). The system can be pictured as a particle
with a mass proportional to C in the Joseph-
son potential; the electrostatic energy is the
particle’s kinetic energy. The charging ef-
fects are conjugate to the Josephson effect.
For low-capacitance junctions (small mass)
quantum tunneling of the particle through the
barrier gives a tunnel coupling t between the
persistent-current states. In the presence of
quantum tunneling and for EJ/EC values be-
tween 10 and 100, the system should have
two low-energy quantum levels E0 and E1,
which can be described using a simple quan-
tum two-level picture (10, 11),

E0(1) 5 2(1)Ît2 1 @Ip~Fext 2 1⁄2F0!#
2

The loop’s level separation DE 5 E1 – E0 is
then

DE 5 Î~2t!2 1 @2Ip~Fext 2 1⁄2F0!#
2

(1)
The system was realized by microfabricating
an aluminum micrometer-sized loop with un-
shunted Josephson junctions (30). Around the
loop, we fabricated the DC-SQUID magne-
tometer (Fig. 1A), which contains smaller
Josephson junctions that were as under-

damped as the junctions of the inner loop.
Loop parameters estimated from test junc-
tions fabricated on the same chip and electron
microscope inspection of the measured de-
vice give IC0 5 570 6 60 nA and C 5 2.6 6
0.4 fF for the largest junctions in the loop and
b 5 0.82 6 0.1, giving EJ/EC 5 38 6 8 and
Ip 5 450 6 50 nA. Due to the exponential
dependence of the tunnel coupling t on the
mass (i.e., the capacitance C ) and the size of
the tunnel barrier, these parameters allow for
a value for t/h between 0.2 and 5 GHz. The
parameters of the DC-SQUID junctions were
IC0 5 109 6 5 nA and C 5 0.6 6 0.1 fF. The
self inductance of the inner loop and the
DC-SQUID loop were estimated to be 11 6 1
picoHenry (pH) and 16 6 1 pH, respectively,
and the mutual inductance M between the
loop and the SQUID was 7 6 1 pH (31). The
flux in the DC-SQUID is measured by ramp-
ing a bias current through the DC-SQUID
and recording the current level ISW where the
SQUID switches from the supercurrent
branch to a finite voltage (Fig. 2A). Traces of
the loop’s flux signal were recorded by con-
tinuously repeating switching-current mea-
surements while slowly sweeping the flux
Fext (Fig. 2B). The measured flux signal
from the inner loop will be presented as ĨSW,
which is an averaged value directly deduced
from the raw switching-current data (32).

Results. Figure 3A shows the flux signal
of the inner loop, measured in the presence of
low-amplitude continuous-wave microwaves
at different frequencies f. The rounded step in
each trace at 1⁄2F0 is due to the change in
direction of the persistent current of the
loop’s ground state (see also Fig. 1C). Sym-
metrically around Fext 5 1⁄2F0 each trace
shows a peak and a dip, which were absent
when no microwaves were applied. The po-
sitions of the peaks and dips in Fext depend
on microwave frequency but not on ampli-
tude. The peaks and dips result from micro-
wave-induced transitions to the state with a
persistent current of opposite sign. These oc-
cur when the level separation is resonant with
the microwave frequency, DE 5 hf.

In Fig. 3B, half the distance in Fext be-
tween the resonant peak and dip DFres is
plotted for all the frequencies f. The relation
between DE and Fext is linear for the high-
frequency data. This gives Ip 5 484 6 2 nA,
in good agreement with the predicted value.
At lower frequencies, DFres significantly de-
viates from this linear relation, demonstrating
the presence of a finite tunnel splitting at
Fext 5 1⁄2F0. A fit to Eq. 1 yields t/h 5
0.33 6 0.03 GHz, in agreement with the
estimate from fabrication parameters. The
level separation very close to 1⁄2F0 could not
be measured directly because at this point the
expectation value for the persistent current is
zero for both the ground state and the excited
state (Fig. 1C). Nevertheless, the narrow res-

Fig. 1. (A) Schematic
of the small super-
conducting loop with
three Josephson junc-
tions (denoted by the
crosses). The loop is
inductively coupled to
an underdamped DC-
SQUID, which is posi-
tioned around the
loop. The DC-SQUID
can be used as a mag-
netometer by apply-
ing a bias current Ibias
to it. (B) Schematic presentation of the loop’s double-well
potential with energy levels (12) for an applied flux Fext below
1⁄2F0 (left) and at 1⁄2F0 (right). The vertical axis is energy; the
horizontal axis is a Josephson phase coordinate. In the vicinity
of Fext 5 1⁄2F0, the loop is a double-well system in which the two minimums correspond to
classical states with persistent currents of equal magnitude Ip, but with opposite polarity. Quantum
mechanically, the system has two low-energy eigen states (black and gray) that are well separated
in energy from higher excited states (dashed lines), such that it is effectively a quantum two-level
system. The shape of the wave function of the ground state (black) and first excited state (gray)
is shown at the energy level. For Fext below or above 1⁄2F0 the two lowest eigen states are well
localized on either side of the barrier and correspond (apart from zero-point energy) to the classical
persistent-current states. When quantum tunneling between the wells is possible, the loop’s eigen
states are at Fext 5 1⁄2F0, symmetric and antisymmetric superpositions of the two persistent-
current states. The schematic plots show a distribution of the levels in the potential that is typical
for the device parameters mentioned in the text. (C) Energy levels and persistent currents of the
loop as a function of applied flux Fext. The insets of the top plot show again the double-well
potential, for Fext below 1⁄2F0 (left), at 1⁄2F0 (middle), and above 1⁄2F0 (right). The energies of
the two localized persistent-current states are indicated with the dashed lines, and they cross at
Fext 5 1⁄2F0. The quantum levels (solid lines) show an anti-crossing near Fext 5 1⁄2F0 where the
eigen states are symmetric and antisymmetric superpositions of the two persistent-current states.
The level of the ground state E0 (black) and the excited state E1 (gray) are separated in energy by
DE. The bottom plot shows the quantum mechanical expectation value ^Iq& 5 2]Ei/]Fext of the
persistent current in the loop, for the ground state E0 (black) and the excited state E1 (gray), plotted
in units of the classical magnitude of the persistent currents Ip.
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onance lines allow for an accurate mapping
of the level separation near 1⁄2F0, and the
observed tunnel splitting gives clear evidence
for quantum superpositions of the persistent-
current states. The large uncertainty in the
predicted t value does not allow for a quan-
titative analysis of a possible suppression of t
due to a coupling between our two-level sys-
tem and a bosonic environment (33) or a
spin-bath environment (34, 35). However, the
fact that we see a finite tunnel splitting indi-
cates that the damping of our quantum sys-
tem, which is caused by environmental de-
grees of freedom, is weak. The dimensionless
dissipation parameter a introduced by Leg-
gett et al. (33) must be a , 1.

In Fig. 4, we show the dependence of the
dip shape at 5.895 GHz on applied micro-
wave amplitude. The dip amplitude and the
full width at half the maximum amplitude
(FWHM) were estimated for different micro-
wave amplitudes by fitting a Lorentzian peak
shape to the data. Figure 4B shows that the
dip amplitude increases rapidly for micro-
wave amplitudes up to VAC ' 2 arbitrary
units (a.u.), followed by a saturation for larg-
er microwave amplitudes. The saturated dip
amplitude is ' 0.25 nA, which is close to half
the full step height of the rounded step at
1⁄2F0 (' 0.4 nA) in Fig. 3A. This indicates
that on resonance the energy levels are close
to being equally populated, as expected for
pumping with continuous-wave microwaves.

Figure 4C shows a linear dependence be-
tween the FWHM and the microwave ampli-
tude. Qualitatively, this dependence of the
line shape on microwave amplitude agrees
with spectroscopy results on microscopic
quantum two-level systems. For negligible
decoherence, spectroscopy on quantum two-
level systems yields a Lorentzian line shape
and transitions between the levels occur by
coherent Rabi oscillations. The FWHM of the
Lorentzian resonance line is two times the
Rabi frequency and is proportional to the
amplitude of the monochromatic perturbation
(14). The linear dependence of the FWHM
on microwave amplitude in Fig. 4C suggests
that the line width for VAC . 2 a.u. is dom-
inated by the frequency of microwave-in-
duced Rabi transitions. Transitions occur
then by a few quantum coherent Rabi cycles.
Using the linear relation between DE and
Fext for Fext values away from 1⁄2F0, the
observed FWHM in Fext units can be ex-
pressed in frequency units. This indicates a
Rabi frequency of, for example, 150 MHz at
VAC 5 4 a.u. However, we do not consider
these results as proof for coherent quantum
dynamics because other scenarios with weak
decoherence give similar results (36).

Dephasing due to measuring SQUID.
The loss of dip amplitude and the apparent
saturation of the FWHM at low VAC is caused
either by variations in the flux bias Fext

[corresponding to inhomogeneous broaden-
ing for the ensemble average (15)] or by an
intrinsic dephasing mechanism. The effective
dephasing time T2

* (15) can be deduced from
the FWHM at low VAC. The FWHM (ex-
pressed in energy units) of a resonance line
shape that is dominated by a finite dephasing

time corresponds to
2h

T2
* (15, 14). Using, once

more, the linear relation between DE and Fext

for Fext values away from 1⁄2F0 to express
the FWHM at VAC 5 &2 a.u. in energy units,
gives T2

* ' 15 ns. As discussed below, this
can be fully explained by variations in the
applied magnetic flux that originate from the
measuring DC-SQUID.

The DC-SQUID performs a weak mea-
surement on the loop. It has two macroscopic
phase degrees of freedom. One is associated
with the circulating current in the SQUID’s
loop (internal degree of freedom), the other is
associated with the bias current through the
SQUID (external degree of freedom). As the
bias current is ramped up, the coupling be-
tween these two degrees of freedom increases
strongly due to the nonlinearity of the
SQUID’s current-phase relations (1). The ex-
ternal variable is coupled to a dissipative
environment, and the associated effective
mass (i.e., the capacitance across the SQUID)
is very large. The internal degree of freedom

has negligible intrinsic damping and the as-
sociated mass (i.e., the capacitance of the
junctions of the SQUID) is very small. Con-
sequently, this variable exhibits quantum be-
havior. The classical external degree of free-
dom of the SQUID performs a measurement
on the SQUID’s inner quantum variable,
which in turn is weakly coupled to our quan-
tum loop. We therefore expect that the SQUID
contributes dominantly to the loop’s dephasing
and damping with the present setup. The choice
for an underdamped DC-SQUID resulted in
very wide switching-current histograms. The
width of the histogram corresponds to a stan-
dard deviation in the flux readout of
11 z 1023 F0. The uncertainty in flux readout is
much is larger than the flux signal from the
inner loop 2M Ip ' 3 z 1023 F0. Therefore, we
can only detect the loop’s signal by averaging
over many switching events (Fig. 2).

The loss of dip amplitude in Fig. 4 is
probably due to a small contribution to the
effective Fext from the circulating current in
the DC-SQUID. The SQUID is operated at
0.76 F0 in its loop, where its circulating
current depends on the bias current due to its
nonlinear behavior (1). This means that data
recorded by switching events on the low Ibias

side of the FWHM of the ISW histogram in
Fig. 2A differs in flux bias on the inner loop
from that of the high side by 20 z 1026 F0.

Fig. 2. (A) Current-voltage characteris-
tic (inset) and switching-current histo-
gram of the underdamped DC-SQUID.
The plot with bias current Ibias versus
voltage V is strongly hysteretic. The Ibias
level where the SQUID switches from
the supercurrent branch to a finite volt-
age state—the switching current ISW—
is a measure for the flux in the loop of
the DC-SQUID. Switching to the volt-
age state is a stochastic process. The
histogram in the main plot shows that
the variance in ISW is much larger than
the flux signal of the inner loop’s per-
sistent current, which gives a shift in
the averaged ISW of about 1 nA (see Fig.
2B). (B) Switching-current levels of the
DC-SQUID versus applied flux. The inset
shows the modulation of ISW versus the
flux FSQUID applied to the DC-SQUID
loop (data not averaged, one point per
switching event). The main figure shows
the averaged level of ISW (solid line)
near FSQUID 5 0.76 F0. At this point,
the flux in the inner loop Fext ' 1⁄2F0.
The rounded step at Fext 5 1⁄2F0 indi-
cates the change of sign in the persis-
tent current of the loop’s ground state.
Symmetrically around 1⁄2F0 the signal
shows a peak and a dip, which are only
observed with measurements in the
presence of continuous-wave micro-
waves (here 5.895 GHz). The peak and
dip are due to resonant transitions be-
tween the loop’s two quantum levels
(Fig. 3). The background signal of the
DC-SQUID that results from flux directly applied to its loop (dashed line) is subtracted from the
data presented in Figs. 3A and 4A.
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Resonance lines at low VAC (i.e., with a
FWHM , 20 z 1026 F0) cannot be observed
as the peaks and dips smear out when aver-
aging over many switching events. The loss
of dip amplitude and the apparent saturation
of the FWHM at low VAC is probably dom-
inated by this mechanism for inhomogeneous
line broadening.

The width of the rounded steps in the
measured flux in Fig. 3A is much broader

than expected from quantum rounding on the
scale of the value of t that was found with
spectroscopy (see also Fig. 1C). We checked
the temperature dependence of the step
width, measured in the absence of micro-
waves. We found that at temperatures above
100 mK, the step width is in agreement with
the thermally averaged expectation value for

the persistent current ^Ith& 5 Ip tanh S DE

2kBTD

(kB is Boltzmann’s constant), where we use
the level separation DE and Ip found with
spectroscopy. However, at low temperatures
the observed step width saturates at an effec-
tive temperature of about 100 mK. We
checked that the effective temperature for the
SQUID’s switching events did not saturate at
the lowest temperatures. The high effective
temperature of the loop is a result of the loop
being in a nonequilibrium state. The popula-
tion of the excited state could be caused by
the measuring SQUID or other weakly cou-
pled external processes.

Concluding remarks and future pros-
pects. The data presented here provide clear
evidence that a small Josephson junction loop
can behave as a macroscopic quantum two-
level system. The application of an under-
damped DC-SQUID for measuring the loop’s
magnetization is a useful tool for future work
on quantum coherent experiments with Joseph-
son junction loops. The present results also
demonstrate the potential of three-junction per-
sistent-current loops for research on macro-
scopic quantum coherence and for use as qubits
in a quantum computer. This requires quantum-
state control with pulsed microwaves and de-
velopment of measurement schemes that are
less invasive. Circuits that contain multiple
qubits with controlled inductive coupling are
within reach using present-day technology.
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Triple Vortex Ring Structure in
Superfluid Helium II

Demosthenes Kivotides, Carlo F. Barenghi,* David C. Samuels

Superfluids such as helium II consist of two interpenetrating fluids: the normal
fluid and the superfluid. The helium II vortex ring has generally been considered
merely as a superfluid object, neglecting any associated motion of the normal
fluid. We report a three-dimensional calculation of the coupled motion of the
normal-fluid and superfluid components, which shows that the helium II vortex
ring consists of a superfluid vortex ring accompanied by two coaxial normal-
fluid vortex rings of opposite polarity. The three vortex rings form a coherent,
dissipative structure.

Vortex rings (1) have long been studied as
ideal examples of organized flow structures.
A large body of literature has been concerned
with vortex rings in a zero-viscosity (invis-
cid) fluid in which the vortex core thickness
is much smaller than the ring’s radius. This
mathematical idealization is realized in a
quantum fluid (2, 3), helium II, which is a
superposition of two fluid components: the
normal fluid (which is a fluid with nonzero
viscosity) and the superfluid (an inviscid flu-
id). The concept of the superfluid vortex ring
(4) or loop has contributed to many advances

in superfluidity, ranging from vortex creation
(5, 6) to turbulence (7–10). An example of
this is the fundamental issue of quantum me-
chanical phase coherence and the onset of
dissipation. Ions injected into superfluid he-
lium II move without friction, provided that
the speed does not exceed a critical value (11)
above which superfluid vortex rings are cre-
ated (5). Vortex creation (12, 13) and motion
(14, 15) have been studied theoretically using
various models and are also being investigat-
ed by atomic physicists in the context of
Bose-Einstein condensation in clouds of al-
kaline atoms (15, 16). The concept of the
vortex ring has been applied to interpretations
of the nature of the roton (17–19) and the
superfluid transition itself (20). Finally, vor-
tex rings are important in the study of super-

fluid turbulence, which manifests itself as a
disordered tangle of superfluid vortex loops
(distorted vortex rings). Superfluid vortex
lines may also end at walls, or at free surfac-
es, without forming closed loops. For sim-
plicity, we will consider here a circular su-
perfluid vortex ring, but our results should
also apply to all superfluid vortex lines.

Recent experiments, such as the observation
of decay rates of superfluid vorticity (21, 22)
consistent with the decay rates of Navier-Stokes
turbulence, motivate our study of the dynamical
coupling between the superfluid vorticity and
the normal-fluid component. Superfluid vortic-
ity scatters (23) the thermal excitations that
make up the normal fluid, producing a mutual
friction acting on the velocity fields Vs and Vn

of the two fluid components of helium II. Al-
though the superfluid vorticity can be detected
directly by the second sound technique (21),
very little is actually known about the normal-
fluid flow because we have no practical flow
visualization techniques near absolute zero. We
present results of a three-dimensional calcula-
tion in which Vn and Vs are determined self-
consistently. The calculation reveals the sur-
prising triple structure of the helium II vortex
ring. We also discuss the implications of this
finding for the interpretation of current turbu-
lence experiments.

Our method is based on an improvement
over the vortex dynamics approach of
Schwarz (24, 25), who modeled a superfluid
vortex line as a curve S(j,t) that obeys the
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Macroscopic quantum superposition of
current states in a Josephson-junction loop

F K Wilhelm, C H van der Wal, A C J ter Haar,
R N Schouten, C J P M Harmans, J E Mooij,
T P Orlando, S Lloyd

Abstract. Superconducting circuits with Josephson tunnel
junctions are interesting systems for research on quantum-
mechanical behavior of macroscopic degrees of freedom.
A particular realization is a small superconducting loop
containing three Josephson junctions. Close to magnetic
frustration 1=2, the physics of this system corresponds to a
double well, whose minima correspond to persistent currents of
opposite sign. We present DC measurements of the flux
indicating a smooth transition close to the degeneracy point
even at very low temperatures. Furthermore, microwave-
spectroscopy experiments allow for the excitation to the next
excited state. The dependence of the energy of the resonance on
the applied flux clearly indicates the nature of these states as
tunneling-splitted superpositions of flux states. We theoreti-
cally analyze the system using a generalized master-equation
formulation of the spin-boson model. We address the nature of
the measuring process by a switching DC SQUID and the
possible interpretation of the spectroscopy data in terms of
quantum coherence. We discuss these aspects in the context of
further applications as a quantum bit.

1. Introduction: qubits and MQC

Since the formulation of quantum mechanics, its concepts
have been heavily disputed. They can now be directly
verified in the microscopic world of systems with very few
degrees of freedom such as NMR, ion traps, or cavity QED.
With present-day technology, such microscopic systems can
be controlled externally. This has lead to the proposal of a
quantum computer, which makes explicit use of the
possibility to create superpositions and allows to solve
certain computational problems with a qualitatively
reduced number of steps (see [1] for a recent review). The

aforementioned quantum systems have been used to demon-
strate few-bit quantum computation, however, it appears to
be very difficult if at all possible to integrate them into larger
circuits.

Solid state electronics, on the other hand, can be very
easily integrated. Moreover, in the field of mesoscopic
physics, and in particular in mesoscopic superconductivity,
genuine quantum-mechanical phenomena have already been
demonstrated. This makes mesoscopic superconductors a
candidate for the realization of quantum computation [2 ±
5]. More specifically, we propose to utilize persistent-current
states of small superconducting loops containing at least three
Josephson junctions [4]. These states correspond to the
collective motion of all superconducting electrons in the
loop, hence they are macroscopic [6].

In this contribution, we are going to briefly outline the
idea of our device [4] and present experimental results tracing
the ground state as well as results of microwave spectrosco-
py [7]. The data show clear evidence of anti-crossing of energy
levels, hence proving that around degeneracy, the system's
eigenstates are superpositions of the two basis current states.
The results will be further discussed in terms of macroscopic
quantum superpositions and coherence. By creating a super-
position of these states, which is necessary for quantum
computation, we also address a fundamental issue in
quantum mechanics: a SchroÈ dinger's cat state. We acknowl-
edge that the mere superposition does not exclude alternative
theories for quantum mechanics (e.g. macrorealistic theories
[8]). This would require a type of experiment as proposed by
Leggett et al. [9].

2. The device

A single small Josephson tunnel junction with a capacitance
C and a coupling energy EJ can be represented as a particle
of mass C in a periodic potential, where the phase f
represents the coordinate, and the number of Cooper pairs
is the conjugate momentum. Our system (Fig. 1a), consists
of a micrometer-sized loop of negligible geometric induc-
tance penetrated by a magnetic flux Fext close to half a
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superconducting flux quantum F0. The loop contains three
such junctions, whose phases are locked together by the
applied flux due to the phase quantization condition, hence
leading to a two-dimensional coordinate space. It has been
demonstrated [4, 5], that by proper choice of the junction
parameters, this effective potential is a periodic pattern of
local double wells, whoseminimums correspond to clock- and
counter-clockwise supercurrent, respectively. The double
wells are separated by strong potential barriers such that
they are mutually very well uncoupled, whereas the barrier
within a double well is sufficiently weak such that it can be
overcome by quantum tunneling. The energy of the two
minima can be controlled by tuning the applied external flux
away from F0=2. The system parameters can be chosen such
that there is only one bound state in each well. This renders
the low-temperature (less than 100 mK) physics of the system
equivalent to a two-level system. It has been predicted [10],
that the intrinsic sources of noise and decoherence (quasi-
particles, nuclear spins . . .) allow for quantum-coherent
behavior up to a decoherence time of tf � 1 ms.

This setup invokes some key ideas of the `conventional'
MQC-proposal using an RF-SQUID [9, 11], with the key
difference that no self-inductance is needed in order to form
the double-well potential. This allows for much smaller loop
sizes and hence facilitates the decoupling from environmental
noise. Nevertheless, results similar to ours have recently been
obtained in an RF-SQUID [12]. Other observations that have
been related to macroscopic superposition states are tunnel
splittings observed with magnetic molecular clusters [13] and
quantum interference of C60 molecules [14]. In quantum dots
[15] and superconducting circuits where charge effects
dominate over the Josephson effect [16, 17] superpositions
of charge states as well as quantum-coherent charge oscilla-
tions [18] have been observed.

The state of the qubit can be read out by a DC-SQUID
magnetometer which detects the flux produced by the
circulating current. Due to the small inductance of the
system, this signal is only a small fraction of F0. Moreover,
according to first principles of quantum mechanics, any
measuring device (or `meter') tends to decohere the quantum
state. As we expect the quantum coherence to be very fragile,
this property deserves special attention. In order to ensure
sufficient coherence we have to guarantee that (i) the meter
does not decohere the system while not measuring and (ii) the
meter registers the result before the relaxation time, i.e. after
the macroscopic environment constituted by the meter has
put the qubit into a thermal mixture of states, wiping out the
signatures of the initial state.

This decoherence is realized through the coupling to the
external impedance. The measuring SQUID has two macro-
scopic phase degrees of freedom, which we choose as follows:
one is associated with the circulating current in the SQUID's
loop (internal degree of freedom), the other is associated with
the bias current through the SQUID (external degree of
freedom). As the bias current is ramped up, the coupling
between these two degrees of freedom increases strongly, due
to the nonlinearity of the SQUID's current-phase relations
[19]. The external variable is coupled to a dissipative
environment. The internal degree of freedom has negligible
intrinsic damping and the associated mass (i.e. the capaci-
tance of the junctions of the SQUID) is very small. This
means that the circulating current is non-dissipative and does
not disturb the system, i.e. there is little dephasing as long as
we do not apply a measuring current.

In order to further minimize the unwanted decoherence in
our device, we use a setup which uses only very few dissipative
elements: an undamped SQUID with unshunted junctions
with low critical current and no extra resistors. In order to still
reduce fluctuations of the SQUID, it was made `heavy' by
shunting with a large superconducting capacitor.

This SQUID has a highly hysteretic I ±V characteristic
[19]. The flux is determined through the switching current
which provides a measure for the effective Josephson
coupling across the SQUID. The escape to a voltage state is
a stochastic process, which leads to a wide spread of those
switching currents (see, e.g. [20] for an overview). The width
of the switching current histogram in our experiments
corresponds to a standard deviation in the flux readout of
11� 10ÿ3F0, so the uncertainty in flux readout is much is
larger than the flux signal from the qubit 2MIp � 3� 10ÿ3F0.
This width is much bigger than expected from simple
theoretical models [20]. This may be due to quantum
fluctuations of the circulating current (and consequently the
total flux through the SQUID) and is subject of enduring
investigation. In order to obtain the results presented in this
paper, substantial statistical averaging over repeated mea-
surements was necessary in order to get sufficient resolution.
Consequently only ensemble-averaged quantities can be
measured.

3. Experiments

The system was realized by microfabricating a micrometer-
sized aluminum loop with unshunted Josephson junctions,
using the technology described in Ref. [21]. Around the loop
we fabricated the DC-SQUID magnetometer (Fig. 1b), with
smaller Josephson junctions that were as underdamped as the
junctions of the inner loop. Loop parameters estimated from
test junctions fabricated on the same chip and electron-
microscope inspection of the measured device give a critical
current amplitude IC0 � 570� 60 nA and C � 2:6� 0:4 fF
for the largest junctions in the loop. The size of the small
junction is reduced by a factor b � 0:82� 0:1, giving
EJ=ECh � 38� 8 and a circulating current in one of the
potential minima of Ip � 450� 50 nA. These parameters
allow for a tunnel matrix element t=h between 0.2 and
5 GHz. The parameters of the DC-SQUID junctions were
IC0 � 109� 5 nA andCS � 0:6� 0:1 fF. The self-inductance
of the inner loop and the DC-SQUID loop were estimated to
be 11� 1 pH and 16� 1 pH respectively, and the mutual
inductance M between the loop and the SQUID was
7� 1 pH.

4. Ground state measurements

In a first series of experiments, we have detected the flux
produced by the qubit as a function of the static bias flux. We
compare it to the expectation value for a quantum-mechan-
ical two-level system coupled to a bath at temperature T,

hFqi � Fa
E
DE

tanh
DE
2kBT

� �
; �1�

whereFa is the flux produced when the system is purely in one
of the classical states, DE � �E 2 � 4t2eff�1=2 is the energy
splitting of the quantum-mechanical levels and E � E�Fext� /
Fÿ F0=2 is the energy difference of the classical states. In
general, this function shows a step around E � 0, which is
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rounded due to thermal and quantum fluctuations. AsT! 0,
the system is in its ground state and quantum fluctuations
dominate. Any residual rounding is controlled by a finite
tunneling matrix element teff and indicates that the ground
state close to the degeneracy point is a superposition.

Experimentally, the step occurs on top of the bias flux
through the SQUID (see Fig. 2a). The step width decreases
with temperature (see Fig. 2b) but stays finite. The observed
step width is evenmuch broader than expected from quantum
rounding on the scale of the value of t that was found with
spectroscopy (see Fig. 2c). The width saturates at an effective
temperature of about 100mK. The high effective temperature
of the loop can be the result of heating induced by the DC-
SQUID after the switching. As the qubit is well isolated from
the environment, this heat only relaxes very slowly.

5. Spectroscopy

On top of the DC-flux, which fixes the energy bias E of our
two-level system, we periodically modulate E using contin-
uous microwaves. Figure 3a shows the flux signal of the inner
loop. On top of the step described in the previous section,
each trace shows a peak and a dip symmetrically around
Fext � F0=2 , which were absent when no microwaves were
applied. The positions of the peaks and dips inFext depend on
microwave frequency f but not on amplitude. They reflect
microwave-induced transitions to the state with a persistent
current of opposite sign, they occur when the microwave
frequency is resonant with the energy splitting DE � hf. As
the frequency is lowered, the resonances are moving towards
the center, Fig. 3a.

In Figure 3b half the distance inFext between the resonant
peak and dip is plotted for all frequencies f, which represents
DE�E�. The relation between DE and Fext is linear at high
frequencies. The slope of this part translates into
Ip � 484� 2 nA, in good agreement with the predicted
value. At lower frequencies the energy splitting levels off,
hence indicating a finite tunnel splitting of teff=h �
0:33� 0:03 GHz. The level separation very close to F0=2
could not be measured directly since at this point the

expectation value for the persistent current is zero for both
the ground state and the excited state. Themeasured value of t
is compatible with the predicted value of t. As the predicted
value depends exponentially on sample parameters and hence
has a substantial uncertainty, a quantitative analysis of a
possible suppression of teff due to a bosonic [22] or spin-bath
[23] environment is not possible. The fact that we see a finite
tunnel splitting indicates that the damping of our quantum
system by environmental degrees of freedom is weak. The
dimensionless dissipation parameter a [22] must be a < 1.

This level repulsion close to the degeneracy point clearly
indicates that the eigenstates, between which the transitions
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occur, are superpositions of the localized basis states. At
Fext � F0=2, these are symmetric and antisymmetric super-
positions of the two classical persistent-current states which
have respectively lower and higher energies than the localized
classical states.

6. Nonlinear regime

In Figure 4a we show the dip at a fixed frequency of
5.895 GHz for different microwave amplitudes. The dip
amplitude and the full width at half the maximum amplitude
(FWHM) were extracted by fitting a Lorentzian peak shape
to the data. Figure 4b shows that the dip amplitude increases
rapidly for microwave amplitudes up to VAC � 2 a. u.,
followed by a saturation for larger microwave amplitudes.
The saturated dip amplitude is � 0.25 nA, which is close to
half the full step height of the rounded step atF0=2 (� 0:4 nA)
in Fig. 2b. This indicates that on resonance the energy levels
are close to being equally populated, as expected for
continuous pumping.

Figure 4c shows a linear dependence between the FWHM
and the microwave amplitude, as we would expect it for the
Rabi resonance of a strongly and coherently driven two-level
system [24]: the linear dependence of the FWHM on
microwave amplitude in Fig. 4c suggests that the linewidth
is indeed dominated by the frequency of microwave-induced
Rabi transitions. In the presence of weak decoherence, the

Rabi oscillations decay over a time T2 into a stationary
mixture of `eigenstates' of the driven system known as
Floquet states. After T2, transitions between those states
only occur due to incoherent processes. Even in this case,
the peaks remain narrow Lorentzians [25, 26] which depend
on the external parameters analogously to Rabi peaks: the
FWHM of the Lorentzian resonance line is proportional to
the amplitude of the monochromatic driving [24]. This allows
to observe narrow resonances even after T2. Using the linear
relation between DE andFext forFext values away fromF0=2,
the observed FWHM in Fext units can be expressed in
frequency units. This indicates a Rabi frequency of, for
example, 150 MHz at VAC � 4 a.u.

The loss of dip amplitude and the apparent saturation of
the FWHM at low VAC is either caused by variations in the
flux bias Fext (corresponding to inhomogeneous broadening
for the ensemble average [27]) or by an intrinsic dephasing
mechanism. The effective dephasing time T �2 [27] can be
deduced from the FWHM at low VAC. The FWHM
(expressed in energy units) of a resonance-line shape that is
dominated by a finite dephasing time corresponds to 2�h=T �2
[24, 27]. From our data, we find T �2 � 5 ns, which allows for a
few Rabi cycles. This is another hint on the presence of
coherent Rabi dynamics, however, only time-resolved mea-
surements would be fully conclusive. Possible sources for the
relatively short value of T �2 will be discussed in the following
Section.

7. Discussion

The DC-SQUID performs a measurement on a single
quantum system. As described above, our setup in principle
still allows for reasonable dephasing and mixing times. The
external electronics limits the ramping speed, so the SQUID is
coupled to the qubit longer than theoretically required and is
consequently strongly dephasing the qubit prior to the actual
measurement. This can be avoided in future experiments by
the use of more efficient measuring schemes.

The loss of dip amplitude in Fig. 4 is probably not due to
the noise, but due to a small deterministic contribution to the
effective Fext from the circulating current in the DC-SQUID.
The SQUID is operated at 0:76F0 in its loop, where its
circulating current depends on the bias current due to its
nonlinear behavior [19], so the readout happens at a bias flux
slightly altered due the SQUID. This bias flux depends on the
switching current level, which in turn has a broad spread due
to the large histograms described in the beginning of this
paper. This means that data recorded by switching events for
low bias side of Ibias differ in flux bias on the inner loop from
that of the high current levels by 20� 10ÿ6F0. Resonance
lines at low VAC (i. e. with a FWHM < 20� 10ÿ6F0) cannot
be observed as the peaks and dips smear out when averaging
overmany switching events. The loss of dip amplitude and the
apparent saturation of the FWHM at low VAC is probably
dominated by this mechanism for inhomogeneous line broad-
ening and not by dephasing.

8. Concluding remarks and future prospects

We show clear experimental evidence of level repulsion in a
small superconducting loop containing three Josephson junc-
tions, which can behave as a macroscopic quantum two-level
system. We demonstrate a useful readout for the magnetiza-
tion of the loop scheme by an underdamped DC-SQUID.
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This demonstrates the potential of these loops for further
work on macroscopic quantum coherence and solid-state
quantum computing. This requires quantum state control
with pulsed microwaves and development of measurement
schemes that are less invasive. Multiple qubit circuits with
controlled coupling are within reach using present-day tech-
nology.
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Quantum Andreev interferometer
in an environment

Y M Gal'perin, L Y Gorelik, N I Lundin,
V S Shume|̄ko, R I Shekhter, M Jonson

Abstract. The influence of a noisy environment on coherent
transport in Andreev states through a point contact between two
superconductors is considered. The amount of dephasing is
estimated for a microwave-activated quantum interferometer.
Possibilities of experimentally investigating the coupling
between a superconducting quantum point contact and its
electromagnetic environment are discussed.

1. Introduction

The assumption of coherent transport in Andreev states in a
superconducting quantum point contact (SQPC) is widely
used in theoretical work, see, e.g., the items of Ref. [1].
However, in realistic systems, interactions with a dynamical
environment will always introduce some amount of dephas-
ing, see the items of Ref. [2] for a review.

The so-called microwave-activated quantum interferom-
eter (MAQI) [3] is a device proposed as a tool to study the
dynamics of Andreev levels (ALs), present in a superconduct-
ing point contact. It is based on a short, single-mode, weakly
biased SQPC which is subject to microwave irradiation.
Confined to the contact area there are current-carrying
Andreev states. The corresponding energy levels Ð Andreev
levels Ð are found in pairs within the superconductor energy
gapD, one below and one above the Fermi level. If an SQPC is
short (L5 x0 where L is the length of the junction while x0 is
the superconductor coherence length), there is only one pair
of Andreev levels and their positions depend on the order
parameter phase difference, f, across the contact as

E� � �E�f� � �D
�������������������������������
1ÿD sin2

f
2

� �s
: �1�

The two states carry current in opposite directions and in
equilibrium at low temperature only the lower state is
populated. The applied bias, V, through the Josephson
relation _f � 2eV=�h, forces the Andreev levels to move
adiabatically within the energy gap with a period of
Tp � �hp=eV, see Fig. 1.

The microwave field induces Landau ±Zener (LZ) transi-
tions between the Andreev levels (indicated by wavy lines in
Fig. 1). If the upper level is populated after the second
transition, a delocalized quasi-particle excitation will be
created when this Andreev level merges with the continuum.
The result will be a dc contribution to the current. Further,
this current exhibits an interference pattern since there are
two paths with different phase gains available to the upper
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Fdvsdu K1 ydq ghu Zdo�/ D1 F1 M1 whu Kddu�/ I1 N1 Zlokhop�/

U1 Q1 Vfkrxwhq�/ F1 M1 S1 P1 Kdupdqv�/ W1 S1 Ruodqgr2/

Vhwk Oor|g�/ M1 H1 Prrlm�c2

�Ghsduwphqw ri Dssolhg Sk|vlfv dqg

Ghoiw Lqvwlwxwh iru Plfur Hohfwurqlfv dqg Vxeplfurq Whfkqrorj| +GLPHV,

Ghoiw Xqlyhuvlw| ri Whfkqrorj|/ S1 R1 Er{ 8379/ 5933 JD Ghoiw/ wkh Qhwkhuodqgv
2Ghsduwphqw ri Hohfwulfdo Hqjlqhhulqj dqg Frpsxwhu Vflhqfh dqg
�Ghsduwphqw ri Phfkdqlfdo Hqjlqhhulqj/ PLW/ Fdpeulgjh/ PD 3546</ XVD

Fruuhvsrqglqj dxwkru/ h0pdlo= fdvsduCtw1wq1wxghoiw1qo

Vxeplwwhg iru wkh surfhhglqjv ri wkh PTF
2
zrunvkrs/ Qdsohv/ Mxqh 4704:/ 53331

Devwudfw Zh suhvhqw plfurzdyh0vshfwurvfrs| h{shulphqwv rq wzr txdqwxp ohyhov
ri d vxshufrqgxfwlqj orrs zlwk wkuhh Mrvhskvrq mxqfwlrqv1 Wkh ohyho
vhsdudwlrq ehwzhhq wkh jurxqg vwdwh dqg �uvw h{flwhg vwdwh vkrzv dq
dqwl0furvvlqj zkhuh wzr fodvvlfdo shuvlvwhqw0fxuuhqw vwdwhv zlwk rssr0
vlwh srodulw| duh ghjhqhudwh1 Wklv lv hylghqfh iru v|pphwulf dqg dqwl0
v|pphwulf txdqwxp vxshusrvlwlrqv ri wzr pdfurvfrslf vwdwhv> wkh fodv0
vlfdo vwdwhv kdyh shuvlvwhqw fxuuhqwv ri 318 >� dqg fruuhvsrqg wr wkh
fhqwhu0ri0pdvv prwlrq ri ploolrqv ri Frrshu sdluv1 D vwxg| ri wkh wkhu0
pdo rffxsdqflhv ri wkh wzr txdqwxp ohyhov vkrzv wkdw wkh orrs lv dw orz
whpshudwxuhv lq d qrq0htxloleulxp vwdwh1
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�����

D Mrvhskvrq vxshufxuuhqw lv d pdfurvfrslf ghjuhh ri iuhhgrp lq wkh
vhqvh wkdw lw fruuhvsrqgv wr wkh fhqwhu0ri0pdvv prwlrq ri d frqghqvdwh
zlwk d yhu| odujh qxpehu ri Frrshu sdluv ^4`1 Hyhq wkrxjk wkh Mrvhsk0
vrq h�hfw lwvhoi +zlwk fodvvlfdo fxuuhqw dqg yrowdjh yduldeohv, lv riwhq
fdoohg d pdfurvfrslf txdqwxp skhqrphqd/ Dqghuvrq ^4`/ Ohjjhww ^5`
dqg Olnkduhy ^6` glvfxvvhg wkdw d txdqwxp vxshusrvlwlrq ri Mrvhskvrq
fxuuhqwv zrxog eh d %wuxh% ^6` pdqlihvwdwlrq ri txdqwxp phfkdqlfv dw d
pdfurvfrslf vfdoh1 D vlpsoh v|vwhp lq zklfk vxfk d vxshusrvlwlrq fdq
eh vwxglhg lv d vxshufrqgxfwlqj orrs frqwdlqlqj rqh ru pruh Mrvhskvrq

4



5

wxqqho mxqfwlrqv/ zkhuh dq h{whuqdo pdjqhwlf �hog lv xvhg wr lqgxfh d
shuvlvwhqw fxuuhqw lq wkh orrs1 Zkhq wkh hqforvhg pdjqhwlf  x{ lv forvh
wr kdoi d vxshufrqgxfwlqj  x{ txdqwxp �f/ wkh orrs pd| kdyh pxowl0
soh vwdeoh shuvlvwhqw0fxuuhqw vwdwhv1 Wkh zhdn frxsolqj ri wkh Mrvhsk0
vrq mxqfwlrqv wkhq doorzv iru wudqvlwlrqv ehwzhhq wkh vwdwhv1 Dw yhu|
orz whpshudwxuhv/ wkh shuvlvwhqw0fxuuhqw vwdwhv duh yhu| zhoo ghfrxsohg
iurp hqylurqphqwdo ghjuhhv ri iuhhgrp> h{flwdwlrqv ri lqglylgxdo fkdujh
fduulhuv durxqg wkh fhqwhu ri pdvv ri wkh Frrshu0sdlu frqghqvdwh duh
surklelwhg e| wkh vxshufrqgxfwlqj jds1 Dv d uhvxow/ wkh wudqvlwlrqv eh0
wzhhq wkh vwdwhv fdq eh d txdqwxp frkhuhqw surfhvv/ dqg vxshusrvlwlrqv
ri wkh pdfurvfrslf shuvlvwhqw0fxuuhqw vwdwhv vkrxog eh srvvleoh +orvv ri
txdqwxp frkhuhqfh uhvxowv iurp frxsolqj wr dq hqylurqphqw zlwk pdq|
ghjuhhv ri iuhhgrp ^7`,1 Mrvhskvrq mxqfwlrq orrsv wkhuhiruh udqn dprqj
wkh ehvw v|vwhpv iru h{shulphqwdo whvwv ri wkh ydolglw| ri txdqwxp ph0
fkdqlfv iru v|vwhpv frqwdlqlqj d pdfurvfrslf qxpehu ri sduwlfohv ^5/ 8`1
Wkh srwhqwldo iru txdqwxp frkhuhqw g|qdplfv kdv vwlpxodwhg uhvhdufk
dlphg dw dsso|lqj Mrvhskvrq mxqfwlrq orrsv dv edvlf exloglqj eorfnv iru
txdqwxp frpsxwdwlrq +txelwv, ^9/ :/ ;/ <`1
Zh uhsruw lq wklv fkdswhu rq plfurzdyh0vshfwurvfrs| h{shulphqwv

wkdw ghprqvwudwh txdqwxp vxshusrvlwlrqv ri wzr pdfurvfrslf shuvlvwhqw0
fxuuhqw vwdwhv lq d vpdoo orrs zlwk wkuhh Mrvhskvrq mxqfwlrqv +Ilj1 4/
wklv lv wkh txelw v|vwhp glvfxvvhg lq ^;/ <`,1 Dw dq dssolhg pdjqhwlf
 x{ ri �

2
�f wklv v|vwhp ehkdyhv dv d sduwlfoh lq d grxeoh0zhoo srwhqwldo/

zkhuh wkh fodvvlfdo vwdwhv lq hdfk zhoo fruuhvsrqg wr shuvlvwhqw fxuuhqwv
ri rssrvlwh vljq +Ilj1 4f,1 Wkh wzr fodvvlfdo vwdwhv duh frxsohg yld txdq0
wxp wxqqholqj wkurxjk wkh eduulhu ehwzhhq wkh zhoov/ dqg wkh orrs lv d
pdfurvfrslf txdqwxp wzr0ohyho v|vwhp1 Wkh hqhuj| ohyhov ydu| zlwk wkh
dssolhg  x{ dv vkrzq1 Zkloh fodvvlfdoo| wkh ohyhov vkrxog furvv dw �

2
�f/

txdqwxp wxqqholqj ohdgv wr dq dyrlghg furvvlqj zlwk v|pphwulf dqg
dqwl0v|pphwulf vxshusrvlwlrqv ri wkh wzr pdfurvfrslf shuvlvwhqw0fxuuhqw
vwdwhv1 Dq lqgxfwlyho| frxsohg GF0VTXLG pdjqhwrphwhu zdv xvhg wr
phdvxuh wkh  x{ jhqhudwhg e| wkh orrs*v shuvlvwhqw fxuuhqw/ zkloh dw
wkh vdph wlph orz0dpsolwxgh plfurzdyhv zhuh dssolhg wr lqgxfh wudqvl0
wlrqv ehwzhhq wkh ohyhov +Ilj1 5,1 Zh revhuyhg qduurz uhvrqdqfh olqhv dw
pdjqhwlf �hog ydoxhv zkhuh wkh ohyho vhsdudwlrq �H zdv uhvrqdqw zlwk
wkh plfurzdyh iuhtxhqf|1 Wkh ohyho vhsdudwlrq vkrzv wkh h{shfwhg dqwl0
furvvlqj dw �

2
�f +Ilj1 6,/ zklfk lv lqwhusuhwhg dv hylghqfh iru pdfurvfrslf

vxshusrvlwlrq vwdwhv ^43/ 44`1 D vwxg| ri wkh wkhupdo eurdghqlqj ri wkh
wudqvlwlrq ehwzhhq wkh wzr vwdwhv dw �

2
�f vkrzv wkdw wkh orrs lv dw orz

whpshudwxuhv lq d qrq0htxloleulxp vwdwh +Ilj1 7,1
Qrwh wkdw zh kdyh d vfkhph lq zklfk wkh phwhu +wkh GF0VTXLG,

lv shuiruplqj d phdvxuhphqw rq d vlqjoh txdqwxp v|vwhp1 Zh vkrxog
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lv dfwlyho| phdvxulqj wkh  x{ surgxfhg e| wkh shuvlvwhqw fxuuhqwv ri wkh
wzr vwdwhv1 Ghwhfwlqj wkh txdqwxp ohyhov ri wkh orrs lv vwloo srvvleoh
vlqfh wkh phwhu lv rqo| zhdno| frxsohg wr wkh orrs1 Wkh  x{ vljqdo
qhhgv wr eh exlow xs e| dyhudjlqj ryhu pdq| uhshdwhg phdvxuhphqwv rq
wkh vdph v|vwhp/ vxfk wkdw h�hfwlyho| dq hqvhpeoh dyhudjh lv ghwhuplqhg
+wlph0hqvhpeoh,1 Zh phdvxuh wkh ohyho vhsdudwlrq/ l1 h1 hqhuj|/ udwkhu
wkdq  x{/ vlqfh zh shuirup vshfwurvfrs|> zh revhuyh d vkliw lq dyhudjhg
 x{ zkhq wkh plfurzdyhv duh uhvrqdqw zlwk wkh ohyho vhsdudwlrq1 Lq rxu
h{shulphqw zh dovr fkrvh wr zrun zlwk dq h{wuhpho| xqghugdpshg GF0
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VTXLG zlwk xqvkxqwhg mxqfwlrqv wr plqlpl}h gdpslqj ri wkh txdqwxp
v|vwhp yld wkh lqgxfwlyh frxsolqj wr wkh VTXLG1
D uhfhqw sdshu e| Iulhgpdq hw do1 ^45` uhsruwv rq vlplodu uhvxowv re0

wdlqhg iurp vshfwurvfrs| rq h{flwhg vwdwhv lq d orrs zlwk d vlqjoh mxqf0
wlrq +UI0VTXLG,1 Suhylrxv h{shulphqwv rq UI0VTXLGv kdyh ghprq0
vwudwhg uhvrqdqw wxqqholqj ehwzhhq glvfuhwh txdqwxp vwdwhv lq wzr zhoov
^46/ 47` dqg plfurzdyh0lqgxfhg wudqvlwlrqv ehwzhhq wkh zhoov ^48`1 Rwkhu
revhuydwlrqv wkdw kdyh ehhq uhodwhg wr pdfurvfrslf vxshusrvlwlrq vwdwhv
duh wxqqho vsolwwlqjv revhuyhg zlwk pdjqhwlf prohfxodu foxvwhuv ^49` dqg
txdqwxp lqwhuihuhqfh ri FSf prohfxohv ^4:`1 Lq txdqwxp grwv ^4;` dqg
vxshufrqgxfwlqj flufxlwv zkhuh fkdujh h�hfwv grplqdwh ryhu wkh Mrvhsk0
vrq h�hfw ^4</ 53/ 54` vxshusrvlwlrqv ri fkdujh vwdwhv kdyh ehhq revhuyhg/
dv zhoo dv txdqwxp frkhuhqw fkdujh rvfloodwlrqv ^55`1
D txdqwxp ghvfulswlrq ri rxu v|vwhp zdv uhsruwhg lq Uhiv1 ^;/ <`1

Lw lv d orz0lqgxfwdqfh orrs lqwhuvhfwhg e| wkuhh h{wuhpho| xqghugdpshg
Mrvhskvrq mxqfwlrqv +Ilj1 4,/ zklfk duh fkdudfwhul}hg e| wkhlu Mrvhskvrq
frxsolqj Ha dqg fkdujlqj hqhuj| H� @ h2@5F1 Khuh F lv wkh mxqfwlrq
fdsdflwdqfh dqg h wkh hohfwurq fkdujh1 Wkh fulwlfdo fxuuhqw ri d mxqfwlrq
lv L�f @

2e
7� Ha/ zkhuh �k @ �

2Z lv Sodqfn*v uhgxfhg frqvwdqw1 Rqh ri wkh
mxqfwlrqv lq wkh orrs kdv Ha dqg F vpdoohu e| d idfwru � � 3=;1 Dw
dq dssolhg  x{ �i | forvh wr �

2�f wkh wrwdo Mrvhskvrq hqhuj| irupv d
grxeoh zhoo srwhqwldo1 Wkh fodvvlfdo vwdwhv dw wkh erwwrp ri hdfk zhoo
kdyh shuvlvwhqw fxuuhqwv ri rssrvlwh vljq/ zlwk d pdjqlwxgh LT yhu| forvh
wr L�f ri wkh zhdnhvw mxqfwlrq/ dqg zlwk hqhujlhv H @ 	LT+�i | �

�
2�f,

+gdvkhg olqhv lq Ilj1 4f,1 Zh dvvxph khuh �i | wr eh wkh wrwdo  x{ lq wkh
orrs +wkh vpdoo vhoi0jhqhudwhg  x{ gxh wr wkh shuvlvwhqw fxuuhqwv ohdgv
wr d frqvwdqw orzhulqj ri wkh hqhujlhv/ exw wkh furvvlqj uhpdlqv dw �

2�f,1
Wkh v|vwhp fdq eh slfwxuhg dv d sduwlfoh zlwk d pdvv sursruwlrqdo wr
F lq wkh Mrvhskvrq srwhqwldo> wkh hohfwurvwdwlf hqhuj| lv wkh sduwlfoh*v
nlqhwlf hqhuj|1 Wkh fkdujlqj h�hfwv duh frqmxjdwh wr wkh Mrvhskvrq
h�hfw1 Iru orz0fdsdflwdqfh mxqfwlrqv +vpdoo pdvv, txdqwxp wxqqholqj
ri wkh sduwlfoh wkurxjk wkh eduulhu jlyhv d wxqqho frxsolqj w ehwzhhq
wkh shuvlvwhqw0fxuuhqw vwdwhv1 Lq wkh suhvhqfh ri txdqwxp wxqqholqj dqg
iru Ha@H�0ydoxhv ehwzhhq 43 dqg 433/ wkh v|vwhp vkrxog kdyh wzr orz0
hqhuj| txdqwxp ohyhov Hf dqg H�/ zklfk fdq eh ghvfulehg xvlqj d vlpsoh

txdqwxp wzr0ohyho slfwxuh ^;/ <`/ HfE�� @ �+.,

u
w2 .

�
LT+�i | �

�
2�f,

�2
1

Wkh orrs*v ohyho vhsdudwlrq �H @ H� �Hf lv wkhq

�H @

v
+5w,2 .

�
5LT+�i | �

4

5
�f,

�2
= +414,
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Iljxuh 5 +d, Fxuuhqw0yrowdjh fkdudfwhulvwlf +lqvhw, dqg vzlwfklqj0fxuuhqw klvwrjudp
ri wkh xqghugdpshg GF0VTXLG1 Wkh UM�@t0ohyho zkhuh wkh VTXLG vzlwfkhv iurp wkh
vxshufxuuhqw eudqfk wr d �qlwh yrowdjh vwdwh �wkh vzlwfklqj fxuuhqw U5`� lv d phdvxuh
iru wkh  x{ lq wkh orrs ri wkh GF0VTXLG1 Wkh klvwrjudp lq wkh pdlq sorw vkrzv wkdw
wkh yduldqfh lq U5` lv pxfk odujhu wkdq wkh  x{ vljqdo ri wkh lqqhu orrs*v shuvlvwhqw
fxuuhqw/ zklfk jlyhv d vkliw lq U5` ri derxw 4 qD1 +e, Wkh lqvhw vkrzv wkh prgxodwlrq
ri U5` yhuvxv wkh  x{ x5"NW# dssolhg wr wkh GF0VTXLG orrs +gdwd qrw dyhudjhg/ rqh
srlqw shu vzlwfklqj hyhqw,1 Wkh pdlq �jxuh vkrzv wkh dyhudjhg ohyho ri U5` +vrolg
olqh, qhdu x5"NW# ' f�.Sxf1 Dw wklv srlqw wkh  x{ lq wkh lqqhu orrs xi | E

�
2
xf1

Wkh urxqghg vwhs dw xi | '
�
2
xf lqglfdwhv wkh fkdqjh ri vljq lq wkh shuvlvwhqw fxuuhqw

ri wkh orrs*v jurxqg vwdwh1 Lq wkh suhvhqfh ri frqwlqxrxv0zdyh plfurzdyhv +khuh
81;<8 JK}, d shdn dqg d gls dsshdu lq wkh vljqdo/ v|pphwulfdoo| durxqg �

2
xf1 Wkh

edfnjurxqg vljqdo ri wkh GF0VTXLG wkdw uhvxowv iurp  x{ gluhfwo| dssolhg wr lwv orrs
+gdvkhg olqh, lv vxewudfwhg iurp wkh gdwd suhvhqwhg lq Iljv1 6d dqg 7d1

�� 
��
���
���� �
���������

Wkh v|vwhpzdv uhdol}hg e| plfurideulfdwlqj dq doxplqxpplfurphwhu0
vl}hg orrs zlwk xqvkxqwhg Mrvhskvrq mxqfwlrqv +Ilj1 4d,1 Wkh vdpsoh
frqvlvwhg ri d 8 { 8 �p2 doxplqxp orrs zlwk doxplqxp0r{lgh wxq0
qho mxqfwlrqv/ plfurideulfdwhg zlwk h0ehdp olwkrjudsk| dqg vkdgrz0
hydsrudwlrq whfkqltxhv rq d VlR2 vxevwudwh1 Wkh hohfwurghv ri wkh orrs
zhuh 783 qp zlgh dqg ;3 qp wklfn1 Wkh GF0VTXLG pdjqhwrphwhu zdv
ideulfdwhg lq wkh vdph od|hu durxqg wkh lqqhu orrs/ zlwk d : { : �p2 orrs
dqg vpdoohu Mrvhskvrq mxqfwlrqv wkdw zhuh dv xqghugdpshg dv wkh mxqf0
wlrqv ri wkh lqqhu orrs1 Wkh GF0VTXLG kdg dq rq0fkls vxshufrqgxfwlqj
vkxqw fdsdflwdqfh ri 5 sI dqg vxshufrqgxfwlqj ohdgv lq irxu0srlqw frq0
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�jxudwlrq1 Wkh vdpsoh zdv prxqwhg lq d gloxwlrq uhiuljhudwru/ lqvlgh
d plfurzdyh0wljkw frsshu phdvxuhphqw er{/ pdjqhwlfdoo| vklhoghg e|
wzr px0phwdo dqg rqh vxshufrqgxfwlqj vklhog1 Doo vshfwurvfrs| phd0
vxuhphqwv zhuh wdnhq zlwk wkh whpshudwxuh vwdelol}hg dw 63	 3=38 pN1
Plfurzdyhv zhuh dssolhg wr wkh vdpsoh e| d frd{ldo olqh/ zklfk zdv
vkruwhg dw wkh hqg e| d vpdoo orrs ri 8 pp gldphwhu1 Wklv orrs zdv
srvlwlrqhg sdudooho wr wkh vdpsoh sodqh dw derxw 4 pp glvwdqfh1 Vzlwfk0
lqj fxuuhqwv zhuh phdvxuhg zlwk ghglfdwhg hohfwurqlfv/ zlwk uhshwlwlrq
udwhv xs wr < nK} dqg eldv fxuuhqwv udpshg dw w|slfdoo| 4 �D2pv +ixu0
wkhu ghwdlov ri wkh ideulfdwlrq dqg h{shulphqwdo whfkqltxhv fdq eh irxqg
lq Uhi1 ^56`,1 Orrs sdudphwhuv hvwlpdwhg iurp whvw mxqfwlrqv ideulfdwhg
rq wkh vdph fkls dqg hohfwurq0plfurvfrsh lqvshfwlrq ri wkh phdvxuhg
ghylfh jlyh LT @ 783 	 83 qD/ � @ 3=;5 	 3=4/ F @ 5=9 	 3=7 iI iru
wkh odujhvw mxqfwlrqv lq wkh orrs/ jlylqj Ha@H� @ 6; 	 ;1 Gxh wr wkh
h{srqhqwldo ghshqghqfh ri wkh wxqqho frxsolqj w rq wkh pdvv +F, dqg
wkh vl}h ri wkh wxqqho eduulhu/ wkhvh sdudphwhuv doorz iru d ydoxh iru w@k
ehwzhhq 315 dqg 8 JK}1 Wkh sdudphwhuv ri wkh GF0VTXLG mxqfwlrqv
zhuh L�f @ 43< 	 8 qD dqg F @ 3=9 	 3=4 iI1 Wkh vhoi lqgxfwdqfh ri
wkh lqqhu orrs dqg wkh GF0VTXLG orrs zhuh qxphulfdoo| hvwlpdwhg wr
eh 44 	 4 sK dqg 49 	 4 sK uhvshfwlyho|/ dqg wkh pxwxdo lqgxfwdqfh
ehwzhhq wkh orrs dqg wkh VTXLG zdv :	 4 sK1
Wkh  x{ lq wkh GF0VTXLG zdv phdvxuhg e| udpslqj d eldv fxu0

uhqw wkurxjk wkh GF0VTXLG dqg uhfruglqj wkh fxuuhqw ohyho L5` zkhuh
wkh VTXLG vzlwfkhv iurp wkh vxshufxuuhqw eudqfk wr d �qlwh yrowdjh
+Ilj1 5d,1 Wudfhv ri wkh orrs*v  x{ vljqdo zhuh uhfrughg e| frqwlqxrxvo|
uhshdwlqj vzlwfklqj0fxuuhqw phdvxuhphqwv zkloh vorzo| vzhhslqj wkh  x{
�i | +Ilj1 5e,1 Wkh phdvxuhg  x{ vljqdo iurp wkh lqqhu orrs zloo eh suh0
vhqwhg dv �L5`/ zklfk lv gluhfwo| ghgxfhg iurp wkh udz vzlwfklqj0fxuuhqw
gdwd/ dv ghvfulehg lq wkh iroorzlqj wkuhh srlqwv=
4, Ehfdxvh wkh yduldqfh lq L5` zdv pxfk odujhu wkdq wkh vljqdwxuh iurp
wkh orrs*v  x{ +Ilj1 5d, zh dssolhg orz0sdvv IIW0�owhulqj lq �i |0vsdfh
+ryhu 43. vzlwfklqj hyhqwv iru wkh kljkhvw wudfh/ dqg 5 � 43H hyhqwv iru
wkh orzhvw wudfh lq Ilj1 6d,1
5, E| dsso|lqj �i | zh dovr dsso|  x{ gluhfwo| wr wkh GF0VTXLG1 Wkh
uhvxowlqj edfnjurxqg vljqdo +gdvkhg olqh lq Ilj1 5e, zdv vxewudfwhg1
6, Dsso|lqj plfurzdyhv dqg fkdqjlqj wkh vdpsoh whpshudwxuh lq xhqfhg
wkh vzlwfklqj fxuuhqw ohyhov vljql�fdqwo|1 Wr pdnh wkh  x{ vljqdo ri
doo gdwd vhwv frpsdudeoh zh vfdohg doo gdwd vhwv wr L5` @ 433 qD dw
�i | @

�
2
�f1 Gdwd wdnhq lq wkh suhvhqfh ri plfurzdyhv frxog rqo| eh

rewdlqhg dw vshfl�f iuhtxhqflhv zkhuh L5` zdv qrw vwurqjo| vxssuhvvhg
e| wkh plfurzdyhv1 Dw whpshudwxuhv deryh 633 pN guliw lq wkh L5`0ohyho
gxh wr wkhupdo lqvwdelolwlhv ri wkh uhiuljhudwru revfxuhg wkh vljqdo1
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Iljxuh 6 +d, Uhvrqdqfh olqhv lq wudfhv ri wkh vfdohg vzlwfklqj fxuuhqw �U5` yhuvxv
xi |/ phdvxuhg dw gl�huhqw plfurzdyh iuhtxhqflhv s +odehov rq wkh uljkw,1 +e, Kdoi
wkh glvwdqfh lq xi | ehwzhhq wkh uhvrqdqw shdn dqg gls {xhit dw gl�huhqw plfurzdyh
iuhtxhqflhv s 1 Shdn dqg gls srvlwlrqv duh ghwhuplqhg iurp wudfhv dv lq Ilj1 6d1 Wkh
lqvhw }rrpv lq rq wkh orz iuhtxhqf| gdwd srlqwv1 Wkh juh| olqh lv d olqhdu �w wkurxjk
wkh kljk iuhtxhqf| gdwd dqg }hur1 Wkh eodfn olqh lv d �w ri +4,1

�� �
�
���

Iljv1 5e dqg 6d vkrz wkh  x{ vljqdo ri wkh lqqhu orrs/ phdvxuhg
lq wkh suhvhqfh ri orz0dpsolwxgh frqwlqxrxv0zdyh plfurzdyhv dw gl�hu0
hqw iuhtxhqflhv i 1 Wkh urxqghg vwhs lq hdfk wudfh dw �

2
�f lv gxh wr

wkh fkdqjh lq gluhfwlrq ri wkh shuvlvwhqw fxuuhqw ri wkh orrs*v jurxqg
vwdwh +vhh dovr Ilj1 4f,1 V|pphwulfdoo| durxqg �i | @

�
2
�f hdfk wudfh

vkrzv d shdn dqg d gls/ zklfk zhuh devhqw zkhq qr plfurzdyhv zhuh
dssolhg1 Wkh srvlwlrqv ri wkh shdnv dqg glsv lq �i | ghshqg rq pl0
furzdyh iuhtxhqf| exw qrw rq dpsolwxgh1 Wkh shdnv dqg glsv uhvxow
iurp plfurzdyh0lqgxfhg wudqvlwlrqv wr wkh vwdwh zlwk d shuvlvwhqw fxu0
uhqw ri rssrvlwh vljq1 Wkhvh rffxu zkhq wkh ohyho vhsdudwlrq lv uhvrqdqw
zlwk wkh plfurzdyh iuhtxhqf|/ �H @ ki 1
Lq Ilj1 6e kdoi wkh glvwdqfh lq �i | ehwzhhq wkh uhvrqdqw shdn dqg

gls ��hit lv sorwwhg iru doo wkh iuhtxhqflhv i 1 Wkh uhodwlrq ehwzhhq �H
dqg �i | lv olqhdu iru wkh kljk0iuhtxhqf| gdwd1 Wklv jlyhv LT @ 7;7	 5

qD/ lq jrrg djuhhphqw zlwk wkh suhglfwhg ydoxh1 Dw orzhu iuhtxhqflhv
��hit vljql�fdqwo| ghyldwhv iurp wklv olqhdu uhodwlrq/ ghprqvwudwlqj wkh
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Iljxuh 7 +d, �U5` yhuvxv xi |/ phdvxuhg dw gl�huhqw whpshudwxuhv A +odehov rq wkh
uljkw,1 Qr plfurzdyhv zhuh dssolhg1 Wkh vwhs lq �U5` eurdghqv zlwk whpshudwxuh1 +e,
Wkh zlgwk ri wkh vwhs dv d ixqfwlrq ri whpshudwxuh1 Wkh kdoi0zlgwk0kdoi0vwhs +KZKV,
lv gh�qhg dv wkh glvwdqfh lq xi | iurp

�
2
xf wr wkh srlqw zkhuh wkh dpsolwxgh ri wkh

vwhs lv kdoi frpsohwhg1 Wkh vrolg olqh lv wkh fdofxodwhg KZKV iru wkhupdoo| pl{hg
ohyhov/ xvlqj +4, dqg wkh UT dqg |0ydoxh iurp wkh vshfwurvfrs| uhvxowv/ zlwk d vdwxudwlqj
zlgwk rq wkh vfdoh ri | dw orz whpshudwxuhv1

suhvhqfh ri d �qlwh wxqqho vsolwwlqj dw �i | @
�
2
�f1 D �w wr Ht1 +4,

|lhogv w@k @ 3=66 	 3=36 JK}/ lq djuhhphqw zlwk wkh hvwlpdwh iurp
ideulfdwlrq sdudphwhuv1 Wkh ohyho vhsdudwlrq yhu| forvh wr �

2
�f frxog

qrw eh phdvxuhg gluhfwo| vlqfh dw wklv srlqw wkh h{shfwdwlrq ydoxh iru
wkh shuvlvwhqw fxuuhqw lv }hur iru erwk wkh jurxqg vwdwh dqg wkh h{flwhg
vwdwh +Ilj1 4f,1 Qhyhuwkhohvv/ wkh qduurz uhvrqdqfh olqhv doorz iru dq
dffxudwh pdsslqj ri wkh ohyho vhsdudwlrq qhdu �

2
�f/ dqg wkh revhuyhg

wxqqho vsolwwlqj jlyhv fohdu hylghqfh iru txdqwxp vxshusrvlwlrqv ri wkh
shuvlvwhqw0fxuuhqw vwdwhv1 Wkh odujh xqfhuwdlqw| lq wkh suhglfwhg w0ydoxh
grhv qrw doorz iru d txdqwlwdwlyh dqdo|vlv ri d srvvleoh vxssuhvvlrq ri w
gxh wr d frxsolqj ehwzhhq rxu wzr0ohyho v|vwhp dqg d ervrqlf hqylurq0
phqw ^57` ru d vslq0edwk hqylurqphqw ^58/ 59`1 Krzhyhu/ wkh idfw wkdw zh
vhh d �qlwh wxqqho vsolwwlqj lqglfdwhv wkdw wkh gdpslqj ri rxu txdqwxp
v|vwhp e| hqylurqphqwdo ghjuhhv ri iuhhgrp lv zhdn1 Wkh glphqvlrqohvv
glvvlsdwlrq sdudphwhu � lqwurgxfhg e| Ohjjhww hw do1 ^57` pxvw eh � ? 41
Wkh zlgwk ri wkh urxqghg vwhsv lq wkh phdvxuhg  x{ lq Iljv1 5e dqg

6d lv pxfk eurdghu wkdq h{shfwhg iurp txdqwxp urxqglqj rq wkh vfdoh
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ri wkh ydoxh ri w wkdw zdv irxqg zlwk vshfwurvfrs| +vhh dovr Ilj1 4f,1 Wkh
whpshudwxuh ghshqghqfh ri wkh vwhs zlgwk suhvhqwhg lq Ilj1 7 frq�upv
wkdw wkh vwhs zlgwk KZKV +gh�qhg lq wkh fdswlrq ri Ilj1 7e, lv wrr zlgh
dw orz whpshudwxuhv W 1 Dw whpshudwxuhv deryh 433 pN wkh vwhs zlgwk lv
lq djuhhphqw zlwk wkh wkhupdoo| dyhudjhg h{shfwdwlrq ydoxh iru wkh shu0

vlvwhqw fxuuhqw ? L|� A@ LT wdqk
�

{.
2&�A

�
+n� lv Erow}pdqq*v frqvwdqw,/

zkhuh zh xvh wkh ohyho vhsdudwlrq �H dqg LT irxqg zlwk vshfwurvfrs|1
Krzhyhu/ zkhq orzhulqj wkh whpshudwxuh wkh revhuyhg vwhs zlgwk vdwx0
udwhv dw dq h�hfwlyh whpshudwxuh ri derxw 433 pN1 Zh fkhfnhg wkdw wkh
h�hfwlyh whpshudwxuh iru wkh VTXLG*v vzlwfklqj hyhqwv glg qrw vdwxudwh
dw wkh orzhvw whpshudwxuhv1 Wkh kljk h�hfwlyh whpshudwxuh ri wkh orrs
lv d uhvxow ri wkh orrs ehlqj lq d qrq0htxloleulxp vwdwh1 Frrolqj wkh vdp0
soh orqjhu diwhu wkh glvvlsdwlyh vzlwfklqj hyhqwv glg qrw pdnh wkh vwhs
qduurzhu1 Wkh vwhs zlgwk dw W @ 63 pN zdv phdvxuhg zlwk 433 �v dqg
83 pv ghdg wlph ehwzhhq vzlwfklqj hyhqwv/ exw qr vljql�fdqw gl�huhqfhv
zhuh irxqg1 Wklv lqglfdwhv wkdw wkh rxw0ri0htxloleulxp srsxodwlrq ri wkh
h{flwhg vwdwh lv fdxvhg e| wkh phdvxuhphqw surfhvv zlwk wkh VTXLG
ru rwkhu zhdno| frxsohg h{whuqdo surfhvvhv/ lq frpelqdwlrq zlwk d orqj
wlph vfdoh iru frrolqj wkh v|vwhp wr htxloleulxp +dv fdq eh h{shfwhg vlqfh
lw lv yhu| zhoo lvrodwhg iurp wkh hqylurqphqw,1 Qrwh wkdw wkh revhuyhg
olqh zlgwk dqg wkh ohyho vhsdudwlrq qhdu �

2
�f duh vpdoo frpsduhg wr wkh

h�hfwlyh whpshudwxuh ri 433 pN1 Vloyhvwulql hw do1 ^5:` vkrzhg wkdw wklv
fdq eh wkh fdvh lq d Mrvhskvrq mxqfwlrq v|vwhp zkhq wkh wudqvlwlrqv
ehwzhhq wkh ohyhov rffxu pxfk idvwhu wkdq wkh wkhupdo pl{lqj wlph/ d
skhqrphqd wkdw lv dovr zhoo nqrzq iurp h1 j1 urrp0whpshudwxuh QPU
rq oltxlgv1

�� �����
����

Zh kdyh suhvhqwhg fohdu hylghqfh wkdw d txdqwxp vxshusrvlwlrq ri wzr
pdfurvfrslf shuvlvwhqw fxuuhqwv fdq rffxu lq d vpdoo Mrvhskvrq mxqfwlrq
orrs1 Hyhq wkrxjk wkh phdvxulqj GF0VTXLG lv frqwulexwlqj vljqli0
lfdqwo| wr wkh ghfrkhuhqfh ri rxu v|vwhp +vhh dovr Uhi1 ^44`,/ lw zdv
srvvleoh wr ghwhfw wkh vxshusrvlwlrq vwdwhv vlqfh wkh VTXLG zdv rqo|
zhdno| frxsohg wr wkh orrs1 Wkh suhvhqw uhvxowv ghprqvwudwh wkh srwhq0
wldo ri wkuhh0mxqfwlrq shuvlvwhqw0fxuuhqw orrsv iru uhvhdufk rq pdfurvfrslf
txdqwxp frkhuhqfh dqg txdqwxp frpsxwdwlrq1

������� !"# �$%

Zh wkdqn M1 E1 Pdmhu/ D1 F1 Zdoodvw/ O1 Wldq/ G1 V1 Fudqnvkdz/ M1 Vfkplgw/

D1 Zdooud� dqg O1 Ohylwry iru khos dqg vwlpxodwlqj glvfxvvlrqv1 Wklv zrun zdv �0

qdqfldoo| vxssruwhg e| wkh Gxwfk Irxqgdwlrq iru Ixqgdphqwdo Uhvhdufk rq Pdwwhu
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+IRP,/ wkh Hxurshdq WPU uhvhdufk qhwzrun rq vxshufrqgxfwlqj qdqrflufxlwv +VXS0

QDQ,/ wkh XVD Dup| Uhvhdufk R!fh +judqw GDDJ880<;040369<, dqg wkh QHGR

mrlqw uhvhdufk surjudp +QWGS0<;,1

� & ' �� %

^4` S1 Z1 Dqghuvrq/ lq Ohfwxuhv rq wkh Pdq|0Erg| Sureohp/ H1 U1 Fd0
ldqlhoor/ Hg1 +Dfdghplf Suhvv/ Qhz \run/ 4<97,/ yro1 5/ ss1 44604681

^5` D1 M1 Ohjjhww/ Surj1 Wkhru1 Sk|v1 Vxsso1 9</ ;3 +4<;3,1

^6` N1 N1 Olnkduhy/ Vry1 Sk|v1 Xvs1 59/ ;: +4<;6,1

^7` Z1 K1 ]xuhn/ Sk|v1 Wrgd| 77/ 69 +Rfwrehu 4<<4,1

^8` D1 M1 Ohjjhww/ D1 Jduj/ Sk|v1 Uhy1 Ohww1 87/ ;8: +4<;8,1

^9` P1 I1 Erfnr hw do1/ LHHH Wudqv1 Dsso1 Vxshufrqg1 :/ 696; +4<<:,1

^:` O1 E1 Lr�h hw do1/ Qdwxuh 6<;/ 9:< +4<<<,1

^;` M1 H1 Prrlm hw do1/ Vflhqfh 5;8/ 4369 +4<<<,1

^<` W1 S1 Ruodqgr hw do1/ Sk|v1 Uhy1 E1 93/ 486<; +4<<<,1

^43` Zh dfnqrzohgjh wkdw wkh uhvxowv suhvhqwhg khuh gr qrw h{foxgh do0
whuqdwlyh wkhrulhv iru txdqwxp phfkdqlfv +h1 j1 pdfur0uhdolvwlf wkh0
rulhv,1 Wklv zrxog uhtxluh d w|sh ri h{shulphqw dv sursrvhg e|
Ohjjhww hw do1 ^8`1

^44` F1 K1 ydq ghu Zdo hw do1/ vxeplwwhg wr Vflhqfh1

^45` M1 U1 Iulhgpdq hw do1/ Qdwxuh 739/ 76 +5333,1

^46` U1 Urxvh/ V1 Kdq/ M1 H1 Oxnhqv/ Sk|v1 Uhy1 Ohww1 :8/ 4947 +4<<8,1

^47` F1 Frvphool hw do1/ Sk|v1 Uhy1 Ohww1 ;5/ 868: +4<<<,1

^48` V1 Kdq/ U1 Urxvh/ M1 H1 Oxnhqv/ Sk|v1 Uhy1 Ohww1 ;7/ 4633 +5333,1

^49` Z1 Zhuqvgruihu/ U1 Vhvvrol/ Vflhqfh 5;7/ 466 +4<<<,1

^4:` P1 Duqgw hw do1/ Qdwxuh 734/ 9;3 +4<<<,1

^4;` W1 K1 Rrvwhundps hw do1/ Qdwxuh 6<8/ ;:6 +4<<;,1

^4<` \1 Qdndpxud hw do1/ Sk|v1 Uhy1 Ohww1 :</ 565; +4<<:,1

^53` Y1 Erxfkldw hw do1/ Sk|v1 Vfu1 W:9/ 498 +4<<;,1

^54` G1 M1 Iohhv/ V1 Kdq/ M1 H1 Oxnhqv/ M1 Vxshufrqg1 45/ ;46 +4<<<,1

^55` \1 Qdndpxud/ \x1 D1 Sdvknlq/ M1 V1 Wvdl/ Qdwxuh 6<;/ :;9 +4<<<,1

^56` F1 K1 ydq ghu Zdo/ M1 H1 Prrlm/ M1 Vxshufrqg1 45/ ;3: +4<<<,1

^57` D1 M1 Ohjjhww hw do1/ Uhy1 Prg1 Sk|v1 8</ 4 +4<;:,1

^58` Q1 Surnri*hy/ S1 Vwdps/ Uhs1 Surj1 Sk|v1 96/ 99< +5333,1

^59` O1 Wldq hw do1/ wr eh sxeolvkhg> frqg0pdw2<<433951

^5:` S1 Vloyhvwulql hw do1/ Sk|v1 Uhy1 Ohww1 :</ 6379 +4<<:,1
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Abstract. We discuss the relaxation and dephasing rates that result from the control and the measurement
setup itself in experiments on Josephson persistent-current qubits. For control and measurement of the
qubit state, the qubit is inductively coupled to electromagnetic circuitry. We show how this system can be
mapped on the spin-boson model, and how the spectral density of the bosonic bath can be derived from
the electromagnetic impedance that is coupled to the qubit. Part of the electromagnetic environment is
a measurement apparatus (DC-SQUID), that is permanently coupled to the single quantum system that
is studied. Since there is an obvious conflict between long coherence times and an efficient measurement
scheme, the measurement process is analyzed in detail for different measurement schemes. We show, that
the coupling of the measurement apparatus to the qubit can be controlled in situ. Parameters that can be
realized in experiments today are used for a quantitative evaluation, and it is shown that the relaxation and
dephasing rates that are induced by the measurement setup can be made low enough for a time-resolved
study of the quantum dynamics of Josephson persistent-current qubits. Our results can be generalized as
engineering rules for the read-out of related qubit systems.

PACS. 03.67.Lx Quantum computation – 05.40.-a Fluctuation phenomena, random processes, noise,
and Brownian motion – 74.50.+r Proximity effects, weak links, tunneling phenomena, and Josephson
effects – 85.25.Dq Superconducting quantum interference devices (SQUIDs)

1 Introduction

The dynamics of electromagnetic circuits and other
macroscopic objects is usually well described by classi-
cal laws; quantum coherent phenomena like superposition
states are usually not observed in macroscopic systems.
The founders of the quantum mechanical theory already
recognized that there is in fact a conflict between a
straight forward extrapolation of quantum mechanics to
a macroscopic scale, and the laws of classical physics that
govern the macroscopic world. In particular, this concerns
the possibility of quantum superpositions of collective co-
ordinates (i.e. center-of-mass-like coordinates) of objects
that are much bigger than the atomic scale. These difficul-
ties were first presented by Schrödinger [1], and are now
known as Schrödinger’s cat paradox. Schrödinger’s discus-
sion of the cat in the box was clearly meant as a gedanken
experiment. Only several decades later, after the discovery
of the Josephson effect, it was recognized that the validity

a Present address: Department of Physics, Harvard Univer-
sity, 17 Oxford Street, Cambridge, MA 02138, USA

b Present address: Sektion Physik and CeNS, Ludwig-
Maximilians Universität, Theresienstr. 37, 80333 Munich,
Germany
e-mail: wilhelm@theorie.physik.uni-muenchen.de

of quantum mechanics for a macroscopic degree of freedom
could be tested in real experiments [2].

In 1980, Leggett pointed out that cryogenic and mi-
crofabrication technologies had advanced to a level where
macroscopic Schrödinger’s cat states could possibly be re-
alized in small superconducting loops that contain Joseph-
son tunnel junctions [3,4]. In such systems, the Josephson
phase (or equivalently, the persistent supercurrent in the
loop) is a collective coordinate for the Cooper-pair con-
densate, and it is conjugate to a variable which describes
the charge difference across the Josephson tunnel junc-
tion. However, while the analysis of the isolated quantum
system shows that superpositions of the macroscopic co-
ordinates might very well occur in these loops, it is by
no means obvious that such behavior can also be demon-
strated experimentally. Such superposition states are ex-
tremely fragile, reflecting the tendency of macroscopic sys-
tems towards classical behavior. Besides decoherence from
a weak coupling to the environmental degrees of freedom
inside the solid-state device (which is believed to be very
much suppressed at low temperatures due to the energy
gap for quasiparticle excitations in superconductors), also
the fact that the loop is not isolated but permanently
placed in an experimental setup may hinder attempts
to study macroscopic quantum coherence. Nevertheless,
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interesting results with evidence for macroscopic quantum
tunneling, energy level quantization and coherent dynam-
ics between quantum levels were obtained with systems
where the Josephson phase coordinate is trapped in a
metastable well (for an overview see [5–10]). Also with
systems where the energy scale for single-charge effects
is higher than, or comparable to the energy scale for the
Josephson effect, quantum coherent dynamics has recently
been demonstrated [11,12]. In Josephson junction loops,
quantum superposition states of persistent currents have
been demonstrated spectroscopically [13,14]. However,
time-resolved experiments that prove quantum-coherent
oscillations between macroscopically-distinct persistent-
currents states in the sense of reference [4] have not been
reported yet.

Whether such experiments can be realized at all has
been intensively discussed in the literature [15], with-
out consensus being reached. However, a detailed analysis
with estimates based on measurement techniques that can
be realized in experiments today, has been discussed very
little. The quantum coherent dynamics observed with the
other Josephson junction systems (such as Cooper pair
boxes [11,12] or single junctions [9,10]), indicates that it
might be possible to obtain similar experimental results
with Josephson persistent-current loops. Efforts in this
direction were stimulated by the prospect that it might
be possible to realize a quantum computer with supercon-
ducting Josephson devices [16–21]. An important advan-
tage of a Josephson quantum computer would be that,
if accurate quantum coherent control of elementary units
would be possible, it would be a system that can be ex-
tended to one containing a very large number of quan-
tum bits (qubits). The large size of the qubits allows for
individual (local) control and readout of the qubits and
qubit-qubit couplings.

In this article we analyze the feasibility of demon-
strating quantum coherent dynamics of Josephson persis-
tent currents with experimental techniques for manipulat-
ing and reading qubit states that can be realized in the
laboratories today (i.e. assuming the available techniques
for device fabrication, cryogenics, microwave applications
and electronic filtering). Such mesoscopic solid-state ex-
periments suffer from the fundamental difficulty that one
cannot avoid that an electronic measuring device is per-
manently coupled to the single quantum system that is
studied [22]. We will not consider future measurement
techniques which may couple less directly to the qubit.
A meter must be present in any useful experiment, and,
unlike experiments with for instance photons, this means
that a measuring device must be permanently located very
close to the solid-state quantum bit (e.g. fabricated on the
same chip). With such a setup, there is obviously a conflict
between an efficient measurement scheme with a strong
measurement, and long decoherence times in the quan-
tum system that is studied. For successful experiments in
this direction, a detailed understanding of the measure-
ment scheme is therefore needed such that the decoher-
ence that is induced by the setup itself can be reduced to
an acceptable level.

Obviously, there exist many other sources of decoher-
ence for Josephson qubits that one should worry about
as well. The critical current of the junctions may show
telegraph noise [23], which would give rise to decoherence
similar to what is described in reference [24]. Moreover, it
has been stressed that a very high number of spin degrees
of freedom is usually present in the solid state environ-
ment that may decohere Josephson qubits (see the work
by Prokof’ev and Stamp [25,26] on the spin-bath, and
reference [27] for estimates for persistent-current qubits).
Another example is decoherence from quasiparticles that
effectively shunt the junction [28]. These effects themselves
are very interesting for further study. However, a study of
for example the dephasing due to spin impurities remains
impossible as long a reliable and well-understood mea-
surement scheme for the loop’s quantum dynamics is not
available. Therefore, we will concentrate here on dephas-
ing and mixing due to the experimental wiring and the
measurement scheme itself.

Our analysis mainly focuses on experiments with the
three-junction persistent-current qubit proposed by Mooij
et al., [14,19,20], in a setup where they are measured by
underdamped DC-SQUID magnetometers (in this article
we will reserve the word SQUID for the measuring DC-
SQUID (Fig. 1a), and not use it for the three-junction
qubit (Fig. 1, center)). The decohering influence of the
inductively coupled DC-SQUID is analyzed as well as de-
coherence that results from inductive coupling to on-chip
control lines for applying microwave signals and local mag-
netic fields. Model descriptions of the experimental setup
will be mapped on the spin-boson model, such that we
can use expressions for the relaxation and dephasing rates
from the spin-boson literature. The typical experimental
situations will be described quite extensively to justify the
models and the approximations used. The results will be
worked out quantitatively, and we will evaluate whether
we can realize mixing and dephasing rates that are com-
patible with measurement schemes based on DC-SQUIDs.
The design criteria developed in this work are more gen-
eral and should also be of interest for experiments on loops
with a single Josephson junction [13], and quantum cir-
cuits where the charge degree of freedom is measured,
as Josephson charge quantum bits [18,21] and quantum
dots [29]. In a more general context the value of this work
is that it presents in detail an example of a measurement
process on a single quantum system in which the deco-
herence enhances with increasing measurement strength.
The issues discussed here are an example of experimen-
tal difficulties that will unavoidably play a role in many
realizations of quantum computers.

1.1 Outline

In Section 2 we will summarize a theoretical description
of the Josephson persistent-current qubit, and the spin-
boson theory that will be applied in our analysis. Section 3
presents a description of the measurement process with
the DC-SQUIDs, and a typical scheme for coupling the
qubit to the on-chip control lines. In Section 4 we work out
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qubit

Fig. 1. Experimental setup for measurements on a Joseph-
son persistent-current qubit. The qubit (center) is a super-
conducting loop that contains three Josephson junctions. It is
inductively coupled to a DC-SQUID (a), and superconducting
control lines for applying magnetic fields at microwave frequen-
cies (b) and static magnetic fields (c). The DC-SQUID is re-
alized with an on-chip shunt circuit with impedance Zsh. The
circuits a)–c) are connected to filtering and electronics (not
drawn).

the qubit’s relaxation and dephasing rate that result from
the coupling to a switching DC-SQUID. This is worked out
quite extensively and the definitions presented in this sec-
tion are also used in Section 5. Two measurement scenar-
ios with different types of electromagnetic shunt circuits
for the DC-SQUID will be compared. A short analysis of
the decoherence due to the coupling to on-chip control
lines is presented in Section 5. Section 6 presents a few
control techniques that can improve decoherence rates.

2 Qubit Hamiltonian and theory
for relaxation and dephasing

This work aims at calculating relaxation (mixing) rates
and dephasing (decoherence) rates for a Josephson
persistent-current qubit which result from its inductive
coupling to the measurement setup. The measurement
setup is formed by a DC-SQUID and control lines, which
are attached to leads and coupled to filters and electron-
ics (Fig. 1). This setup will be modeled as a macroscopic
quantum two-level system (central spin) that is coupled
to a linear electromagnetic impedance Zt(ω), where ω the
angular frequency. The impedance Zt(ω) forms an oscil-
lator bath and can be described by a set of LC oscilla-
tors. This allows for mapping the problem on the spin-
boson model: a central spin-1

2 system that is coupled to
a bosonic bath [30,31]. The parameters of the bath will
be derived from the Johnson-Nyquist noise from Zt(ω). In
this section we will first introduce the qubit Hamiltonian
and physical properties of the qubit, and then summarize
the spin-boson expressions for relaxation and dephasing.

2.1 Qubit properties and Hamiltonian

The three-Josephson junction qubit [19,20,14] is a low-
inductance superconducting loop which contains three
Josephson tunnel junctions (Fig. 1). By applying an ex-
ternal flux Φq a persistent supercurrent can be induced
in the loop. For values where Φq is close to a half-integer
number of superconducting flux quantums Φ0, two states
with persistent currents of opposite sign are nearly degen-
erate but separated by an energy barrier. We will assume
here that the system is operated near Φq = 1

2Φ0. Classi-
cally, the persistent currents have here a magnitude Ip.
Tunneling through the barrier causes a weak coupling be-
tween the two states, and at low energies the loop can
be described by a Hamiltonian in the form of a two-level
system [19,20,14],

Ĥq =
ε

2
σ̂z +

∆

2
σ̂x, (1)

where σ̂z and σ̂x are Pauli spin operators. The two eigen
vectors of σ̂z correspond to states that have a left or a
right circulating current and will be denoted as |L〉 and
|R〉. The energy bias ε = 2Ip(Φq − 1

2Φ0) is controlled by
the externally applied field Φq. We follow [32] and define
∆ as the tunnel splitting at Φq = 1

2Φ0, such that ∆ =
2W with W the tunnel coupling between the persistent-
current states. This system has two energy eigen values
± 1

2

√
∆2 + ε2, such that the level separation ν gives

ν =
√

∆2 + ε2. (2)

In general ∆ is a function of ε. However, it varies on
the scale of the single junction plasma frequency, which
is much above the typical energy range at which the qubit
is operated, such that we can assume ∆ to be constant for
the purpose of this paper.

In the experiments Φq can be controlled by applying a
magnetic field with a large superconducting coil at a large
distance from the qubit, but for local control one can apply
currents to superconducting control lines, fabricated on-
chip in the direct vicinity of the qubit. The qubit’s quan-
tum dynamics will be controlled with resonant microwave
pulses (i.e. by Rabi oscillations). The proposed operation
point is at ε ≈ 5∆, which was analyzed to be a good
trade-off between a system with significant tunneling, and
a system with σz-like eigen states that can be used for
qubit-qubit couplings and measuring qubit states [19,20].
For optimal microwave control the qubit will be placed in
a small off-resonant cavity, and the microwave signals will
be applied through on-chip superconducting control lines
(i.e. the magnetic component of the fields from microwave
currents will be used). The qubit has a magnetic dipole
moment as a result of the clockwise or counter-clockwise
persistent current The corresponding flux in the loop is
much smaller than the applied flux Φq, but large enough
to be detected with a SQUID. This will be used for mea-
suring the qubit states. For our two-level system equa-
tion (1), this means that both manipulation and readout
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couple to σ̂z. Consequently, the noise produced by the nec-
essary circuitry will couple in as flux noise and hence cou-
ple to σ̂z , giving ε a small, stochastically time-dependent
part δε(t). Our system also has electric dipole moments,
represented by σ̂x. These couple much less to the circuitry
and will hence not be discussed here.

2.2 Spin-boson theory for relaxation and dephasing

For defining the relaxation and dephasing rates, the state
of the qubit is described with a reduced density matrix ρ,
in the basis which is spanned by the eigen vectors of σ̂z

in (1), i.e. by the semiclassical states with well-defined left
(L) or right (R) circulating current

ρ =
(

ρL,L ρR,L

ρL,R ρR,R

)
. (3)

We will concentrate our discussion on the undriven case.
The qubit dynamics consists of quantum-coherent oscilla-
tions, which decay on a time-scale τφ = Γ−1

φ , the dephas-
ing time. This dephasing is superimposed on an energy
relaxation mechanism on a larger timescale τr = Γ−1

r ,
the relaxation time. This combined decoherence process
brings the system into an incoherent thermal mixture of its
energy eigen states. Expressed in the basis of these eigen
states, the off-diagonal terms (coherences) of the density
matrix ρ go to zero on the time scale of τφ, whereas the di-
agonal terms (populations) decay in τr to the Boltzmann
factors. For estimating Γr and Γφ we will work from the
systematic weak-damping approximation (SWDA) devel-
oped by Grifoni et al. [32], which covers recent theoretical
progress for the spin-boson theory. Grifoni et al. calculated
expressions for Γr and Γφ for a spin-boson system in which
the coupling to the environment is dominated by bilinear
coupling terms between σ̂z and the bath coordinates. This
is a good approximation for a quantum two-level system
that is only weakly damped by the environment.

In our case the bath is formed by the impedance Zt(ω),
and can be described by a set of LC oscillators with
flux coordinates Φ̂i, conjugate charge coordinates Q̂i, and
Hamiltonian

Ĥbath =
∑

i

(
Φ̂2

i /2Li + Q̂2
i /2Ci

)
. (4)

The flux produced by the qubit will shift the flux Φ̂i in
each LC oscillator. The coupling Hamiltonian is

Ĥq−bath =
σ̂z

2

∑
i
ciΦ̂i, (5)

where ci is the coupling strength to the ith oscillator.
In this model the influence of the oscillator bath on the
qubit can be captured in the environmental spectral den-
sity function

J(ω) =
π

2�

∑
i

(
c2
i /Ciωi

)
δ(ω − ωi), (6)

where ωi the resonance frequency of the ith oscillator. The
dense spectrum of the degrees of freedom in the electro-
magnetic environment allows for treating J(ω) as a con-
tinuous function.

From now on, we focus on the low-damping limit,
J(ω) � ω. Thus, the energy-eigenstates of the qubit
Hamiltonian, equation (1), are the appropriate starting
point of our discussion. In this case, the relaxation rate
Γr (and relaxation time τr) are determined by the envi-
ronmental spectral density J(ω) at the frequency of the
level separation ν of the qubit

Γr = τ−1
r =

1
2

(
∆

ν

)2

J(ν/�) coth
(

ν

2kBT

)
, (7)

where T is the temperature of the bath. The dephasing
rate Γφ (and dephasing time τφ) is

Γφ = τ−1
φ =

Γr

2
+
( ε

ν

)2

α 2π
kBT

�
· (8)

These expressions have been derived in the context of
NMR [33] using a Markov approximation and recently
been confirmed by a full path-integral analysis [32].

The second term only contributes for an environment
which is Ohmic at low frequencies (i.e. for J(ω) ∝ ω).
Here α is a dimensionless dissipation parameter. It is de-
termined by the slope of J(ω) at low frequencies

α = lim
ω→0

J(ω)
2πω

, (9)

which, if J(ω) is a sufficiently smooth function of ω can
usually be taken as α = 1

2π
∂J(ω)

∂ω at ω ≈ 0. These results
can be intuitively interpreted: The system can relax by
dissipating all its energy ν into an environmental boson.
Due to the weakness of the coupling, there are no multi-
boson processes. The relaxation also dephases the state.
Moreover, dephasing can occur due to the coupling to low-
frequency modes which do not change the energy of the
system. These expressions for relaxation and dephasing
have also been found by studying the Hamiltonian of our
qubit coupled to a damped oscillator, using a Markovian
master equation approach by Tian et al. [34] (based on
work by Garg et al. [35]).

The expressions (7) and (8) have prefactors
(

∆
ν

)2
and

(
ε
ν

)2 that depend on the tunnel splitting ∆ and
the energy bias ε. These factors correspond to the an-
gles between noise and eigen states usually introduced
in NMR [33] and account for the effect that the qubit’s
magnetic dipole radiation is strongest where the flux in
the qubit Φq = 1

2Φ0 (i.e.
(

∆
ν

)
maximal), and that the

level separation ν is insensitive to flux noise at this point
(i.e. ∂ν

∂ε =
(

ε
ν

) ≈ 0). One should know and control J(ω)
at the frequency ν/� for controlling the relaxation, and at
low frequencies for controlling the dephasing. In this arti-
cle we will calculate the noise properties of a few typical
experimental environments, and calculate how the noise
couples to the qubit. This can be used to define J(ω) for
our specific environments.
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3 Measurement setup

This section describes a typical experimental setup for
measurements on Josephson persistent-current qubits.
Only the parts that are most strongly coupled to the qubit
will be worked out (Fig. 1). The first part describes a
DC-SQUID magnetometer that is used by measuring its
switching current, the second part addresses the use of on-
chip superconducting lines for applying magnetic fields to
the qubit.

3.1 Switching DC-SQUID

SQUIDs are the most sensitive magnetometers, and they
can be operated at very low power consumption [36]. We
will consider here the use of a DC-SQUID with a hys-
teretic current-voltage characteristic (IV ) and unshunted
junctions that are extremely underdamped. It is used by
ramping a current through it and recording the switch-
ing current: the bias current at which it switches from
the supercurrent branch to a nonzero voltage in its IV
(Fig. 2). The switching current is a measure for the mag-
netic flux in the loop of the SQUID. An important ad-
vantage of this scheme is that the SQUID produces before
readout very little noise. As long as the SQUID is on the
supercurrent branch, it does not produce any shot noise or
Josephson oscillations. If the external noise and interfer-
ence can be suppressed by filtering, there is only Johnson-
Nyquist noise from the low-temperature leads and filtering
that the SQUID is connected to. At low frequencies this
residual noise has little power since the device is supercon-
ducting. Moreover, we will show in Section 4 that at low
bias currents the effective coupling between this meter and
the quantum system is very weak. In comparison, damped
non-hysteretic SQUIDs have the problem that the shunt
resistors at the junctions also provide a damping mecha-
nism for the qubit. In a hysteretic SQUID there is more
freedom to engineer the effective impedance seen by the
qubit, and it also has the advantage that the voltage jump
at the switching current is much larger [37]. Recently, a
similar scheme with a superconducting single-charge de-
vice, that can be operated as a switching electrometer has
been reported [12,38]. Voltage biased single-electron tran-
sistors for quantum measurements have been analyzed in
references [39–42].

For qualitative insight in the measurement process we
will present here a simplified description of the SQUIDs
noise and dynamics (valid for a DC-SQUID with symmet-
ric junctions and a loop with negligible self inductance).
In Section 4 it will be worked out in more detail. The su-
percurrent through the SQUID with a flux Φ in its loop is

Isq = 2Ico cos f sin ϕext, (10)

where f = πΦ/Φ0, Ico the critical current of the junc-
tions, and ϕext a Josephson phase coordinate. Isq will
be distinguished from the applied bias current Ibias, as
part of the bias current may go into circuitry shunting the
SQUID. Insight in the SQUID’s response to a bias current

f)

d)

e)

c)

a)

b)

0

0

V
2∆/e

Ibias

g)

h)

IC

Fig. 2. Sketch of a typical hysteretic current-voltage charac-
teristic (IV ) for a current-biased Josephson junction or small
DC-SQUID. The IV is hysteretic; arrows indicate which of
the two branches is followed at an increase or decrease of the
bias current. When the bias current Ibias is ramped up from
zero (a), the voltage V first remains zero. The circuit is here on
the supercurrent branch of the IV (b). When Ibias approaches
the critical current IC , a slow diffusive motion of the phase
ϕext leads to a very small voltage across the system (c). At
slightly higher current (d), but always below IC (e), the system
switches to a running mode for ϕext, and the voltage jumps to
a value set by quasiparticle tunneling over the superconduct-
ing gap, V = 2∆/e (this current level (d) is the switching
current ISW ). At further increase of the current (f) the IV ap-
proaches an Ohmic branch, where transport is dominated by
quasiparticle tunneling through the normal tunnel resistance
of the junctions. When lowering the bias current the system
follows the running mode (g) down to a low bias current where
it retraps on the supercurrent branch (at the level Iretrap, indi-
cated by (h)). See also the corresponding washboard potential
model, in Figure 3.

is achieved by recognizing that (10) gives steady state so-
lutions (∂U/∂ϕext = 0) for a particle with coordinate ϕext,
trapped on a tilted washboard potential (Fig. 3)

U = − �

2e
(2Ico cos f cosϕext + Isqϕext) . (11)

In this picture, the average slope of the potential is propor-
tional to the bias current, and the supercurrent branch of
the SQUID’s IV corresponds to the particle being trapped
in a well. The Josephson voltage across the SQUID V =
�

2e
dϕext

dt is nonzero for the particle in a running mode. In
absence of noise and fluctuations, the SQUID will switch
to the running mode at the critical current IC

IC = 2Ico |cos f | . (12)

A DC-SQUID can thus be regarded as a single Joseph-
son junction with a flux-tunable critical current. In prac-
tice, noise and fluctuations of ϕext will cause the SQUID
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Ibias = 0a)
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Ibias < Idiff

Ibias ≈ Idiff

Ibias ≈ ISW

Ibias = IC

Ibias > IC

Fig. 3. The dynamics of a current-biased DC-SQUID, modeled
as a particle with coordinate ϕext in a one-dimensional tilted
washboard potential U . The labeling (a)–(f) corresponds to
that of Figure 2. At zero (a) and small bias currents (b), the
particle is trapped in a well of the washboard. Apart from the
small plasma oscillations at the bottom of the well, the parti-
cle’s coordinate ϕext is fixed. When increasing the slope of the
washboard, the particle will start to have a slow, on average
downwards, diffusive dynamics, with rare excursions to one of
the neighboring wells (c). At the switching current ISW there
is a high probability that the trapped particle will escape to a
running mode (d), with effectively zero probability for retrap-
ping. Here the loss of potential energy exceeds the dissipation
when the particle moves one period down the washboard, and
the particle builds up a high kinetic energy. Due to thermal
fluctuations, external noise, and in certain cases quantum fluc-
tuations, this occurs below the critical current IC : the slope
where all local minimums in the washboard potential disap-
pear (e). At currents higher than this slope (f), the particle
will always be in a running mode. The retrapping process when
lowering the bias current follows similar dynamics.

to switch before the bias current reaches IC . This cur-
rent level will be denoted as the switching current ISW

to distinguish it from IC . It is a stochastic variable, but
averaging over repeated recordings of ISW allows for de-
termining f with great accuracy. This naive description
can be used to illustrate three important properties of the
measurement process with the SQUID.

In the experiment, the electronics for recording the
SQUID’s IV obtains information about f when the
SQUID switches. However, rewriting (10) as

ϕext = sin−1

(
Isq

2Ico cos f

)
(13)

shows that the SQUID’s coordinate ϕext is already cor-
related (i.e. entangled) with the flux f at current val-

ues below ISW . Small voltage fluctuations that result
from small plasma oscillations and translations of ϕext

will cause dissipation in the electromagnetic environment
of the SQUID, which damps the dynamics of ϕext. This
means, that in a quantum mechanical sense, the position
of ϕext, and thereby f , is measured by the degrees of
freedom that form the electromagnetic impedance that is
shunting the SQUID (i.e. the leads and filtering between
the SQUID and the readout electronics), and that the
measurement may in fact take place before it is recorded
by a switching event.

Secondly, (13) shows that the SQUID’s coordinate ϕext

is independent of the flux in the loop (∂ϕext/∂f = 0)
for Isq = 0. Therefore, in absence of fluctuations of ϕext

and current noise, the meter is at zero current effectively
“off”. In practice this can not be perfectly realized, but it
illustrates that the decoherence from the SQUID may be
reduced by a large extent at low bias currents.

Thirdly, for bias currents well below IC , the coordinate
ϕext is trapped in a potential that is for small oscillations
close to harmonic. The SQUID can in this case be regarded
as an inductance

LJ =
�

2e

1√
4I2

co cos2 f − I2
sq

(14)

(see also (26) below). The noise from the SQUID can
here be described by the Johnson-Nyquist noise from the
SQUID’s Josephson inductance (14) in parallel with the
SQUID’s environmental impedance (Figs. 3a, b). For high
bias currents very close to IC , the spectrum will have more
power and calculating the noise properties will be more
complicated. Here non-harmonic terms in the trapping
potential become important, and there maybe additional
noise from a diffusive motion of ϕext to neighboring wells
(Fig. 3c). For hysteretic SQUIDs this regime with diffu-
sive motion of ϕext and switching currents very close to
IC will only occur in SQUIDs with a very specific electro-
magnetic shunt [37,43]. In many realizations of hysteretic
DC-SQUIDs ϕext will escape to a running mode without
retrapping in lower wells (Fig. 3d), and ISW can be much
lower than IC . In this case the approximation using (14)
should be valid for description of the noise before a switch-
ing event.

The statistics of ISW readouts depend strongly on the
damping of the dynamics of ϕext by the impedance that
is shunting the SQUID. Experimental control over the
damping, requires the fabrication of a shunt circuit in the
direct vicinity of the SQUID, such that its impedance is
well defined up to the frequency of the SQUID’s plasma
oscillations (microwave frequencies). The shunt circuit is
therefore preferably realized on-chip (Zsh in Fig. 1a). The
escape from the well may be thermally activated, but
for underdamped systems with low-capacitance junctions
quantum tunneling through the barrier can dominate the
escape rate at low temperatures. The influence of the
damping circuitry on the ISW statistics [6,37,43] is now
well understood. A SQUID with very underdamped dy-
namics usually has ISW values much below IC , and his-
tograms of a set of ISW recordings will be very wide.



C.H. van der Wal et al.: Engineering decoherence in Josephson persistent-current qubits 117

This means that one needs to average over many re-
peated measurements to achieve the required resolution
in readout. Thereby, averaging also needs to take place
over many repeated experiments on the qubit, such that
only a time-ensemble average can be measured. With a
shunt that provides high damping at the plasma frequency
very narrow switching current histograms can be real-
ized [12,37,43–45], that in principle allow for single-shot
readout in qubit experiments. While in such a scheme
the SQUID’s noise will also be enhanced, it is possible
to engineer (for realistic fabrication parameters) a shunt
impedance that is at the same time compatible with co-
herent dynamics of the qubit and single-shot readout [38].
The engineering of single-shot readout will not be ad-
dressed in detail in this paper.

The main disadvantage of the switching SQUID is that
it is not very efficient. During each cycle through the hys-
teretic IV it is only measuring for a short time. More-
over, the IV is very nonlinear, such that the repetition
frequency must be an order lower than the bandwidth of
the filters. The filtering that is required for realizing low
effective temperatures and the SQUID’s shunt circuit have
typically a bandwidth well below 1GHz, and the accurate
readout electronics set a similar limit to the bandwidth.
In practice this limits the repetition frequency to values in
the range of 10 kHz [14,46] to 1 MHz [8,38]. More efficient
readout may be realized with AC readout techniques (see
e.g. Ref. [47]).

The slow operation of the switching DC-SQUID sets
requirements for the mixing rate Γr of the qubit. It needs
be longer than the time required to perform a switching
current measurement, which requires a time in the range
1 µs to 100 µs. One could go to shorter times by setting the
SQUID ready at a high bias current when an experiments
on the qubit is started, but it is also needed to have the
mixing time longer than the time it takes to ramp the
bias current through the range of the switching current
histogram. At the same time we should realize that the
quantum system is prepared by waiting for it to relax to
the ground state, so relaxation times very much longer
than 100 µs will prohibit a high repetition frequency. A
high repetition frequency is needed if the signal can only
be built up by averaging over many switching events.

The experiments aim at working with many coherent
Rabi oscillations with a period of about 10 ns [19]. We
therefore aim at engineering SQUIDs that cause a dephas-
ing time that is much longer than 10 ns. The dephasing
and relaxation times turn out to be shortest at high bias
currents through the SQUID. Unless mentioned otherwise,
we will make in this article worst case estimates for the
dephasing and relaxation times using bias current values
near the switching current.

3.2 On-chip control lines

An attractive feature of macroscopic qubits is that one
can address individual qubits with control signals from
microfabricated lines (see also Fig. 1b, c). For persistent-
current qubits, for example, a supercurrent through a line

that is mainly coupled to one specific qubit can be used
for tuning this qubit’s energy bias ε. Also, it is convenient
to provide the microwave signals for control of the qubit’s
quantum dynamics using local superconducting lines. If
this is realized in a microwave cavity with its first res-
onance well above the applied microwave frequency, one
can apply microwave bursts with fast switch times with-
out being hindered by high-Q electromagnetic modes in
the volume that is formed by the cold metallic shielding
that surrounds the sample.

Microwave signals can be applied using external mi-
crowave sources at room temperature. Alternatively, on-
chip oscillators for example based on Josephson junction
circuits [48,49] can be applied. High microwave currents
in the control lines are achieved by shorting the microwave
coax or wave guide close to the qubit with an inductance
that has an impedance much lower than the source’s out-
put impedance (Fig. 1b). For external microwave sources,
the typical level for the output impedance will be that
of the available coax technology, typically 50 Ω. With on
chip Josephson oscillators the typical output impedance
is one order lower. In both cases, it is in practice very te-
dious to engineer these impedance levels and our analysis
below will show that this forms a constraint for qubit ex-
periments: long decoherence times are in conflict with the
wish for local qubit control and low power levels of the
applied microwave signals.

If one uses external microwave sources at room temper-
ature it is harder than for the quasi DC signals to filter
out the high temperature noise. Low effective tempera-
tures can be achieved by a combination of narrow-band
microwave filters and strong attenuators at low tempera-
tures.

4 Relaxation and dephasing from a switching
DC-SQUID

4.1 Current-phase relations for the DC-SQUID

The DC-SQUID has two phase degrees of freedom, the
gauge-invariant phases γr and γl of the junctions [36].
They are related to the supercurrents through the left and
the right junction,

Il = (Ico + ∆Ico

2 ) sin γl,

Ir = (Ico − ∆Ico

2 ) sin γr.
(15)

Here Ico is the average of the critical current of the two
junctions. A small asymmetry in the junctions’ critical
currents is accounted for by ∆Ico � Ico (typically a few
percent). We will work here with the sum and difference
phase coordinates ϕint and ϕext, which are related by a
linear transformation

ϕext = γl+γr

2

ϕint = γl−γr

2

⇔ γl = ϕext + ϕint

γr = ϕext − ϕint
. (16)

The new phase coordinates are related with the current
passing through the SQUID Isq and the circulating current
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in the SQUID Icir

Isq = Il + Ir

Icir = Il−Ir

2

⇔
Il = 1

2Isq + Icir

Ir = 1
2Isq − Icir

, (17)

yielding the following current-phase relation for Isq and
Icir

Isq = 2Ico cosϕint sin ϕext + ∆Ico sin ϕint cosϕext, (18)

Icir = Ico sin ϕint cosϕext +
1
2
∆Ico cosϕint sin ϕext. (19)

We will assume that the DC-SQUID has junctions with a
critical current and capacitance that are lower than that
of the qubit junctions. In this case, the internal phase ϕint

follows the flux adiabatically up to time scales much faster
than �

ν . We will therefore use

ϕint = π
Φ

Φ0

def
= f. (20)

4.2 Noise on the qubit from the DC-SQUID resulting
in J(ω)

The noise that is induced by the measuring SQUID results
from Johnson-Nyquist noise of the total impedance Zt(ω)
between the leads that are attached to the SQUID. The
impedance Zt(ω) is formed the SQUID’s impedance in
parallel with the impedance of the wiring and circuitry
that the SQUID is connected to (see the circuit models
in Fig. 4). At bias currents well below the critical current
IC , the phase dynamics can be linearized and the SQUID
can be modeled as an inductor LJ . The coupling of ϕext

to the SQUID’s inner degree of freedom ϕint and thereby
to the qubit slightly alter the effective value for LJ , but
the correction it is so small that it can be neglected. The
Fourier-transformed power spectrum 〈δV (t) δV (0)〉ω of
the Johnson-Nyquist voltage fluctuations δV across the
SQUID is [31,50]

〈δV δV 〉ω = �ωRe{Zt(ω)} coth
(

�ω

2kBT

)
· (21)

We will now calculate how this voltage noise leads to fluc-
tuations δε of the energy bias on the qubit. As a rule,
the spectral density J(ω) in (6) can then be derived by
dividing the expression for 〈δε δε〉ω by �

2 coth
(

�ω
2kBT

)
.

The current-phase relations for Isq and Icir can be
used for expressing the current fluctuations. The first term
of (18) gives

dIsq

dt
= iωIsq ≈ 2Ico cos f cos ϕ̄ext

dϕext

dt

= 2Ico cos f cos ϕ̄ext
2e

�
V, (22)

where we used ϕ̄ext for the time average of ϕext. With a
similar expression for the second term of (18) the current
fluctuations in Isq are

δIsq ≈ (2Ico cos f cos ϕ̄ext − ∆Ico sin f sin ϕ̄ext) δϕext.
(23)

The SQUID is usually operated in regions where the av-
erage external flux in its loop is between an integer and
half-integer number of Φ0. At these points |cos f | ≈ |sin f |.
Therefore, the second term in (23) can be neglected unless
|Ico cos ϕ̄ext| � |∆Ico sin ϕ̄ext|. That is, it can be neglected
unless the bias current is very high, for which sin ϕ̄ext ap-
proaches 1. For most purposes we can thus use

δIsq ≈ 2Ico cos f cos ϕ̄ext δϕext. (24)

This is also used to define LJ by expressing

V = LJ
dIsq

dt
, (25)

such that with (22, 20) and (18) LJ should be defined as

LJ =
�

2e

1
2Ico cos f cos ϕ̄ext

=
�

2e

1√
4I2

co cos2 f − I2
sq

·

(26)

For Icir we get a similar expression as (23)

δIcir ≈
(
−Ico sin f sin ϕ̄ext +

1
2
∆Ico cos f cos ϕ̄ext

)
δϕext.

(27)

Using again that the SQUID is operated where |cos f | ≈
|sin f | shows that the second term in (27) can be neglected
unless |Ico sin ϕ̄ext| � |∆Ico cos ϕ̄ext|. For δIcir the second
term only plays a role at low bias currents in the SQUID
for which ϕ̄ext ≈ 0, and for most purposes we can use

δIcir ≈ −Ico sin f sin ϕ̄ext δϕext. (28)

In the above we used ϕ̄ext for the time average of ϕext,
but at places where it is not confusing it will be simply
denoted as ϕext.

Both noise in Isq and Icir can couple to the qubit, but
we will assume that the qubit is mainly sensitive to noise
in Icir (as in the experiments in [14], where the qubit was
placed symmetrically inside the SQUID’s loop) and ne-
glect an inductive coupling to noise in Isq . For a more
general approach, coupling to noise in Isq can be treated
on a similar footing as noise in Icir, but for all useful sam-
ple geometries it should give a contribution to relaxation
and dephasing rates that is at most on the same order as
that of Icir.

With iωδIcir = − 2e
�

Ico sin f sin ϕext δV follows for the
fluctuations δIcir

〈δIcir δIcir〉ω =
(

2e

�

)2 1
ω2

I2
co sin2 f sin2 ϕext 〈δV δV 〉ω .

(29)

The fluctuations in the imposed qubit flux are δΦq =
MδIcir, where M the mutual inductance between the
SQUID loop and the qubit loop. This then yields the fluc-
tuations in the energy bias with δε = 2IpδΦq,

〈δε δε〉ω =
(

2e

�

)2 4
ω2

M2I2
pI2

co sin2 f sin2 ϕext 〈δV δV 〉ω
(30)
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where Ip is the amplitude of the circulating current in the
qubit in the semiclassical states. Using (18) and (21) and
filling in h

2e = Φ0 this can be written as

〈δε δε〉ω = � (2π)2
1
ω

(
MIp

Φ0

)2

I2
sq tan2 f

× Re{Zt(ω)} coth
(

�ω

2kBT

)
· (31)

The fluctuations 〈δε δε〉ω are the result of the coupling
to the oscillator bath, as in (6). This can be used to define
J(ω) for our specific environment,

J(ω) =
(2π)2

�

1
ω

(
MIp

Φ0

)2

I2
sq tan2 f Re{Zt(ω)} · (32)

These results show, that although the SQUID is perma-
nently close to the qubit, it may be effectively decoupled
if there is no net bias current Isq flowing through the de-
vice. The physical reason for this becomes apparent in
equations (18) and (19): The SQUID remains mirror sym-
metric in that case and consequently the fluctuations of
the bias current are diverted symmetrically around the
arms of the SQUID and do not produce flux noise [51].

4.3 Relaxation times

With (7) and (32) follows the SQUID’s contribution to
the relaxation rate. It is here expressed as a function of
the resonance frequency ωres = ν/� at which the qubit is
operated,

Γr =
(

∆/�

ωres

)2 (2π)2

2�

1
ωres

(
MIp

Φ0

)2

I2
sq tan2 f

× Re{Zt(ωres)} coth
(

�ωres

2kBT

)
· (33)

In this formula one can recognize a dimensionless factor(
MIp

Φ0

)2

which is a scale for how strongly the qubit is cou-
pled to the measuring SQUID. A dissipation factor in the
form I2R can be recognized in I2

sq tan2 f Re{Zt(ω)}. The
dissipation scales with the absolute value of the current
fluctuations, so with Isq, and the expression is indepen-
dent of the critical current of the SQUID junctions Ico

(unless Re{Zt(ω)} depends on Ico). A weak measurement
scheme in which the inductive coupling to a DC-SQUID
(MIp/Φ0)2 � 1 can yield relaxation rates that are very
low when compared to a scheme in which leads are di-
rectly attached to the loop [52]. A measurement of such a
scheme’s switching current could also be used for probing
the qubit, but the influence of the voltage noise would be
dramatically worse.

With the result (33) the relaxation rate for typical
sample parameters will be calculated. Sample parameters
similar to our recent experiment [14] are ωres = 10 GHz,
∆ = 2 GHz, MIp

Φ0
= 0.002. It is assumed that a SQUID

Z
l(ω

)≈
 R

l

Ibias

Csh

LJ

Rsh
δV

Z
l(ω

)≈
 R

l

Ibias Csh LJ δV

a)

b)

Fig. 4. Circuit models for the C-shunted DC-SQUID (a) and
the RC-shunted DC-SQUID (b). The SQUID is modeled as
an inductance LJ . A shunt circuit, the superconducting ca-
pacitor Csh or the Rsh-Csh series, is fabricated on chip very
close to the SQUID. The noise that couples to the qubit re-
sults from Johnson-Nyquist voltage noise δV from the circuit’s
total impedance Zt. Zt is formed by a parallel combination
of the impedances of the leads Zl, the shunt and the SQUID,
such that Zt = (1/Zl + 1/(Rsh + 1/iωCsh) + 1/iωLj)

−1, with
Rsh = 0 for (a).

with 2Ico = 200 nA is operated at f = 0.75 π and bi-
ased near the switching current, at Isq = 120 nA. For
T = 30 mK the relaxation rate per Ohm environmental
impedance is then

τr = Γ−1
r ≈ 150 µs Ω

Re{Zt(ωres)} · (34)

4.4 Engineering Re{Zt(ω)} for slow relaxation

In practice the SQUID’s resolution is improved by building
an on-chip electromagnetic environment. We will consider
here a large superconducting capacitive shunt (Fig. 4a, as
in our recent experiment [14]). This scheme will be de-
noted as the C-shunted SQUID. As an alternative we will
consider a shunt that is a series combination of a large ca-
pacitor and a resistor (Fig. 4b). This will be denoted as the
RC-shunted SQUID. The C shunt only makes the effective
mass of the SQUID’s external phase ϕext very heavy. The
RC shunt also adds damping at the plasma frequency of
the SQUID, which is needed for realizing a high resolution
of the SQUID readout (i.e. for narrow switching-current
histograms) [37]. The total impedance Zt(ω) of the two
measurement circuits are modeled as in Figure 4. We as-
sume a perfect current source Ibias that ramps the current
through the SQUID. The fact that the current source is
non-ideal, and that the wiring to the SQUID chip has
an impedance is all modeled by the impedance Zl. The
wiring can be engineered such that for a very wide fre-
quency range the impedance Zl is on the order of the vac-
uum impedance, and can be modeled by its real part Rl.
It typically has a value of 100 Ω. On chip, the impedance
is formed by the Josephson inductance LJ in parallel with
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Fig. 5. A typical Re{Zt(ω)} for the C-shunted SQUID (a)
and the RC-shunted SQUID (b), and corresponding J(ω) in
(c) and (d) respectively. For comparison, the dashed line in (c)
shows a simple Ohmic spectrum (43) with exponential cut off
ωc/2π = 0.5 GHz and α = 0.00062. The parameters used here
are Ip = 500 nA and T = 30 mK. The SQUID with 2Ico = 200
nA is operated at f = 0.75 π and current biased at 120 nA, a
typical value for switching of the C-shunted circuit (the RC-
shunted circuit switches at higher current values). The mutual

inductance M = 8 pH (i.e.
MIp

Φ0
= 0.002). The shunt is Csh =

30 pF and for the RC shunt Rsh = 10 Ω. The leads are modeled
by Rl = 100 Ω.

the shunt circuit (Csh, or the series combination of Rsh

and Csh). We thus assume that the total impedance Zt(ω)
can be described as

Zt(ω) =

(
1

iωLJ
+

1
1

iωCsh
+ Rsh

+
1
Rl

)−1

, (35)

where Rsh should be taken zero for the C-shunt scenario.

The circuits in Figure 4 are damped LC resonators. It
is clear from (7) and (32) that one should keep the LC-
resonance frequency ωLC = 1/

√
LJCsh, where Re{Zt(ω)}

has a maximum, away from the qubit’s resonance ωres =
ν/�. For practical values this requires ωLC � ωres for Alu-
minum technology (with Niobium-based technology, the
regime ωLC � ωres may be realized [44]). This then gives
the circuits a Re{Zt(ω)} and J(ω) as plotted in Figure 5.
For the circuit with the C shunt

Re{Zt(ω)} ≈

ω2L2
J

Rl
, for ω � ωLC

Rl, for ω = ωLC

1
ω2C2

shRl
, for ω � ωLC .

(36)
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Fig. 6. Typical relaxation times due to the C-shunted SQUID,
the RC-shunted SQUID, and coupling the microwave leads as
a function of the resonance frequency at which the qubit is
operated. The example of the microwave leads contribution is
for a mutual inductance Mmw to the coaxial line of Mmw =
0.1 pH. Parameters are further as described in the caption of
Figure 5.

For the circuit with the RC shunt

Re{Zt(ω)} ≈

ω2L2
J

Rl
, for ω � ωLC

� Rl, for ω = ωLC � 1
RshCsh

Rl//Rsh, for ω = ωLC � 1
RshCsh

Rl//Rsh, for ω � ωLC .

(37)

The difference mainly concerns frequencies ω > ωLC ,
where the C-shunted circuit has a Re{Zt(ω)}, and thereby
a relaxation rate, that is several orders lower than for the
RC-shunted circuit.

For a C-shunted circuit with ωLC � ωres the
Re{Zt(ωres)} ≈ 1

ω2
resC2

shRl
. This yields for J(ω) at ω >

ωLC

J(ω) ≈ (2π)2

�

1
ω3

(
MIp

Φ0

)2

I2
sq tan2 f

1
C2

shRl
· (38)

The factor 1/ω3 indicates a natural cut-off for J(ω), which
prevents the ultraviolet divergence [30,32] and which in
much of the theoretical literature is introduced by hand.
The RC-shunted circuit has softer cut off 1/ω. The mixing
rate for the C-shunted circuit is then

Γr ≈ (∆/�)2

ω5
res

(2π)2

2�

(
MIp

Φ0

)2

I2
sq tan2 f

× 1
C2

shRl
coth

(
�ωres

2kBT

)
· (39)

Figure 6 presents mixing times τr vs ωres for typi-
cal sample parameters (here calculated with the non-
approximated version of Re{Zt(ω)}). With the C-shunted
circuit it seems possible to get τr values that are very
long. They are compatible with the ramp times of the
SQUID, but too slow for fast repetition rates. In Figure 5
one can directly see from the values of J(ω) that an RC-
shunted circuit with otherwise similar parameters yields
at ωres/2π = 10 GHz relaxation times that are about four
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orders shorter. For the parameters used here they are in
the range of 15 µs. While this value is close to the de-
sired order of magnitude, one has to be aware of the fact
at these high switching current values the linearization
equation (26) may underestimate the actual noise. In that
regime, phase diffusion between different minima of the
washboard potential also becomes relevant and changes
the noise properties [37,53].

4.5 Dephasing times

At low frequencies ω < ωLC the C-shunted and RC-
shunted scheme have Re{Zt(ω)} ≈ ω2L2

J

Rl
such that

with (32) and (9)

J(ω) ≈ (2π)2

�
ω

(
MIp

Φ0

)2

I2
sq tan2 f

L2
J

Rl
, (40)

α ≈ 2π

�

(
MIp

Φ0

)2

I2
sq tan2 f

L2
J

Rl
· (41)

The environment is Ohmic at low frequencies since we
have J(ω) ∝ ω. For our sample parameters the second
term in (8) dominates, such that with (41) and for the
qubit operated where ε ≈ ν

Γφ ≈ (2π)2

�2

(
MIp

Φ0

)2

I2
sq tan2 f

L2
J

Rl
kBT · (42)

Note in (26) that LJ ∝ 1/Ico, such that the dephasing rate
(42) does not depend on the absolute value of the current,
but on the ratio Isq/IC . For the typical sample parame-
ters as used in Figure 5 the dephasing time is about 10
ns, which is too short. However, we can gain a few orders
(if Γr is low enough) by the fact that we can do the quan-
tum coherent control at low Isq (the previous estimate was
calculated for Isq = 120 nA, in the switching region). At
Isq = 0 we find Γφ = 0 in this linear approximation for
the SQUID inductance. At Isq = 0 we should therefore
estimate the dephasing due to second order terms. How-
ever, in practice the dephasing is probably dominated by
the second term in (27), which is due to a small asymme-
try in the fabricated SQUID junctions of a few percent.
This influence can be mapped on a small bias current (a
few percent of the critical current, say 5 nA) through the
SQUID. Therefore, at Isq ≈ 0 the dephasing times can
be
(

120
5

)2 times longer. Furthermore, the factor L2
J , as de-

fined in (26), is at 5 nA about a factor 2 lower than at
120 nA. For our parameters this allows for τφ ≈ 20 µs, see
also Figure 7. Further improvement is feasible by mak-
ing e.g. Rl = 1 kΩ, working with a lower mutual induc-
tance M or tuning the qubit close to the degeneracy point,
as in [12].

Finally, we would like to mention that in the litera-
ture on dissipative two-level systems one often assumes
Ohmic dissipation, corresponding to a purely resistive
shunt across the junctions of the qubit. For a description
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Fig. 7. The dephasing time (42) as a function of the bias cur-
rent Isq through the SQUID (solid line). The dashed line shows
τφ for Isq = 5 nA, a typical minimum value for the effective bias
current for a SQUID with a few percent asymmetry between
its junctions. At this point τφ = 131 µs, and α = 1 × 10−7.
Parameters are further as described in the caption of Figure 5.

Z(
ω

) 
=

 5
0 

Ω

Lmw

δV
Mmw

Fig. 8. Circuit model for coaxial line that is inductively cou-
pled to the qubit. The coaxial line is modeled as a 50 Ω
impedance that is shorted near the qubit with an induc-
tance Lmw . The qubit is coupled to this short with a mutual
inductance Mmw . The noise that couples to the qubit results
from Johnson-Nyquist voltage noise δV from the circuit’s total
impedance Zt, formed by a parallel combination of the 50 Ω
impedance and Lmw.

of such a system one usually introduces an artificial expo-
nential cut off at frequency ωc, yielding J(ω) of the form

J(ω) = αω exp
(
− ω

ωc

)
· (43)

In our case, J(ω) has substantial internal structure orig-
inating from the frequency-dependence of Re{Zt(ω)}. In
order to compare our results to the Ohmic case, we plot
in Figure 5 an Ohmic fit to the actual J(ω) of the DC
SQUID. For the parameters as in Figure 5 the resem-
blance is reasonable for a resistive shunt corresponding
to α = 0.00062, and a cut off ωc = 0.5 GHz. For low cur-
rents, as for the dashed line in Figure 7 α = 1×10−7. This
corresponds to an extremely underdamped system, with a
long dephasing time.

5 Relaxation and dephasing from on-chip
control circuits

We will treat here the influence of noise from the mi-
crowave leads in a similar way as worked out for the
SQUID. Here the total environmental impedance Zt(ω)
is formed by a 50 Ω coax, that is shorted at the end by a
small inductance Lmw, see the circuit model in Figure 8.
This inductance Lmw has a mutual inductance Mmw to
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the qubit. The voltage noise is given by (21). The noise
leads to fluctuations δε of the energy bias separation ε as
follows. The current noise in Lmw is δIL = 1

iωLmw
δV . The

fluctuations in the flux Φq are then δΦq = MmwδIL, and
the fluctuations in the energy bias are δε = 2IpδΦq. This
gives for the fluctuations 〈δε δε〉ω

〈δε δε〉ω =
4�

ω

(
MmwIp

Lmw

)2

Re{Zt(ω)} coth
(

�ω

2kBT

)
(44)

and for the environmental spectral density (6)

J(ω) =
4

�ω

(
MmwIp

Lmw

)2

Re{Zt(ω)} · (45)

The Re{Zt(ω)} is that of a first order low-pass LR filter
with a −3 dB frequency ωLR = R/L. For the Lmw to be
effectively a short its impedance ωLmw should be small
compared to 50 Ω at the frequency of the applied mi-
crowave radiation (typically 10 GHz), giving Lmw � 1 nH.
This can be realized by making the length of the short line
less than about 100 µm. This means that all relevant fre-
quencies are below the −3 dB frequency ωLR, and that
for both relaxation and dephasing we can approximate

Re{Zt(ω)} ≈ ω2L2
mw

Rmw
(46)

with Rmw = 50 Ω. For ω < ωLR, J(ω) is again Ohmic,

J(ω) =
4ω

�

(MmwIp)
2

Rmw
, (47)

and with (9) we find for α

α ≈ 4
2π�

(MmwIp)
2

Rmw
· (48)

Note that these results are independent of Lmw. A
larger Lmw leads to enhanced voltage noise, but the re-
sulting current noise is reduced by the same factor. For
frequencies below ωLR the current noise is just that of a
shorted 50 Ω resistor. For frequencies higher than ωLR,
Re{Zt(ω)} ≈ Rmw, such that J(ω) has a very soft intrin-
sic 1/ω cut off.

For the relaxation rate (7) as a function of the qubit’s
resonance frequency ωres we now have

Γr ≈ 2∆2

�3ωres

(MmwIp)
2

Rmw
coth

(
�ωres

2kBT

)
· (49)

This has a much weaker dependence on ωres than for
the SQUID, results are plotted in Figure 6. The results
are plotted for Mmw = 0.1 pH (further parameters are as
used for the SQUID calculations) and for this Mmw value
the relaxation times are in the required range of about
100 µs. The value Mmw ≈ 0.1 pH corresponds to a 5 µm
loop at about 25 µm distance from the microwave line,
and is compatible with the fabrication possibilities and

the microwave requirements. With this geometry it is still
possible to apply sufficient microwave power for pump-
ing the qubit’s Rabi dynamics at 100 MHz (i.e. pumping
with an oscillating Φq of about 0.001 Φ0 [19], which needs
an oscillating current of 0.001 Φ0

Mmw
≈ 20 µA, corresponding

to 20 nW, i.e. −47 dBm microwave power), while the dis-
sipated microwave power in the attenuators at the refrig-
erator’s base temperature remains well below the typical
cooling power of 1 µW.

For the second term of the dephasing rate (8) we thus
find for the qubit operated where ε ≈ ν

Γφ ≈ 4
�2

(MmwIp)
2

Rmw
kBT. (50)

Using the same parameters as in the above calculation
of the relaxation time we find α ≈ 1 × 10−7 and for
T = 30 mK the dephasing time is τφ ≈ 130 µs. While
this dephasing rate is sufficient for demonstration experi-
ments and promising for applications, we like to note that
it is much harder to engineer this dephasing rate as com-
pared to the DC-SQUID dephasing. It is in practice quite
tedious to apply microwave technology with impedance
levels Rmw much higher than 50 Ω, both for externally
generated microwaves and on chip generators (it could
for instance be increased using a planar impedance trans-
former [54]). Making Mmw smaller requires higher mi-
crowave currents, and thereby more microwave dissipation
on the mixing chamber. The cooling power per qubit will
quite likely remain below 1 µW, so much stronger mi-
crowave signals from a larger distance is not an option.
Moreover, making Mmw very small means that the con-
trol line is 100 µm or further away from the qubit. In this
case, applying microwaves locally to one specific qubit on
a chip with several coupled qubits is much harder.

6 Suppressing rates by freezing states
and idle states

With additional control techniques the decoherence rates
can be made better than the estimates made in the previ-
ous sections. These are based on the pre-factors in equa-
tions (7) and (8). Bringing the qubit in a so-called idle
state (ε = 0) [18] can reduce the dephasing, but not be-
yond Γr/2 (which is enhanced at ε = 0).

Another useful technique is freezing. Here, the tun-
nel coupling ∆ between the two qubit states is strongly
reduced before the measurement process starts with a
fast but adiabatic control current [19]. This allows for
much slower measurements, thus for weaker coupling to
a damped SQUID with very high resolution. Moreover,
it has the advantage that the tunnel coupling becomes
so week that the Hamiltonian almost commutes with σ̂z .
This can improve the correlation between the outcome
of σ̂z measurements, and energy states in the case that the
calculation states are energy eigen states. However, freez-
ing requires that the qubit junctions are realized as small
DC-SQUIDs. This means that σ̂x noise will be strongly en-
hanced. The influence of this additional noise source can
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Fig. 9. Numerically simulated suppression of ∆ in qubits
where one (solid) or three (dashed) of the junctions are realized
as small DC-SQUIDs, using typical qubit parameters as men-
tioned in the text. The horizontal axis is the factor by which
the Josephson energy of the relevant junctions is increased. For
the solid line, one can observe a non-monotonic dependence of
∆ on the freeze factor, which results from the fact that if the
Josephson coupling of the weak junction is strongly increased,
alternative tunneling paths between the current states open
up, see also reference [19].

be calculated along the same lines as in [32] and, assum-
ing that it is not correlated with the other noise sources,
add up to the rates we have calculated in this paper. See
Figure 9 for numerical estimates on the possible adiabatic
suppression of ∆.

7 Discussion and conclusion

We have developed a scheme for modeling the decoherence
of a persistent-current qubit due to its electromagnetic en-
vironment. Examples for both control and read-out elec-
tronics are worked out quantitatively. We discussed how
the dephasing and relaxation rates of the qubit can be de-
rived from the impedance of the electronic circuitry, and
provided design criteria for such electronics. In particular,
we have shown that even though the readout SQUID is
always close to the qubit, it can be effectively decoupled.
Our examples show that the present status of experimen-
tal technology should allow for the observation of quan-
tum coherent oscillations between macroscopic persistent-
current states.

In this final section, we like to point out that the theory
that is used is still in development. In particular, an envi-
ronment with a strongly structured spectrum may violate
the weak-coupling Born approximation at its resonance
frequencies, but it may also induce weak additional deco-
herence off-resonance. This situation is hardly accessible
with traditional theoretical methods for this problem and
alternative approaches such as the flow-equation scheme
in [55] may be needed. Furthermore, it is not clear whether
the impedance can be described by a single temperature.
At low frequencies, noise from parts in the system with
a higher temperature can reach the sample. However, the
experimental results reported in reference [12] indicate,

that an analysis of the decoherence of the type we give
here gives good predictions of the experimental decoher-
ence time scales in a superconducting qubit.
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Note added in proof

During the referral of this manuscript, Rabi oscillations
have been observed in a setup of this type.
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Abstract. On the way to solid-state quantum computing, overcoming decoherence
is the central issue. In this contribution, we discuss the modeling of decoherence of
a superonducting flux qubit coupled to dissipative electronic circuitry. We discuss
its impact on single qubit decoherence rates and on the performance of two-qubit
gates. These results can be used for designing decoherence-optimal setups.

1 Introduction

Quantum computation is one of the central interdisciplinary research themes
in present-day physics [1]. It promises a detailed understanding of the often
counterintuitive predictions of basic quantum mechanics as well as a quali-
tative speedup of certain hard computational problems. A generic, although
not necessarily exclusive, set of criteria for building quantum computers has
been put forward by DiVincenzo [2]. The experimental realization of quan-
tum bits has been pioneered in atomic physics, optics and NMR. There, the
approach is taken to use microscopic degrees of freedom which are well iso-
lated and can be kept quantum coherent over long times. Efficient controls
are attached to these degrees of freedom. Even though these approaches are
immensely succesful demonstrating elementary operations, it is not evident
how they can be scaled up to macroscopic computers.

Solid-state systems on the other hand have proven to be scalable in
present-day classical computers. Several proposals for solid-state based quan-
tum computers have been put forward, many of them in the context of su-
perconductors [3]. As solid-state systems contain a macroscopic number of
degrees of freedom, they are very sensitive to decoherence. Mastering and
optimizing this decoherence is a formidable task and requires deep under-
standing of the physical system under investigation. Recent experimental
success [4,5] suggests that this task can in principle be performed.

In this contribution, we are going to study decoherence of superconducting
qubits coupled to an electromagnetic environment which produces Johnson-
Nyquist noise. We show, how the decoherence properties can be engineered
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by carefully designing the environmental impedance. We will discuss how the
decoherence affects the performance of a CNOT operation.

2 Superconducting Flux Qubits

Superconducting qubits [3,4,5,6] are very well suited for the task of solid-
state quantum computation, because two of the most obvious decoherence
sources in solid-state systems are supressed: Quasiparticle excitations experi-
ence an energy gap and phonons are frozen out at low temperatures [7]. The
computational Hilbert space is engineered using Josephson tunnel junctions
that are characterized by two competing energy scales: The Josephson cou-
pling of a junction with critical current Ic, EJ = IcΦ0/2π, and the charging
energy Ech = 2e2/CJ of a single Cooper pair on the geometric capacitance
CJ of the junction. Here Φ0 = h/2e is the superconducting flux quantum.
There is a variety of qubit proposals classified by the ratio of this ener-
gies. Whereas another contribution in this volume [8] focuses on the case
of charge qubits, Ech > EJ, this contribution is motivated by flux qubit
physics, EJ > Ech. However, most of the discussion has its counterpart in
other superconducting setups as well. Specifically, we discuss a three junction
qubit [6,9], a micrometer-sized low-inductance superconducting loop contain-
ing three Josephson tunnel junctions (Fig. 1). By applying an external flux
Φq a persistent supercurrent can be induced in the loop. For values where Φq
is close to a half-integer number of flux quanta, two states with persistent
currents of opposite sign are nearly degenerate but separated by an energy
barrier. We will assume here that the system is operated near Φq = 1

2Φ0. The

bias current control current

microwave current

Z
sh (ω

)

a

b

c

qubit

Fig. 1. Experimental setup for measurements on a flux qubit. The qubit (center)
is a superconducting loop that contains three Josephson junctions. It is induc-
tively coupled to a DC-SQUID (a), and superconducting control lines for applying
magnetic fields at microwave frequencies (b) and static magnetic fields (c). The
DC-SQUID is realized with an on-chip shunt circuit with impedance Z(ω). The
circuits a)-c) are connected to filtering and electronics (not drawn)
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persistent currents in the classically stable states have here a magnitude Ip.
Tunneling through the barrier causes a coupling between the two states, and
at low energies the loop can be described by a Hamiltonian of a two state
system [6,9],

Ĥq =
ε

2
σ̂z +

∆

2
σ̂x, (1)

where σ̂z and σ̂x are Pauli matrices. The two eigenvectors of σ̂z correspond
to states that have a left or a right circulating current and will be denoted as
|L〉 and |R〉. The energy bias ε = 2Ip(Φq− 1

2Φ0) is controlled by the externally
applied field Φq. We follow [10] and define ∆ as the tunnel splitting at Φq =
1
2Φ0, such that ∆ = 2W with W the tunnel coupling between the persistent-
current states. This system has two energy eigen values ± 1

2

√
∆2 + ε2, such

that the level separation ν gives ν =
√
∆2 + ε2. In general ∆ is a function

of ε. However, it varies on the scale of the single junction plasma frequency,
which is much above the typical energy range at which the qubit is operated,
such that we can assume ∆ to be constant for the purpose of this paper.

In the experiments Φq can be controlled by applying a magnetic field
with a superconducting coil at a distance from the qubit and for local control
one can apply currents to superconducting lines, fabricated on-chip in the
vicinity of the qubit. The qubit’s quantum dynamics will be controlled with
resonant microwave pulses (i. e. by Rabi oscillations). In recent experiments
the qubits were operated at ε ≈ 5∆ or ε ≈ 0 [4,9]. The numerical values given
in this paper will concentrate on the former case. At this point, there is a
good trade-off between a system with significant tunneling, and a system with
σ̂z-like eigenstates that can be used for qubit-qubit couplings and measuring
qubit states [6]. The qubit has a magnetic dipole moment as a result of the
clockwise or counter-clockwise persistent current The corresponding flux in
the loop is much smaller than the applied flux Φq, but large enough to be
detected with a SQUID. This will be used for measuring the qubit states. For
our two-level system Eq. (1), this means that both manipulation and readout
couple to σ̂z . Consequently, the Nyquist noise produced by the necessary
external circuitry will couple in as flux noise and hence couple to σ̂z , giving
ε a small, stochastically time-dependent part δε(t).

Operation at ε ≈ 0 has the advantage that the flux noise leads to less
variation of ν. In the first experiments [4] this has turned out to be crucial
for observing time-resolved quantum dynamics. Here, the qubit states can be
measured by incorporating the qubit inside the DC-SQUID loop. While not
working that out in detail, the methods that we present can also be applied
for the analysis of this approach. This also applies to the analysis of the
impact of electric dipole moments, represented by σ̂x. With Ech � EJ , these
couple much less to the circuitry and will hence not be discussed here.

As the internal baths are well suppressed, the coupling to the electromag-
netic environment (circuitry, radiation noise) becomes a dominant source of
decoherence. This is a subtle issue: It is not possible to couple the circuitry
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arbitrarily weakly or seal the experimental setup, because it has to remain
possible to control the system. One rather has to engineer the electromagnetic
environment to combine good control with low unwanted back-action.

Any linear electromagnetic environment can be described by an effective
impedance Zeff . If the circuit contains Josephson junctions below their crit-
ical current, they can be included through their kinetic inductance Lkin =
Φ0/(2πIc cos φ̄), where φ̄ is the average phase drop across the junction. The
circuitry disturbs the qubit through its Johnson-Nyquist noise, which has
Gaussian statistics and can thus be described by an effective Spin-Boson
model [11]. In this model, the properties of the oscillator bath which forms
the environment are characterized through a spectral function J(ω), which
can be derived from the external impedance. Note, that other nonlinear ele-
ments such as tunnel junctions which can produce non-Gaussian shot noise
are generically not covered by oscillator bath models.

As explained above, the flux noise from an external circuit leads to ε =
ε0 + δε(t) in Eq. (1). We parametrize the noise δε(t) by its power spectrum

〈{δε(t), δε(0)}〉ω = h̄2J(ω) coth(h̄ω/2kBT ). (2)

Thus, from the noise properties calculated by other means one can find J(ω)
as was explained in Detail in [12]. In this contribution, we would like to out-
line an alternative approach pioneered by Leggett [13], where J(ω) is derived
from the classical friction induced by the environment. In reality, the com-
bined system of SQUID and qubit will experience fluctuations arising from
additional circuit elements at different temperatures, which can be treated
in a rather straightforward manner.

3 Decoherence from the Electromagnetic Environment

3.1 Characterizing the Environment from Classical Friction

We study a DC-SQUID in an electrical circuit as shown in Fig. 1. It contains
two Josephson junctions with phase drops denoted by γ1/2. We start by
looking at the average phase γex = (γ1 + γ2)/2 across the read-out SQUID.
Analyzing the circuit with Kirchhoff rules, we find the equation of motion

2CJ
Φ0

2π
γ̈ex = −2Ic,0 cos(γi) sin γex + Ibias − Φ0

2π

∫
dt′γ̇ex(t′)Y (t− t′). (3)

Here, γin = (γ1 − γ2)/2 is the dynamical variable describing the circulating
current in the loop which is controlled by the flux, Ibias is the bias current
imposed by the source, Y (ω) = Z−1(ω) is the admittance in parallel to the
whole SQUID and Y (τ) its Fourier transform. The SQUID is described by
the junction critical currents Ic,0 which are assumed to be equal, and their
capacitances CJ. We now proceed by finding a static solution which sets the
operation point γin/ex,0 and small fluctuations around them, δγin/ex. The
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static solution reads Ibias = Ic,eff sin γex,0 where Ic,eff = 2Ic,0 cos γin,0 is the
effective critical current of the SQUID. Linearizing Eq. 3 around this solution
and Fourier-transforming, we find that

δγex(ω) =
2πIb tan γin,0Zeff(ω)

iωΦ0
δγi(ω) (4)

where Zeff(ω) =
(
Z(ω)−1 + 2iωCJ + (iωLkin)−1

)−1 is the effective
impedance of the parallel circuit consisting of the Z(ω), the kinetic in-
ductance of the SQUID and the capacitance of its junctions. Neglecting
self-inductance of the SQUID and the (high-frequency) internal plasma
mode, we can straightforwardly substitute γin = πΦ/Φ0 and split it into
γin,0 = πΦx,S/Φ0 set by the externally applied flux Φx,S through the SQUID
loop and δγi = πMSQIQ/Φ0 where MSQ is the mutual inductance between
qubit and the SQUID and IQ(ϕ) is the circulating current in the qubit as a
function of the junction phases, which assumes values ±Ip in the classically
stable states.

In order to analyze the backaction of the SQUID onto the qubit in the
two-state approximation, Eq. (1), we have to get back to its full, continuous
description, starting from the classical dynamcis. These are equivalent to a
particle, whose coordinates are the two independent junction phases in the
three-junction loop, in a two-dimensional potential

C(Φ0/2π)2ϕ̈ = −∇U(ϕ, Φx,q + ISMSQ). (5)

The details of this equation are explained in [6]. C is the capacitance matrix
describing the charging of the Josephson junctions in the loop, U(ϕ) con-
tains the Josephson energies of the junctions as a function of the junction
phases and IS. is the ciculating current in the SQUID loop. The applied flux
through the qubit Φq is split into the flux from the external coil Φx,q and the
contribution form the SQUID. Using the above relations we find

ISMSQ = δΦcl − 2π2M2
SQI2B tan2 γin,0

Zeff

iωΦ2
0

IQ (6)

where δΦcl � MSQIc,0 cos γex,0 sin γin,0 is the non-fluctuating back-action
from the SQUID.

From the two-dimensional problem, we can now restrict ourselves to the
one-dimensional subspace defined by the preferred tunneling direction [6],
which is described by an effective phase ϕ. The potential restricted on this
direction, U1D(ϕ) has the form of a double well [11,14] with stable minima
situated at ±ϕ0. In this way, we can expand U1D(ϕ,Φq) � U(ϕ,Φq, x) +
IQ(ϕ)IQMSQ. Approximating the phase-dependence of the circulating current
as IQ(ϕ) ≈ Ipϕ/ϕ0 where Ip the circulating current in one of the stable
minima of ϕ, we end up with the classical equation of motion of the qubit
including the backaction and the friction induced from the SQUID
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[
−Ceff

(
Φ0

2π

)2

ω2 + 2π2M2
SQI2bias tan2 γin,0

ZeffI
2
p

iϕ0ωΦ2
0

]
ϕ

= −∂ϕU1D(ϕ,Φx,q + δΦcl). (7)

From this form, encoded as D(ω)ϕ(ω) = −∂U/∂ϕ we can use the prescription
given in [13] and identify the spectral function for the continuous, classical
model as Jcont = ImD(ω). From there, we can do the two-state approximation
for the particle in a double well [14] and find J(ω) in analogy to [12]

J(ω) =
(2π)2

h̄ω

(
MSQIp

Φ0

)2

I2bias tan2
(
πΦ

Φ0

)
Re{Zeff(ω)}. (8)

3.2 Qubit Dynamics under the Influence of Decoherence

From J(ω), we can analyze the dynamics of the system by studying the
reduced density matrix, i.e. the density matrix of the full system where the
details of the environment have been integrated out, by a number of different
methods. The low damping limit, J(ω)/ω � 1 for all frequencies, is most
desirable for quantum computation. Thus, the energy-eigenstates of the qubit
Hamiltonian, Eq. (1), are the appropriate starting point of our discussion. In
this case, the relaxation rate Γr (and relaxation time τr) are determined
by the environmental spectral function J(ω) at the frequency of the level
separation ν of the qubit

Γr = τ−1
r =

1
2

(
∆

ν

)2

J
(ν

h̄

)
coth

(
ν

2kBT

)
, (9)

where T is the temperature of the bath. The dephasing rate Γφ (and dephas-
ing time τφ) is

Γφ = τ−1
φ =

Γr
2

+ 2πα
( ε

ν

)2 kBT

h̄
(10)

with α = limω→0 J(ω)/(2πω). These expressions have been derived in the
context of NMR [15] and recently been confirmed by a full path-integral
analysis [10]. In this paper, all rates are calculated for this regime.

For performing efficient measurement, one can afford to go to the strong
damping regime. A well-known approach to this problem, the noninteracting
blip approximation (NIBA) has been derived in [13]. This approximation
gives good predictions at degeneracy, ε = 0. At low |ε| > 0 it contains an
artifact predicting incoherent dynamics even at weak damping. At high bias,
ε 
 ∆ and at strong damping, it becomes asymptotically correct again. We
will not detail this approach here more, as it has been extensively covered in
[11,14].



Decoherence of Flux Qubits Coupled to Electronic Circuits 769

If J(ω) is not smooth but contains strong peaks the situation becomes
more involved: At some frequencies, J(ω) may fall in the weak and at others
in the strong damping limit. In some cases, whern J(ω) � ω holds at least
for ω ≤ Ω with some Ω 
 ν/h̄, this can be treated approximately: one can
first renormalize ∆eff through the high-frequency contributions [11] and then
perform a weak-damping approximation from the fixed-point Hamiltonian.
This is detailed in [16]. In the general case, more involved methods such as
flow equation renormalization [17] have to be used.

4 Engineering the Measurement Apparatus

From Eq. (8) we see that engineering the decoherence induced by the mea-
surement apparatus essentially means engineering Zeff . This includes also
the contributions due to the measurement apparatus. In this section, we are
going to outline and compare several options suggested in literature. We as-
sume a perfect current source that ramps the bias current Ibias through the
SQUID. The fact that the current source is non-ideal, and that the wiring to
the SQUID chip has an impedance is all modeled by the impedance Z(ω).
The wiring can be engineered such that for a very wide frequency range
the impedance Z(ω) is on the order of the vacuum impedance, and can be
modeled by its real part Rl. It typically has a value of 100 Ω.

4.1 R-Shunt

It has been suggested [18] to overdamp the SQUID by making the shunt cir-
cuit a simple resistor Z(ω) = RS with RS � √

Lkin/2CJ. This is inspired by
an analogous setup for charge qubits, [3]. Following the parameters given in
[12], a SQUID with Ic,0 = 200nA at Φ/Φ0 � 0.75 biased at Ibias = 120nA, we
find Lkin � 2 · 10−9H . Together with CJ � 1fF, this means that the SQUID
is overdamped if R � Rmax = 1.4kΩ. Using Eq. 8, we find that this provides
an Ohmic environment with Drude-cutoff, J(ω) = αω/(1 + ω2/ω2

LR) where
ωLR = R/Lkin and α = (2π)2/h̄ (MSQIq/Φ0)

2 I2bias tan2(πΦ/Φ0)L2
kin/RS. Us-

ing the parameters from [12], MSQIq/Φ0 = 0.002, we find αR = 0.08Ω and
ωLR/R = 8.3GHz/Ω. Thus, for our range of parameters (which essentially
correspond to weak coupling between SQUID and qubit), one still has low
damping of the qubit from the (internally overdamped) environment at rea-
sonable shunt resistances down to tens of Ohms. For such a setup, one can
apply the continuous weak measurement theory as it is outlined e.g. in [18].
This way, one can readily describe the readout through measurement of Zeff

which leaves the system on the superconducting branch. If one desires to read
out the state by monitoring the voltage at bias currents above the Ic,eff , our
analysis only describes the pre-measurement phase and at least shows that
the system is hardly disturbed when the current is ramped.
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4.2 Capacitive Shunt

Next, we consider a large superconducting capacitive shunt (Fig. 2a, as imple-
mented in [4,9]). The C shunt only makes the effective mass of the SQUID’s
external phase γex very heavy. The total impedance Zeff(ω) and J(ω) are
modeled as before, see Fig. 3. As limiting values, we find

Re{Zeff(ω)} ≈


ω2L2

J

Rl
, for ω � ωLC

Rl, for ω = ωLC
1

ω2C2
sh
Rl

, for ω 
 ωLC

(11)

We can observe that this circuit is a weakly damped LC-oscillator and
it is clear from (9) and (8) that one should keep its resonance frequency
ωLC = 1/

√
LJCsh, where Re{Zeff(ω)} has a maximum, away from the qubit’s

resonance ωres = ν/h̄. This is usually done by chosing ωLC � ωres. For a
C-shunted circuit with ωLC � ωres, this yields for J(ω ≈ ωLC)

J(ω) ≈ (2π)2

h̄ω3

(
MIp
Φ0

)2

I2bias tan2
(
πΦ

Φ0

)
1

C2
shRl

(12)

The factor 1/ω3 indicates a natural cut-off for J(ω), which prevents the
ultraviolet divergence [11,10] and which in much of the theoretical litera-
ture is introduced by hand. Using Eq. (9), we can directly analyze mix-
ing times τr vs ωres for typical sample parameters (here calculated with the

Z
l(ω

)≈
R

l

Ibias

Csh

LJ

Rsh
δV

Z
l(ω

)≈
R

l

Ibias Csh LJ δV

a

b

Fig. 2. Circuit models for the C-shunted DC-SQUID (a) and the RC-shunted DC-
SQUID (b). The SQUID is modeled as an inductance LJ . A shunt circuit, the
superconducting capacitor Csh or the Rsh-Csh series, is fabricated on chip very
close to the SQUID. The noise that couples to the qubit results from Johnson-
Nyquist voltage noise δV from the circuit’s total impedance Zeff . Zeff is formed by
a parallel combination of the impedances of the leads Zl, the shunt and the SQUID,
such that Z−1

eff = 1/Zl + 1/(Rsh + 1/iωCsh) + 1/iωLJ , with Rsh = 0 for circuit (a)
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Fig. 3. A typical Re{Zt(ω)} for the C-shunted SQUID (a) and the RC-shunted
SQUID (b), and corresponding J(ω) in (c) and (d) respectively. For comparison,
the dashed line in (c) shows a simple Ohmic spectrum, J(ω) = αω with exponential
cut off ωc/2π = 0.5 GHz and α = 0.00062. The parameters used here are Ip = 500
nA and T = 30 mK. The SQUID with 2Ico = 200 nA is operated at f = 0.75 π and
current biased at 120 nA, a typical value for switching of the C-shunted circuit (the
RC-shunted circuit switches at higher current values). The mutual inductance M
= 8 pH (i. e. MIp/Φ0 = 0.002). The shunt is Csh = 30 pF and for the RC shunt
Rsh = 10 Ω. The leads are modeled by Rl = 100 Ω

non-approximated version of Re{Zt(ω)}), see [12] for details. The mixing
rate is then Γr ≈ (2π∆/h̄)2 ω−5

res (MIp/Φ0)
2 I2bias tan2(πΦ/Φ0)(2h̄C2

shRl)
−1

coth (h̄ωres/2kBT ). With the C-shunted circuit it seems possible to get τr
values that are very long. They are compatible with the ramp times of the
SQUID, but too slow for fast repetition rates. For the parameters used here
they are in the range of 15 µs. While this value is close to the desired order
of magnitude, one has to be aware of the fact that at these high switching
current values the linearization of the junction as a kinetic inductor may un-
derestimate the actual noise. In that regime, phase diffusion between different
minima of the washboard potential also becomes relevant and changes the
noise properties [19,20].

4.3 RC-Shunt

As an alternative we will consider a shunt that is a series combination of a
capacitor and a resistor (Fig. 2b) (RC-shunted SQUID). The RC shunt also
adds damping at the plasma frequency of the SQUID, which is needed for
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realizing a high resolution of the SQUID readout (i. e. for narrow switching-
current histograms) [19]. The total impedance Zt(ω) of the two measurement
circuits are modeled as in Fig. 2. For the circuit with the RC shunt

Re{Zt(ω)} ≈


ω2L2

J

Rl
, for ω � ωLC

≤ Rl, for ω = ωLC � 1
RshCsh

Rl//Rsh, for ω = ωLC 
 1
RshCsh

Rl//Rsh, for ω 
 ωLC

. (13)

The difference mainly concerns frequencies ω > ωLC , where the C-shunted
circuit has a stronger cutoff in Re{Zeff(ω)}, and thereby a relaxation rate,
that is several orders lower than for the RC-shunted circuit. Given the values
of J(ω) from Fig. 3 one can directly see from the values of that an RC-
shunted circuit with otherwise similar parameters yields at ωres/2π = 10
GHz relaxation times that are about four orders of magnitude shorter.

5 Coupled Qubits

So far, we have applied our modeling only to single qubits. In order to study
entanglement in a controlled way and to eventually perform quantum algo-
rithms, this has to be extended to coupled qubits.

5.1 Hamiltonian

There is a number of ways how to couple two solid-state qubits in a way which
permits universal quantum compuation. If the qubit states are given through
real spins, one typically obtains a Heisenberg-type exchange coupling. For
other qubits, the three components of the pseudo-spin typically correspond
to physically completely distinct variables. In our case, σ̂z corresponds to the
flux through the loop whereas σ̂x/y are charges. Consequently, one usually
finds Ising-type couplings. The case of σ̂

(1)
y ⊗ σ̂

(2)
y coupling, i.e. coupling by

a component which is orthogonal to all possible single-qubit Hamiltonians,
has been extensively studied [21,22], because this type is straightforwardly
realized as a tunable coupling of charge qubits [3]. We study the generic case
of coupling the “natural” variables of the pseudospin to each other, which
can be realized in flux qubits using a switchable superconducting transformer
[6,23], but has also been experimentally utilized for coupling charge qubits
by fixed capacitive interaction [24].

We model the Hamiltonian of a system of two qubits, coupled via Ising-
type coupling. Each of the two qubits is described by the Hamiltonian Eq.
(1). The coupling between the qubits is described by Ĥqq = −(K/2)σ̂(1)z ⊗
σ̂
(2)
z that represents e.g. inductive interaction. Thus, the complete two-qubit

Hamiltonian in the absence of a dissipative environment reads

Ĥ2qb = −1
2

∑
i=1,2

(
εiσ̂

(i)
z + ∆iσ̂

(i)
x

)
− 1

2
Kσ̂(1)z σ̂(2)z . (14)
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For two qubits, there are several ways to couple to the environment: Both
qubits may couple to a common bath such as picked up by coupling elements
[6]. Local readout and control electronics coupling to individual qubits [6]
can be described as coupling to two uncorrelated baths. In analogy to the
procedure described above, one can determine the spectral functions of these
baths by investigating the corresponding impedances.

In the case of two uncorrelated baths, the full Hamiltonian reads

Ĥ2b
2qb = Ĥ2qb +

∑
i=1,2

1
2
σ̂(i)z X̂(i) + ĤB1 + ĤB2 , (15)

X̂(i) = ζ
∑
ν λνxν are collective coordinates of the bath. In the case of two

qubits coupling to one common bath we model our two qubit system in a
similar way with the Hamiltonian

Ĥ1b
2qb = Ĥ2qb +

1
2

(
σ̂(1)z + σ̂(2)z

)
X̂ + ĤB , (16)

where X̂ is a collective bath coordinate similar to above.

5.2 Rates

We can derive formulae for relaxation and dephasing rates similar to Eqs. (9)
and (10). Our Hilbert space is now four-dimensional. We label the eigenstates
as |E1〉 . . . |E4〉. We chose |E1〉 to be the singlet state (|↑↓〉 − |↓↑〉) /√2, which
is always an eigenstate [25] whereas |E2〉 . . . |E4〉 are the energy eigenstates
in the triplet subspace, which are typically not the eigenstates of σ̂(1)z + σ̂

(2)
z .

As we have 4 levels, we have 6 independent possible quantum coherent os-
cillations, each of which has its own dephasing rate, as well as 4 relaxation
channels, one of which has a vanishing rate indicating the existence of a stable
thermal equilibrium point. The expressions for the rates, although of simi-
lar form as in Eqs. (9) and (10) are rather involved and are shown in [25].
Figure 4 displays the dependence of typical dephasing rates and the sum of
all relaxation rates ΓR on temperature for the case ∆ = ε = K = hνS with
νS = 1GHz. The rates are of the same magnitude for the case of one common
bath and two distinct baths. If the temperature is increased above the roll
off point set by the intrinsic energy scales, Ts = (h/kB)νs = 4.8 · 10−2 K,
where Es = 1GHz, the increase of the dephasing and relaxation rates follows
a linear dependence, indicating that the environmental fluctuations are pre-
dominantly thermal. As a notable exception, in the case of one common bath
the dephasing rates Γϕ21 = Γϕ12 go to zero when the temperature is decreased
while all other rates saturate for T → 0. This can be understood as follows:
the singlet state |E1〉 is left invariant by the Hamiltonian of coupled qubits
in a common bath, Eq. (16), i.e. it is an energy eigenstate left unaffected
by the environment. Superpositions of the singlet with another eigenstate
are usually still unstable, because the other eigenstate generally suffers from
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Fig. 4. Log-log plot of the temperature dependence of the sum of the four relaxation
rates and selected dephasing rates. Qubit parameters K, ε and η are all set to Es and
the bath is assumed to be Ohmic α = 10−3. The upper panel shows the case of one
common bath, the lower panel the case of two distinct baths. At the characteristic
temperature of approximately 0.1 · Ts the rates increase very steeply

decoherence. However, the lowest-energy state of the triplet subspace |E2〉
cannot decay by spontaneous emission and flip-less dephasing vanishes at
T = 0, hence the dephasing rate between eigenstates |E1〉 and |E2〉 vanishes
at low temperatures, see Fig. 4. As shown in [25], there can be more “pro-
tected” transitions of this kind if the qubit parameters are adjusted such that
the symmetry between the unperturbed qubit and the coupling to the bath
is even higher, e.g. at the working point for a CPHASE operation.

5.3 Gate Performance

The rates derived in the previous section are numerous and do strongly de-
pendend on the tunable parameters of the qubit. Thus, they do not yet allow
a full assesment of the performance as a quantum logic element. A quan-
titative measure of how well a two-qubit setup performs a quantum logic
gate operation are the gate quality factors introduced in [26]: the fidelity,
purity, quantum degree and entanglement capability. These factors charac-
terize the density matrices obtained after attempting to perform the gate
operation in a hostile environment, starting from all possible initial condi-
tions ρ(0) = |Ψ jin〉 〈Ψ jin|. To form all possible initial density matrices needed to
calculate the gate quality factors, we use the 16 unentangled product states
|Ψ jin〉, j = 1, . . . , 16 defined [22] according to |Ψa〉1 |Ψb〉2, (a, b = 1, . . . , 4), with
|Ψ1〉 = |0〉, |Ψ2〉 = |1〉, |Ψ3〉 = (1/

√
2)(|0〉+ |1〉), and |Ψ4〉 = (1/

√
2)(|0〉+i |1〉).
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They form one possible basis set for the superoperator νG which describes the
open system dynamics such that ρ(tG) = νGρ(0) [22,26]. The CNOT gate is
implemented using rectangular DC pulses and describing dissipation through
the Bloch-Redfield equation as described in [3,25].

The fidelity is defined as F = (1/16)
∑16
j=1 〈Ψ jin|U+

GρjGUG |Ψ jin〉. The fi-
delity is a measure of how well a quantum logic operation was performed.
Clearly, the fidelity for the ideal quantum gate operation is equal to 1. The
second quantifier is the purity P = (1/16)

∑16
j=1 tr

[
(ρjG)2

]
, which should be

1 in a pure and 1/4 in a fully mixed state. The purity characterizes the effects
of decoherence. The quantum degree measures nonlocality. It is defined as the
maximum overlap of the resulting density matrix after the quantum gate op-
eration with the maximally entangled Bell-states Q = maxj,k 〈Ψkme| ρjG |Ψkme〉.
For an ideal entangling operation, e.g. the CNOT gate, the quantum degree
should be 1. It has been shown [27] that all density operators that have an
overlap with a maximally entangled state that is larger than the value 0.78
[22] violate the Clauser-Horne-Shimony-Holt (CHSH) inequality and are thus
non-local. The entanglement capability C is the smallest eigenvalue of the
partially transposed density matrix for all possible unentangled input states
|Ψ jin〉. (see below). It has been shown [28] to be negative for an entangled state.
This quantifier should be -0.5, e.g. for the ideal CNOT, thus characterizing
a maximally entangled final state.

In Fig. 5, the deviations due to decoherence of the gate quality factors
from their ideal values are shown. Similar to most of the rates, all gate quality
factors saturate at temperatures below a threshold set by the qubit energy
scales. The deviations grow linearily at higher temperatures until they reach
their theoretical maximum. Comparing the different coupling scenarios, we
see that at low temperatures, the purity and fidelity are higher for the case
of one common bath, but if temperature is increased above this threshold,
fidelity and purity are approximately equal for both the case of one common
and two distinct baths. This is related to the fact that in the case of one
common bath all relaxation and dephasing rates vanish during the two-qubit-
step of the CNOT (see [25] for details), due to the special symmetries of
the Hamiltonian, when temperature goes to zero as discussed above. Still,
the quantum degree and the entanglement capability tend towards the same
value for both the case of one common and two distinct baths. This is due to
the fact that both quantum degree and entanglement capability are, different
than fidelity and purity, not defined as mean values but rather characterize
the “best” possible case of all given input states.

In the recent work by Thorwart and Hänggi [22], the CNOT gate was
investigated for a σ̂

(i)
y ⊗ σ̂

(j)
y coupling scheme and one common bath. They

find a pronounced degradation of the gate performance with gate quality fac-
tors only weakly depending on temperature. If we set the dissipation and the
intrinsic energy scale to the same values as in their work, we also observe
only a weak decrease of the gate quality factors for both the case of one com-
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Fig. 5. Log-log plot of the temperature dependence of the deviations of the four
gate quantifiers from their ideal values. Here the temperature is varied from ≈ 0 to
2 ·Es. In all cases α = α1 = α2 = 10−3. The dotted line indicates the upper bound
set by the Clauser-Horne-Shimony-Holt inequality

mon bath and two distinct baths in the same temperature range discussed
by Thorwart and Hänggi. However, see Fig. 5, overall we find substantially
better values. This is due to the fact that for σ̂y ⊗ σ̂y coupling, the Hamilto-
nian does not commute with the coupling to the bath during the two-qubit
steps of the pulse sequence, i.e. the symmetries of the coupling to the bath
and the inter-qubit coupling are not compatible. The dotted line in Fig. 5
shows that already at comparedly high temperature, about 20 qubit ener-
gies, a quantum degree larger than Q ≈ 0.78 can be achieved. Only then, the
Clauser-Horne-Shimony-Holt inequality is violated and non-local correlations
between the qubits occur as described in [22]. Thus, even under rather mod-
est requirements on the experimental setup which seem to be feasible with
present day technology, it appears to be possible to demonstrate nonlocality
and entanglement between superconducting flux qubits.

6 Summary

It has been outlined, how one can model the decoherence of an electromag-
netic environment inductively coupled to a superconducting flux qubit. We
have exemplified a procedure based on analyzing the classical friction induced
by the environment for the specific case of the read-out SQUID. It is shown
that the SQUID can be effectively decoupled from the qubit if no bias cur-
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rent is applied. The effect of the decoherence on relaxation and dephasing
rates of single qubits has been discussed as well as the gate performance of
coupled qubits. We have shown that by carefully engineering the impedance
and the symmetry of the coupling, one can reach excellent gate quality which
complies with the demands of quantum computation.
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We study a realistic model for driven qubits using the numerical solution of the Bloch-Redfield equation as
well as analytical approximations using a high-frequency scheme. Unlike in idealized rotating-wave models
suitable for NMR or quantum optics, we study a driving term which neither is orthogonal to the static term nor
leaves the adiabatic energy value constant. We investigate the underlying dynamics and analyze the spectros-
copy peaks obtained in recent experiments. We show, that unlike in the rotating-wave case, this system exhibits
nonlinear driving effects. We study the width of spectroscopy peaks and show, how a full analysis of the
parameters of the system can be performed by comparing the first and second resonance. We outline the
limitations of the NMR linewidth formula at low temperature and show, that spectroscopic peaks experience a
strong shift which goes much beyond the Bloch-Siegert shift of the eigenfrequency.
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Coherent manipulation of quantum states is a well es
lished technique in atomic and molecular physics. In th
fields, one works with ‘‘clean’’ generic quantum system
which can be very well decoupled from their environmen
Moreover, it is possible to apply external fields in a way su
that strong symmetry relations between the static and
time-dependent part of the Hamiltonian apply and the res
ing dynamics is very simple and can be treated analytica
In solid-state systems, the situation is different. Not only
they contain a macroscopic number of degrees of freed
which form a heat bath decohering the quantum states t
controlled, but also is the choice of controllable paramet
much more restricted. A quantum-mechanical two state s
tem ~TSS! realized in a mesoscopic circuit can be identifi
with a ~pseudo!spin, however, in that case the different com
ponents of the spin may correspond to physically disti
observables such as, e.g., magnetic flux and electric cha1

This naturally limits the possibilities of controlling arbitrar
parameters of the pseudospin. Hence, in order to describ
direct control of quantum states in mesoscopic devices, c
cepts from NMR or quantum optics cannot bedirectly ap-
plied but have to be carefully adapted. In particular, as de
herence is usually rather strong in condensed matter syst
one can attempt to drive the system rather strongly in or
to have the operation time for a quantum gate, usually se
the Rabi frequency, as short as possible.

We concentrate on the case of a persistent current q
tum bit2–4 driven through the magnetic flux through the loo
and damped predominantly by flux noise5 with Gaussian sta-
tistics. This setup is accurately described by the drive6,7

spin-boson model8

H5
e~ t !

2
ŝz2

D

2
ŝx1ŝz(

i
ci x̂i1(

i
S p̂i

2

2mi
1

1

2
miv i

2x̂i
2D ,

~1!

wheree(t)5e01s cosVt and the oscillator bath is assume
to be ohmic with a spectral density J(v)
5(p/2)( i(ci

2/miv i)d(v2v i)52pave2v/vc. The connec-
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tion of J(v) to the setup parameters is detailed in Ref. 5. T
static energy splitting of the pseudospin isn5Ae0

21D2. This
model is also applicable to other Josephson qubits and o
realizations.8,9 In particular, the strong driving regime we ar
going to elaborate on has recently been realized in sev
setups.10–12 We study the effective dynamics of the pse
dospin having traced out the bath in the limit of weak dam
ing a!1 which is appropriate for quantum computatio
This is done using the Bloch-Redfield equation.13 The result-
ing equation is of Markovian form in the sense that it on
contains the density matrix at a single time, however, it
derived in such a way, that the free coherent evolution dur
the interaction with the bath is fully taken into account su
that the resulting equation is numerically equivalent to
fully non-Markovian path-integral scheme7,9 and only
memory terms beyond the Born approximation are dropp
The explicit form of the equations for this situation as well
the formulas for the rates correspond to those given in Re
We compare our numerical results to analytical formulas
rived in the framework of a high-frequency approximation14

which involves averaging over the driving field and h
nonetheless shown to give a good estimate for the sys
dynamics even close to resonances.7

Initial experiments on quantum bits such as Ref. 3 do
monitor the real-time dynamics of the system as in Ref.
because the read-out is much slower than the decohere
i.e., the dephasing timetf is too short. In order to optimize
the experimental setup, it is important to measure bothtf
and the relaxation timetR , even and in particular if they are
insufficient. In the standard NMR-case, this is done by stu
ing the width of the resonance.15 We will detail that a some-
what modified analysis can be performed for solid-state
bits and what are its limitations. We discuss bo
situations.3,4 Our results thus help to analyze the decohere
as observed in Refs. 3,4, and outline the possibilities
limitations of driving the system in the nonlinear regime.

We have numerically solved the driven Bloch-Redfie
equation. The real-time dynamics is illustrated in Fig. 1.
©2003 The American Physical Society08-1
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BRIEF REPORTS PHYSICAL REVIEW B68, 012508 ~2003!
The dynamics shows distinct features on different tim
scales. As expected, there are clear Rabi oscillations on
scale of the effective driving strength~see below!. In quan-
tum computing applications, these would be used for
implementation of a Hadamard gate. On top of this, there
fast components: The dominating one oscillates with
driving frequency, which originates in the fact that the dri
ing is not perpendicular to the static field. A weaker on
which oscillates at twice the driving frequency, comes fro
the counter-rotating term perpendicular to the static fie

FIG. 1. ^sz&(t) at fixed frequencyV/2p56.6 GHz for different
bias points.~a! Off resonance,n/2p52.9 GHz, incoherent decay
towards thermal equilibrium,~c! on resonance,n/2p56.6 GHz,
Rabi oscillations decaying on the scale of a dephasing timetf

towards a dynamical equilibrium state,~b! close to the resonance
n/2p56.4 GHz, combination of decoherence and relaxation, a
~d! short-time dynamics highlighting the fast oscillating compone
see text.
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These oscillations can lead to errors of the Hadamard g
On a longer time scale, the Rabi oscillations decay. The t
scales will be discussed later on. In general, if one is
exactly on resonance, these oscillations are combined
nonoscillatory decay, see Figs. 1~a! and 1~b!. At very long
times, the system assumes a quasistationary valueP` .

Corresponding to the situation of a spectroscopy exp
ment, we now turn to the analysis of the quasistationary s
which is established after a long timet@tf ,tR ,vR

21 . We
compare our full numerical solutions with analytical expre
sions we have obtained from the high-frequency approxim
tion of Refs. 7,14. As a result of this approach, the TSS
mapped onto a coupled ensemble of TSSs correspondin
the original system emitting or absorbingn photons from the
driving field during the tunneling. The energy bias of the
individual systems isen5e02nV and the tunnel matrix el-
ement

Dn5DJn~s/V!, ~2!

where theJn are Bessel functions. At low driving fields, w
can approximateDn5(D/n!)(s/2V)n as we would expect
from the expansion of a perturbation series in the driv
strength. TheDn can hence be viewed asn-photon Rabi fre-
quencies. This implies, that the usual single-photon f
quency gets replaced byD1.sD/n, which can be interpreted
as only the projection of the driving field onto the directio
in pseudospin space orthogonal to the static Hamiltonian
order to obtain the solid curves in Fig. 2 the secular eq
tions for the eigenfrequencies have been solved, taking
account an appropriate number of terms.16 The dynamical
two state systems are characterized by individual dynam
dephasing ratesGf,n and a common relaxation rateG r .7 On
thenth resonance,Gf,n can be very low, much lower than of
resonance, as can be seen in Fig. 1, and largely excee
intrinsic dephasing time. This has been observed in Refs.

d
,

d.

nt
er
FIG. 2. ^sz& in the long-time limit at fixed
frequencyV/2p56.6 GHz as a function of the
energy biase0 for different values of the driving
strengths/V50.034,0.43,1.7,2.4@~a!–~d!#. From
~b!–~d!, nonlinear resonances can be identifie
~d! already shows negative values atsmall posi-
tive e0, which can be identified as the cohere
destruction of zero-photon tunneling. Furth
peaks occur at even higher bias.
8-2
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BRIEF REPORTS PHYSICAL REVIEW B68, 012508 ~2003!
Figure 2 shows numerical and analytical results forP`

5 limt→`^sz& at a fixed frequencyV/2p56.6 GHz as a
function of the energy biase0. This corresponds to a realisti
experimental situation.3 In Fig. 2~a!, taken at weak driving
field, only the regular resonance corresponding to the tra
tion between the two eigenstates driven by absorbing a sin
photon can be seen. At somewhat stronger driving, Fig. 2~b!,
this peak grows wider and a second resonance appears,
responding to the simultaneous absorption of two photo
At higher fields, Fig. 2~c!, these peaks grow and start t
dominate over the background. They also turn asymme
This trend culminates in the situation shown in Fig. 2~d!. In
that case,P` doesnot grow to positive values at small pos
tive e0, but it gets negative and then directly approaches
first resonance. The reason for this behavior can be ident
within the high-frequency approximation: The lowest orde
tunnel frequencyD05DJ0(s/V) vanishes at this particula
driving strength. Indeed, comparing Figs. 2~a! and 2~d! one

FIG. 3. ^sz& at strong driving with high frequencyV/2p
56.6 GHz ~where D/2p5660 MHz). By increasing the driving
strength, the tunneling is slowed down and brought to a stands

FIG. 4. Shift of the spectroscopy peak as a function of the dr
ing strength forv/2p56.6 GHz andD/2p5660 MHz. We com-
pare to the usual Bloch-Siegert shift formula~dashed! and the for-
mula derived in the text~solid!.
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can see, that the step which is ate050 in case~a! is shifted
to e0.V in case~d!. This phenomenon, the coherent d
struction of tunneling6 relies on destructive interference o
the dressed state17 formed by the TSS and a cloud of photon
from the driving field. This interpretation is supported by t
dynamics of^sz&(t). As seen in Fig. 3, which shows th
dynamics at the degeneracy point for different drivi
strengths, the zero-photon tunneling is slowed down a
brought to a standstill. If that strong driving can be applied
solid-state qubits, it would provide an alternative for contr
ling D0 by a cw microwave field instead of an addition
magnetic flux as proposed in Ref. 2.

At very weak driving, the peak position corresponds
the qubit eigenfrequencyV5n. This is not reliably predicted
by the high-frequency approximation. At stronger drivin
the peak gets shifted. Closer inspection as in Fig. 4 sho
that this shift goes much beyond the usual Bloch-Sieg
shift6 of the dynamical eigenfrequency, in fact, one can sh
that the position of thepeakin steady state and the eigenfr
quency do not coincide. The former is given by balancing
rates and it can be shown that in lowest order gets shi
by16 depeak.s2/8V whereas the Bloch-Siegert shift for ou
case isdeBS.D2s2/(16V3). As a more general conclusion
already at modest not-too-weak driving, the resonance p
tions do not necessarily reflect the eigenfrequencies of
system.

In Fig. 5, the height of the two lowest order peaks
shown. It can be seen, that, from the low-driving side, th
saturate as soon as their effective Rabi frequencyDn exceeds
1/At rtf. At very high driving, the peaks show an inversio
of population.

For the optimization of qubit setups on the way to coh
ent dynamics, it is important to characterize its cohere
properties from the spectroscopic data. In NMR, this is do
from the linewidth given by

dV52Atf
221vR

2tR /tf, ~3!

ll.

- FIG. 5. Heights of the two lowest resonances as a function
the driving strength s at n/2p56.6 GHz, D/2p5660 MHz,
V/2p56.6 GHz. The solid and dashed lines are extrapolated N
formulas.
8-3
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BRIEF REPORTS PHYSICAL REVIEW B68, 012508 ~2003!
wherevR is the Rabi frequency at resonance, which co
cides with the strength of the driving field. A generalizatio
of this formula to our case has to take into account lo
temperatures and the different driving situation. Moreov
vR is usually not directly known to sufficient precision, be
cause the driving strength depends on the attenuation of
applied fields on their way to the sample and the efficien
of the coupling.3,5

Our analysis suggests the generalization of Eq.~3! is
given by

dVn52Atf
221Dn

2tR /tf, n561,62 . . . , ~4!

wheredVn is the width~in frequency! of then-photon reso-
nance andDn is the effective Rabi frequency defined abov
At low powerss,V, they are given by the rates from th
undriven Ohmic case

tR
215a

D2

2n
cothS \n

2kBTD , tf
215~2tR!2112pa

kBT

\

e0
2

n2
.

~5!

This result is confirmed by our numerical simulations Fig.

FIG. 6. Widths of the two lowest resonances as a function of
driving strengths at D/2p5660 MHz andV/2p56.6 GHz. The
solid line corresponds to the extrapolated NMR formula discus
in the text.
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We can essentially identify three regimes: A saturat
broadening regime at low powers, wheredVn.2tf

21 , a
saturated regime,dVn.2DnAtR /tf and a nonlinear regime
where the numerical curve deviates from Eq.~4! due to the
fact, that the high Rabi frequency shifts the relevant ene
scales and modifies the time scales given in Eq.~5!. Note,
that in this regime, the general curve ofP` is greatly de-
formed ~see Fig. 2! and the width of a peak becomes am
biguous.

This result allows to measure essentially all interest
parameters of the system experimentally. By extrapolat
the level separation at the degeneracy point@as it was done in
Eq. ~3!#, one obtainsD. By tracking the resonance position
at weak driving, one can evaluatee0 as a function of the
external control parameter@in Eq. ~3! this would be the mag-
netic flux#. By driving in the saturated regime, the widths
the first and second peak become, according to Eq.~4!
dV1/252D1/2AtR /tf, hence by taking their ratio we find th
effective driving strength fromD2 /D15J1(s/V)/J0(s/V)
.s/2 and by tracking the slope of the first resonance we fi
the ratiot r /tf . Finally, examining the saturation broadenin
regime of the first resonance gives the absolute value oftf .

In conclusion, we have numerically and analytically an
lyzed the spin-boson system, which, e.g., represent
SQUID qubit, in the weak damping regime, driven by co
tinuous fields. As compared to the more familiar situation
NMR, this system is both different in the character of t
driving and the low temperature governing the dissipati
We have shown, that the key features of this system, R
oscillations, and saturation of the linewidth, persist quali
tively as has been experimentally confirmed.4 They are, how-
ever, altered on a quantitative level, such as an unantici
edly strong shift of the position of the resonance peak, a
also supplemented by new phenomena such as hig
harmonics generation, oscillations of^sz& on the scale of the
driving field, and coherent destruction of tunneling. We ha
finally outlined a scheme how to determine all relevant p
rameters ~tunnel splitting, energy dispersion, drivin
strength, dephasing and relaxation time! of a quantum bit
solely through spectroscopy.
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Decoherence and gate performance of coupled solid-state qubits
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Solid-state quantum bits are promising candidates for the realization of ascalable quantum computer.
However, they are usually strongly limited by decoherence due to the many extra degrees of freedom of a
solid-state system. We investigate a system of two solid-state qubits that are coupled viasz

( i )
^ sz

( j ) type of
coupling. This kind of setup is typical forpseudospinsolid-state quantum bits such as charge or flux systems.
We evaluate decoherence properties and gate quality factors in the presence of a common and two uncorrelated
baths coupling tosz , respectively. We show that at low temperatures, uncorrelated baths do degrade the gate
quality more severely. In particular, we show that in the case of a common bath, optimum gate performance of
a controlled-PHASEgate can be reached at very low temperatures, because our type of coupling commutes with
the coupling to the decoherence, which makes this type of coupling interesting as compared to previously
studied proposals withsy

( i )
^ sy

( j ) coupling. Although less pronounced, this advantage also applies to the
controlled-NOT gate.

DOI: 10.1103/PhysRevA.67.042319 PACS number~s!: 03.67.Lx, 03.65.Yz, 05.40.2a, 85.25.2j
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I. INTRODUCTION

Quantum computation has been shown to perform cer
tasks much faster than classical computers@1–3#. Presently,
very mature physical realizations of this idea originate
atomic physics, optics, and nuclear magnetic resona
These systems are phase coherent in abundance, how
scaling up the existing few-qubit systems is not straightf
ward. Solid-state quantum computers have the potential
vantage of being arbitrarily scalable to large systems
many qubits@4–6#. Their most important drawback is th
coupling to the many degrees of freedom of a solid-st
system. Even though recently, there has been fast progre
improving the decoherence properties of experimentally
alized solid-state quantum bits@7–11#, this remains a formi-
dable task.

Quite a lot is known about decoherence properties
single solid-state qubits, see, e.g., Refs.@12–14#, but much
less is known about systems of two or more coupled qu
@15–17#. However, only for systems of at least two qubi
the central issue of entanglement can be studied. The ph
cally available types of qubit coupling can be classified
Heisenberg-type exchange that is typical for real spin-
systems, and Ising-type coupling, which is characteristic
pseudospinsetups, where the computational degrees of fr
dom are not real spins. In the latter, the different spin co
ponents typically correspond to distinct variables, such
charge and flux@10,18# whose couplings can and have to
engineered on completely different footing. Previous wo
@16,17# presented the properties of a system of two coup
solid-state qubits that are coupled viasy

( i )
^ sy

( j ) type cou-
pling as proposed in Ref.@14# as the current-current couplin
of superconducting charge quantum bits.

On the other hand, many systems such as inductiv
coupled flux qubits@6#, capacitively coupled charge qubi
@7,8#, and other pseudospin systems@19# are described by a

*Electronic address: storcz@theorie.physik.uni-muenchen.de
1050-2947/2003/67~4!/042319~17!/$20.00 67 0423
in

e.
ver,
-
d-
f

e
in
-

f

ts
,
si-
s
2
r
-
-
s

k
d

ly

sz
( i )

^ sz
( j ) Ising-type coupling. This indicates that the com

putational basis states are coupled, which, i.e., in the cas
flux qubits are magnetic fluxes, whereassx/y are electric
charges. Thesz observable is a natural way of coupling
because it is typically easy to couple to. We will study a tw
qubit-system coupled this way that is exposed to Gaus
noise coupling tosz , the ‘‘natural’’ observable. This ex-
ample accounts for the crucial effect of electromagne
noise in superconducting qubits. We will compare both
cases of noise that affects both qubits in a correlated way
the case of uncorrelated single-qubit errors. We determ
the decoherence properties of the system by application
the well-known Bloch-Redfield formalism and determin
quality factors of a controlled-NOT ~CNOT! gate for both
types of errors and feasible parameters of the system.

II. MODEL HAMILTONIAN

We model the Hamiltonian of a system of two qubit
coupled via Ising-type coupling. Each of the two qubits is
two-state system that is described in pseudospin notation
the single-qubit Hamiltonian@13#

Hsq52
1

2
eŝz2

1

2
Dŝx , ~1!

wheree is the energy bias andD the tunnel matrix element
The coupling between the qubits is determined by an e
term in the HamiltonianHqq52(K/2)ŝz

(1)
^ ŝz

(2) that repre-
sents e.g., inductive interaction~directly or via flux trans-
former! in the case of flux qubits@6,20#. Thus, the complete
two-qubit Hamiltonian in the absence of a dissipative en
ronment reads

H2qb5 (
i 51,2

S 2
1

2
e i ŝz

( i )2
1

2
D i ŝx

( i )D2
1

2
Kŝz

(1)ŝz
(2) . ~2!

The dissipative~bosonic! environment is conveniently mod
eled as either a common bath or two distinct baths of h
©2003 The American Physical Society19-1
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M. J. STORCZ AND F. K. WILHELM PHYSICAL REVIEW A67, 042319 ~2003!
monic oscillators, coupling to thesz components of the two
qubits. This approach universally models baths which p
duce Gaussianfluctuations, such as the noise from line
electrical circuits. An example for a situation described b
common bath is long correlation length electromagne
noise from the experimental environment or noise genera
or picked up by coupling elements such as flux transform
@6#. Short correlation length radiation or local readout a
control electronics coupling to individual qubits@13# might
be described as coupling to two uncorrelated baths of
monic oscillators.

One should note that if the number of qubits is increa
to more than two, there might also occur dissipative effe
that neither affect all qubits nor only a single qubit, but rath
a cluster of qubits, thus, enhancing the complexity of o
considerations@21#.

In the case of two uncorrelated baths, the full Hamilton
reads

H2qb
2b 5 (

i 51,2
S 2

1

2
e i ŝz

( i )2
1

2
D i ŝx

( i )1
1

2
ŝz

( i )X̂( i )D
2

1

2
Kŝz

(1)ŝz
(2)1HB1

1HB2
, ~3!

where each qubit couples to its own, distinct harmonic os
lator bath HBi

, i 51,2, via the coupling termŝz
( i )X̂( i ), i

51,2, that bilinearly couples a qubit to the collective ba
coordinateX̂( i )5z(nlnxn . We again sum over the two qu
bits. In the case of two qubits coupled to one common b
we model our two-qubit system with the Hamiltonian

H2qb
1b 52

1

2 (
i 51,2

~e i ŝz
( i )1D i ŝx

( i )!2
1

2
Kŝz

(1)ŝz
(2)

1
1

2
~ ŝz

(1)1ŝz
(2)!X̂1HB , ~4!

whereHB denotes one common bath of harmonic oscillato
The appropriate starting point for our further analysis

the singlet/triplet basis, consisting ofu↑↑&ª(1,0,0,0)T,
(1/A2)(u↑↓&1u↓↑&)ª(0,1,0,0)T, u↓↓&ª(0,0,1,0)T, and the
singlet state (1/A2)(u↑↓&2u↓↑&)ª(0,0,0,1)T. In the case of
flux qubits, the↑ and↓ states correspond to clockwise an
counterclockwise currents respectively.

In this basis, the undamped HamiltonianH2qb , Eq.~2!, of
the two-qubit system assumes the matrix form

H2qb52
1

2 S e1K h 0 2Dh

h 2K h De

0 h K2e Dh

2Dh De Dh 2K

D , ~5!

with e5e11e2 , h5(D11D2)/A2, Dh5(D12D2)/A2,
and De5e12e2. From now on, for simplicity, we concen
trate on the case of equal parameter settings,D15D2 and
e15e2.
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If we now also express the coupling to the dissipat
environment in this basis, we find in the case of coupling
two uncorrelated distinct baths that

H2qb
2b 52

1

2 S e2s1K h 0 0

h 2K h 2Ds

0 h K2e1s 0

0 2Ds 0 2K

D , ~6!

with s5X11X2 and Ds5X12X2. Here, the bath mediate
transitions between the singlet and triplet states, the singl
not a protected subspace.

In the case of two qubits with equal parameters that
coupled to one common bath, we obtain the matrix

H2qb
1b 52

1

2 S e2s1K h 0 0

h 2K h 0

0 h K2e1s 0

0 0 0 2K

D , ~7!

wheres52X andDs50. One directly recognizes that com
pared to Eq.~6! in this case, thermalization to the singl
state is impeded, because Eq.~7! is block diagonal in the
singlet and triplet subspaces. The singlet and triplet are c
pletely decoupled from each other, and in the case of
common bath the singlet is also completely decoupled fr
the bath and thus, protected from dissipative effects. Th
fore, a system in contact with one common bath that is p
pared in the singlet state will never experience any deco
ence effects. The singlet state is a decoherence free subs
~DFS! @22#, although a trivial, one-dimensional one.

III. EIGENENERGIES AND EIGENSTATES
OF THE TWO-QUBIT HAMILTONIAN

We calculate exact analytical eigenvalues and eigenv
tors of the unperturbed two-qubit system Hamiltonian in t
aforementioned symmetric case of Eq.~5!, which reads

H2qb52
1

2 S e1K h 0 0

h 2K h 0

0 h K2e 0

0 0 0 2K

D . ~8!

This Hamiltonian is block diagonal and the largest block, t
triplet, is three dimensional, i.e., it can be diagonalized us
Cardano’s formula. Details of that calculation are given
Ref. @23#. The case of nonidentical qubits is more eas
handled numerically.

In the following, uE1&, uE2&, uE3&, anduE4& denote the
eigenstates of the two-qubit system. The eigenenergies o
unperturbed Hamiltonian~8! depend on the three paramete
K, e, andh. Fig. 1 displays the eigenenergies in more de
for typical experimentally accessible values. The values t
are chosen for the parameterse, h, andK in Fig. 1 corre-
spond to what can be reached in flux qubits. They typica
assume values of a few GHz resembling the parame
9-2



DECOHERENCE AND GATE PERFORMANCE OF COUPLED . . . PHYSICAL REVIEW A 67, 042319 ~2003!
FIG. 1. Plot of the eigenenergies of the eigenstatesuE1&, uE2&, uE3&, anduE4&. From upper left to lower right:~1! K5h5Es ande is
varied,~2! K510Es , h5Es , ande is varied; the inset resolves the avoided level crossing due to the finite transmission amplitudeh; ~3!
h5e5Es andK is varied;~4! K5e5Es andh is varied.
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of known single- and two-qubit experiments in Delft@13#
and at MIT@24#. Therefore, we will use a characteristic e
ergy scaleEs , which is typically Es51 GHz. The corre-
sponding scales arets51 ns, vs52p31 GHz, and Ts
5ns(h/kB)54.831022 K. Panel ~1! shows that for large
values ofe, two of the eigenenergies are degenerate~namely,
for e@h,K the statesuE1& and uE4& equal the states
(1/A2)(u↑↓&2u↓↑&) and (1/A2)(u↑↓&1u↓↑&), hence the
eigenenergies are degenerate! while near zero energy bia
~magnetic frustationf 51/2) all four eigenenergies might b
distinguished. Note also that, therefore, at zero energy b
the transition frequencyv1452v41 has a localmaximum,
which, as will be shown below, can only be accessed
nonsymmetric driving.

If K is set to a big positive value corresponding to lar
ferromagnetic coupling@Fig. 1, panel~2!, K510Es], the
Hamiltonian ~8! is nearly diagonal and, hence, the eige
states in good approximation are equal to the singlet/tri
basis states. In this case,uE3& equals the triplet state
(1/A2)(u↑↓&1u↓↑&), uE2& and uE4& equal u↑↑& and u↓↓&,
respectively, for positive values ofe. For large negative val-
ues ofe, the two statesuE2& and uE4& become equalu↓↓&
and u↑↑& with a pseudo-spin-flip between clockwise a
counterclockwise rotating currents ate50 when going from
positive to negativee. In the case of large ferromagnet
coupling, the ground state tends towards the superpos
(1/A2)(u↑↑&1u↓↓&). Panel~2! shows that only fore equal
to zero, bothuE2&5u↑↑& (uE2&5u↓↓&, for negativee) and
uE4&5u↓↓& (uE4&5u↑↑&, for negativee) have the same en
ergies~which one would expect if the2(1/2)Ksz

(1)sz
(2) term

in the Hamiltonian dominates!, because ife is increased, the
e i ŝz

( i ) ( i 51,2) terms in the Hamiltonian change the energ
04231
s,

a

-
t

on

.

For large antiferromagnetic coupling,u2Ku@e,D the
statesu↑↓& and u↓↑& are favorable. In this limit, the ground
state tends towards (1/A2)(u↑↓&1u↓↑&) and the energy
splitting between (1/A2)(u↑↓&1u↓↑&) and (1/A2)(u↑↓&
2u↓↑&) vanishes asymptotically, leaving the ground sta
nearly degenerate.

From Fig. 1, panel~3!, one directly recognizes that th
singlet eigenenergy crosses the triplet spectrum, which
consequence of the fact that the singlet does not interact
any triplet states. At zero energy bias~magnetic frustration
f 51/2, for a flux qubit!, none of the eigenstates equal one
the triplet basis states~e.g., as observed for a large ener
biase), they are rather nontrivial superpositions. This is e
cidated further in the following paragraph. The inset of pa
~2! depicts the level anticrossing between the eigenener
of the two statesuE2& and uE4& due to quantum tunneling.

In general, the eigenstates are a superposition of sing
triplet states. Figure 2 shows how singlet/triplet states co
bine into eigenstates for different qubit parameters. The fi
eigenstateuE1& equals (1/A2)(u↑↓&2u↓↑&) for all times
while the other eigenstatesuE2&, uE3&, anduE4& are in gen-
eral superpositions of the singlet/triplet basis states. For la
values ofueu, the eigenstates approach the singlet/triplet! ba-
sis states. In particular, at typical working points, wheree
'5D @13#, the eigenstates already nearly equal the sing
triplet basis states. Hence, although the anticrossing
scribed above corresponds to the anticrossing used in R
@9,25# to demonstrate Schro¨dinger’s cat states,entanglement
is prevalent away from the degeneracy point. For an exp
mental proof, one still would have to show that one h
successfully prepared coherent couplings by spectrosc
cally tracing the energy spectrum. Note that, for clarity,
9-3
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FIG. 2. Plot of the amplitude of the different singlet~triplet! states of which the eigenstates denoted byuE1&, uE2&, uE3&, anduE4& are
composed for the four eigenstates. In all plotse is varied, andK andh are fixed toEs .
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Fig. 2, the interqubit coupling strengthK is fixed to a rather
large value ofEs that also sets the width of the anticrossin
which potentially can be very narrow.

Spectroscopy

As a first technological step towards demonstrating coh
ent manipulation of qubits, usually the transition frequenc
between certain energy levels are probed@9,25#, i.e., the en-
ergy differencesbetween the levels. Figures 3 and 4 dep
the transition frequencies between the four eigenstates.
transition frequencies are defined asvnm5(En2Em)/\ and

FIG. 3. Plot of the absolute value of the transition frequenc
v32, v42, andv31. In the left columnK5h50.2Es ande is var-
ied. In the right column,K50.2Es , e5Es , andh is varied.
04231
,
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he

vnm52vmn . The transitions between the singlet stateuE1&
and the triplet states are forbidden in the case of one c
mon bath, due to the special symmetries of the Hamilton
~4!, if the system is driven collectively through a time
dependent energy biase1(t)5e2(t). However, in the case o
two distinct baths, the environment can mediate transiti
between the singlet and the triplet states.

Not all transition frequencies have local minima ate
50. The frequenciesv41 andv34 have local maxima at zero
energy biase. This can already be inferred from Fig. 1, pan
~1!, the energy of the eigenstateuE4& has a local minimum at
e50. Similarily, the substructure ofv34 can be understood
from Fig. 1: the frequencyv34 has a local maximum ate

s FIG. 4. Plot of the transition frequenciesv21, v41, andv34. In
the left column,K5h50.2Es ande is varied. In the right column,
K50.2Es , e5Es , andh is varied.
9-4
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DECOHERENCE AND GATE PERFORMANCE OF COUPLED . . . PHYSICAL REVIEW A 67, 042319 ~2003!
50, because of the local minimum of the eigenenergy of
stateuE4&. First, if e is increased, the level spacing ofuE4&
and uE3& decreases. Then, for larger values ofe, the level
spacing ofuE4& anduE3& increases again. Thus, the structu
observed forv34 arounde50 emerges in Fig. 4.

IV. BLOCH-REDFIELD FORMALISM

In order to describe decoherence in the weak damp
limit, we use the Bloch-Redfield Formalism@26#. It provides
a systematic way of finding a set of coupled master equat
which describes the dynamics of the reduced~i.e., the reser-
voir coordinates are traced out! density matrix for a given
system in contact with a dissipative environment and
recently been shown to be numerically equivalent to
more elaborate path-integral scheme@27#. The Hamiltonian
of our two-qubit system in contact with a dissipative en
ronment, Eqs.~3! and ~4!, has the generic ‘‘system1bath’’
form

Hop~ t !5H2qb1HB1H int , ~9!

whereHB is a bath of harmonic oscillators andH int inherits
the coupling to a dissipative environment. In our case,
effects of driving are not investigated. In Born approxim
tion and when the system is only weakly coupled to
environment, Bloch-Redfield theory provides the followin
set of equations for the reduced density matrixr describing
the dynamics of the system@28,29#:

ṙnm~ t !52 ivnmrnm~ t !2(
kl

Rnmk,rk,~ t !, ~10!

where vnm5(En2Em)/\, and maxn,m,k,,uRe(Rnmk,)u
,minnÞmuvnmu must hold. The Redfield relaxation tens
Rnmk, comprises the dissipative effects of the coupling of
system to the environment. The elements of the Redfi
relaxation tensor are given through golden rule rates@28#

Rnmk,5d,m(
r

Gnrrk
(1) 1dnk(

r
G,rrm

(2)

2G,mnk
(1) 2G,mnk

(2) . ~11!

A. Two qubits coupled to two distinct baths

We now evaluate the Golden rule expressions in Eq.~11!
in the case of two qubits, each coupled to a distinct harmo
oscillator bath. Here,H̃I(t)5exp(iHBt/\)HIexp(2iHBt/\) de-
notes the coupling between system and bath in the inte
tion picture, and the bracket denotes thermal average of
bath degrees of freedom. Writing down all contributio
gives

G,mnk
(1) 5\22E

0

`

dte2 ivnkt^e[ i (HB1
1HB2

)t/\]

3~sz,,m
(1)

^ X̂(1)1sz,,m
(2)

^ X̂(2)!e[ 2 i (HB1
1HB2

)t/\]

3~sz,nk
(1)

^ X̂(1)1sz,nk
(2)

^ X̂(2)!&, ~12!
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where sz,nm
( i ) ( i 51,2) are the matrix elements ofŝz

( i ) with
respect to the eigenbasis of the unperturbed Hamiltonian~8!
and likewise forG,mnk

(2) .
We assume Ohmic spectral densities with a Drude cut

This is a realistic assumption, i.e., for electromagnetic no
@13# and leads to integrals in the rates which are tractable
the residue theorem. The cutoff frequencyvc for the spectral
functions of the two qubits is typically assumed to be t
largest frequency in the problem, this is discussed furthe
Sec. IV E,

J1~v!5
a1\v

11
v2

vc
2

and J2~v!5
a2\v

11
v2

vc
2

. ~13!

The dimensionless parametera describes the strength of th
dissipative effects that enter the Hamiltonian via the coupl
to the environment, described bys andDs. In order for the
Bloch-Redfield formalism, which involves a Born approx
mation in the system-bath coupling, to be valid, we have
assumea1/2!1. After tracing out over the bath degrees
freedom, the rates read

G,mnk
(1) 5

1

8\
@L1J1~vnk!1L2J2~vnk!#@coth~b\vnk/2!21#

1
i

4p\
@L2M 2~vnk,2!1L1M 2~vnk,1!# ~14!

with L15L,mnk
1 5sz,,m

(1) sz,nk
(1) , L25L,mnk

2 5sz,,m
(2) sz,nk

(2) , and

M 6~V,i !5PE
0

`

dv
Ji~v!

v22V2
@coth~b\v/2!V6v#,

~15!

hereP denotes the principal value. Likewise,

G,mnk
(2) 5

1

8\
@L1J1~v,m!1L2J2~v,m!#@coth~b\v,m/2!11#

1
i

4p\
@L2M 1~v,m,2!1L1M 1~v,m,1!#. ~16!

The ratesG,mnk
(1) andG,mnk

(2) might be inserted into Eq.~11! to
build the Redfield tensor. Note, here, that forvnk→0, and
v,m→0 respectively, the real part of the rates~which is re-
sponsible for relaxation and dephasing! is of value G,mnk

(1)

5G,mnk
(2) 5(1/4b\)@sz,,m

(1) sz,nk
(1) a11sz,lm

(2) sz,nk
(2) a2#.

To solve the set of differential equations~10!, it is conve-
nient to collapser into a vector. In general, the Redfiel
equations~10! without driving are solved by an ansatz of th

type r(t)5Bexp(R̃t)B21r(0), whereR̃ is a diagonal matrix.
The entries of this diagonal matrix are the eigenvalues of
Redfield tensor~11!, written in matrix form, including the
dominating termivnm @cf. Eq. ~10!#. Here, the reduced den
sity matrix r5(r11, . . . ,r44)

T is written as a vector. The
9-5
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FIG. 5. Plot of the occupation
probability of the four eigenstate
uE1&, uE2&, uE3&, and uE4& for
initially starting in one of the
eigenstatesuE1& ~first row!, uE2&
~second row!, or uE3& ~third row!
at T50. The left column illus-
trates the case of two qubits cou
pling to one common bath and th
right column the case of two qu
bits coupling to two distinct baths
The energiesK, e, and h are all
fixed to Es . The characteristic
time scalets is ts51/ns .
t
tio
Eq

in

es
nly
mic

ad
ys-

al

the

n-
den-
e
the
on a

s-

o-
tem
matrix B describes the basis change to the eigenbasis ofR̃, in

which R̃ has diagonal form.

B. Two qubits coupled to one common bath

For the case of two qubits coupled to one common ba
we perform the same calculation as in the preceding sec
which leads to expressions for the rates analogous to
~16!

G,mnk
(1) 5

1

8\
LJ~vnk!@coth~b\vnk/2!21#1

iL

4p\

3PE
0

`

dv
J~v!

v22vnk
2 @coth~b\v/2!vnk2v#,

~17!

with L5L,mnk5sz,,m
(1) sz,nk

(1) 1sz,,m
(1) sz,nk

(2) 1sz,,m
(2) sz,nk

(1)

1sz,,m
(2) sz,nk

(2) and

G,mnk
(2) 5

1

8\
LJ~v,m!@coth~b\v,m/2!11#1

iL

4p\

3PE
0

`

dv
J~v!

v22v,m
2 @coth~b\v/2!v,m1v#.

~18!

The difference between the rates for the case of two dist
baths~14! and ~16! are the two extra termssz,,m

(1) sz,nk
(2) and
04231
h,
n,
s.

ct

sz,,m
(2) sz,nk

(1) . They originate when tracing out the bath degre
of freedom. In the case of one common bath, there is o
one spectral function, which we also assume to be Oh
J(v)5(a\v)/(11v2/vc

2). For vnk→0, andv,m→0, re-
spectively, the real part of the rates is of the valueG,mnk

(1)

5G,mnk
(2) 5(a/4b\)L, for v,m ,vnk→0.

C. Dynamics of coupled flux qubits with dissipation

The dissipative effects affecting the two-qubit system le
to decoherence, which manifests itself in two ways. The s
tem experiences energy relaxation on a time scaletR5GR

21

(GR is the sum of the relaxation rates of the four diagon
elements of the reduced density matrix;GR52(nQn and
Qn are the eigenvalues of the matrix that consists of
tensor elementsRn,m,n,m , n,m51, . . . ,4!, called relaxation
time, into a thermal mixture of the system’s energy eige
states. Therefore, the diagonal elements of the reduced
sity matrix decay to the value given by th
Boltzmann factors. The quantum coherent dynamics of
system are superimposed on the relaxation and decay
usually shorter time scaletw i j

5Gw i j

21 ( i , j 51, . . . ,4;iÞ j and

Gwnm
52ReRn,m,n,m

1b,2b ) termed dephasing time. Thus, depha
ing causes the off-diagonal terms~coherences! of the reduced
density matrix to tend towards zero.

First, we investigate the incoherent relaxation of the tw
qubit system out of an eigenstate. At long times, the sys
is expected to reach thermal equilibrium,req5(1/Z)e2bH.
Special cases areT50, wherereq equals the projector on
9-6
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FIG. 6. Plot of the occupation
probability of the four eigenstate
uE1&, uE2&, uE3&, and uE4& for
initially starting in one of the
eigenstatesuE1& ~upper row! or
uE2& ~lower row! at T521Ts .
The left column illustrates the
case of two qubits coupling to on
common bath and the right col
umn the case of two qubits cou
pling to two distinct baths. The
energiesK, e, andh are all fixed
to Es . The characteristic time
scalets is ts51/ns .
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the ground state andT→`, where all eigenstates are occ

pied with the same probability, i.e.,req5(1/4)1̂. Figures 5
and 6 illustrate the relaxation of the system prepared in
of the four eigenstates for temperaturesT50 and T
521Ts respectively. The qubit energiesK, e, andh are all
set toEs anda is set toa51023. From Fig. 1, one recog
nizes relaxation into the eigenstateuE2&, the ground state for
this set of parameters.

At low temperatures (T50), we observe that for the cas
of two distinct uncorrelated baths, a system prepared in
of the four eigenstates always relaxes into the ground s
In the case of two qubits coupling to one common bath, t
is not always the case, as can be seen in the upper left pa
of Figs. 5 and 6. This can be explained through our previ
observation, that the singlet is a protected subspace: Ne
the free nor, unlike in the case of distinct baths, the ba
mediated dynamics couple the singlet to the triplet spa
Moreover, we can observe that relaxation to the ground s
happens by populating intermediate eigenstates with a lo
energy than the initial state the system was prepared int
50 ~cf. Fig. 1!.

For high temperatures (T.21Ts), the system thermalize
into thermal equilibrium, where all eigenstates have eq
occupation probabilities. Again, in the case of one comm
bath, thermalization of the singlet state is impeded and
three eigenstatesuE2&, uE3& anduE4& have equal occupation
probabilites of 1/3 after the relaxation time.

If the system is prepared in a superposition of eigensta
e.g.,uE3& anduE4& as in Fig. 7, which are not in a protecte
subspace, we observe coherent oscillations between
eigenstates that are damped due to dephasing and afte
decoherence time, the occupation probability of the eig
states is given by the Boltzmann factors. This behavio
depicted in Fig. 7. Here, fora51023, the cases ofT50 and
T52.1Ts are compared. When the temperature is l
enough, the system will relax into the ground stateuE2&, as
illustrated by the right column of Fig. 7. Thus, the occup
tion probability of the state (1/A2)(uE3&1uE4&) goes to
zero. Here, in the case of zero temperature, the decoher
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times for the case of one common or two distinct baths are
the same order of magnitude. The left column illustrates
behavior when the temperature is increased. AtT52.1Ts ,
the system relaxes into an equally populated state on ti
much shorter than forT50. For low temperatures, the cha
acteristic time scale for dephasing and relaxation is so
what shorter for the case of one common bath (t1b/t2b

'0.9, fora51023). This can be explained by observing th
temperature dependence of the rates shown in Fig. 8. Tho
for the case of one common bath, two of the dephasing r
are zero atT50, the remaining rates are always slight
bigger for the case of one common bath compared to the
of two distinct baths. If the system is prepared in a gene
superposition, hereuE3& and uE4&, nearly all rates become
important thus compensating the effect of the two rates
are approximately zero at zero temperature and leadin
faster decoherence.

If a and, therefore, the strength of the dissipative effe
is increased froma51023 to a51022, the observed coher
ent motion is significantly damped. Variation ofa leads to a
phase shift of the coherent oscillations, due to renormal
tion of the frequencies@16#. However, in our case, the effect
of renormalization are very small, as discussed in Sec. IV
and cannot be observed in our plots.

D. Temperature dependence of the rates

Figure 8 displays the dependence of typical dephas
rates and the relaxation rateGR on temperature. These deco
herence rates are the inverse decoherence times. The
are of the same magnitude for the cases of one common
and two distinct baths. As a notable exception, in the cas
one common bath, the dephasing ratesGw21

5Gw12
go to zero

when the temperature is decreased, while all other rates s
rate forT→0. This phenomenon is explained later on. If t
temperature is increased fromTs5(h/kB)ns54.831022 K,
the increase of the dephasing and relaxation rates follow
power-law dependence. It is linear in temperatureT with a
slope given by the prefactors of the expression in the R
9-7
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FIG. 7. Plot of the occupation probabilityP(1/A2)(uE3&1uE4&)(t) when starting in the initial state (1/A2)(uE3&1uE4&), which is a super-
position of eigenstatesuE3& and uE4&. The first row shows the behavior for two qubits coupling to two uncorrelated baths. The lowe
shows the behavior for two qubits coupled to one common bath. The qubit parameterse, h, and K are set toEs and a is set toa
51023. The inset resolves the time scale of the coherent oscillations.

FIG. 8. Log-log plot of the
temperature dependence of th
sum of the four relaxation rate
and selected dephasing rates. Q
bit parametersK, e, andh are all
set toEs anda51023. The upper
panel shows the case of one com
mon bath and the lower panel th
case of two distinct baths. At the
characteristic temperature of ap
proximately 0.1Ts , the rates in-
crease very steeply.
042319-8
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FIG. 9. Plot of the temperature
dependence of the sum of the fou
relaxation rates and selecte
dephasing rates. Qubit paramete
e and h are set to 0,K is set to
Es , and a51023 corresponding
to the choice of parameters use
for the UXOR operation. The upper
panel shows the case of one com
mon bath and the lower panel th
case of two distinct baths. In the
case of one common bath the sy
tem will experience no dissipative
effects atT50.
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field rates that depends on temperature. At temperaturT
'0.1Ts , the rates show a sharp increase for both cases.
roll-off point is set by the characteristic energy scale of
problem, which in turn is set by the energy biase, the trans-
mission matrix elementh, and the coupling strengthK. For
the choice of parameters in Fig. 8, the characteristic ene
scale expressed in temperature isT'0.1Ts .

Note that there is also dephasing between the singlet
the triplet states. When the system is prepared~by applica-
tion of a suitable interaction! in a coherent superposition o
singlet and triplet states, the phase evolves coherently. T
two possible decoherence mechanisms can destroy phas
herence. First, ‘‘flipless’’ dephasing processes, where^E& re-
mains unchanged. These flipless dephasing processes a
scribed by the terms forv,m ,vnk→0 in the rates, Eqs.~16!
and ~18!. Obviously, these terms vanish forT→0, as the
low-frequency component of Ohmic Gaussian noise
strictly thermal. Second, relaxation due to emission of a
son to the bath is also accompanied by a loss of phase
herence. This process in general has afinite rate atT50.
This explains theT dependence of the rates in the single-b
case:uE1& alone is protected from the environment. As the
are incoherent transitions between the triplet eigenstates
at T50, the relative phase of a coherent oscillation betwe
uE1& and any of those is randomized, and the decohere
ratesGw3/4,1

are finite even atT50. As a notable exception

uE2&, the lowest-energy state in the triplet subspace,
only be flipped through absorption of energy, which impli
that the dephasing rateGw21

also vanishes at low temperatur
The described behavior can be observed in Fig. 8.

If the parameterse andh are tuned to zero, thusK being
the only nonvanishing parameter in the Hamiltonian,
dephasing and relaxation rates will vanish forT50 in the
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case of one common bath. This behavior is depicted in F
9. It originates from the special symmetries of the Ham
tonian in this case and the fact that for this particular tw
qubit operation, the system Hamiltonian and the coupling
the bath are diagonal in the same basis. This special ca
of crucial importance for the quantum gate operation as
scribed in Sec. V and affects the gate quality factors.

E. Renormalization effects

Next to causing decoherence, the interaction with the b
also renormalizes the qubit frequencies. This is mostly du
the fast bath modes, and can be understood analogous t
Franck-Condon effect, the Lamb shift, or the adiabatic ren
malization@30#. Renormalization of the oscillation frequen
ciesvnm is controlled by the imaginary part of the Redfie
tensor@16#

vnm→ṽnmªvnm2ImRnmnm. ~19!

Note that ImRnmnm52ImRmnmndue to the fact that the cor
relators in the Golden Rule expressions have the same pa
The imaginary part of the Redfield tensor is given by

ImG,mnk
(1) 5C,mnk

1b,2b 1

p\
PE

0

`

dv J~v!S 1

v22vnk
2 D

3@coth~b\v/2!vnk2v# ~20!

and
9-9
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FIG. 10. The left plot depicts the ratio of the renormalization effects and the corresponding transition frequencies. Parama
51023, T50, andvc /vs is varied between 102 and 105 for several frequencies (v12, v14, andv23) for the case of two baths and in th
case ofv23 also for the case of one common bath. The parameters for the right plot area51023, T52.1Ts , andvc /vs is varied between
103 and 105. The inset of the left plot shows a log-log plot of the temperature dependence of the renormalization effects. Herea51023 and
vc51013. Note that for small temperatures the renormalization effects donot depend on temperature.~This is elucidated further in Sec
IV E.! The plots are scaled logarithmically to emphasize the logarithmic divergence of the renormalization effects withvc .
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ImG,mnk
(2) 5C,mnk

1b,2b 1

p\
PE

0

`

dv J~v!S 1

v22v,m
2 D

3@coth~b\v/2!v,m1v#, ~21!

whereP denotes the principal value, andC,mnk
1b,2b are prefac-

tors defined, in the case of two distinct baths, according
C,mnk

2b 5 1
4 @sz,,m

(1) sz,nk
(1) 1sz,,m

(2) sz,nk
(2) # and in the case of one

common bathC,mnk
1b 5 1

4 L. Here, for simplicity, we assume
a15a25a and thus,J1(v)5J2(v)5J(v). Evaluation of
the integral leads to the following expression forG,mnk

(1) :

ImG,mnk
(1) 5C,mnk

1b,2b
avc

2vnk

2p~vc
21vnk

2 !
Fc~11c2!1c~c2!

22Re@c~ ic1!#2p
vc

vnk
G , ~22!

with c1ª(b\vnk)/(2p) and c2ª(b\vc)/(2p). In the
case ofG,mnk

(2) , the expression is

ImG,mnk
(2) 5C,mnk

1b,2b
avc

2v,m

2p~vc
21v,m

2 !
Fc~11c2!1c~c2!

22Re@c~ ic1!#1p
vc

v,m
G , ~23!

with c1ª(v,mb\)/(2p). The terms in Eqs.~22! and ~23!
which are linear invc give no net contribution to the imagi
nary part of the Redfield tensor@16#. To illustrate the size of
the renormalization effects, the ratio of the renormalizat
effects to the frequencies which are renormalized is depic
in Fig. 10.

If c1 andc2 are large, and the digamma functions can
approximated by a logarithm, the resulting expression for
renormalization effects will be independent of temperatu
04231
o

n
d

e
e
.

The temperature dependence of Eqs.~22! and~23! at higher
temperatures, wherec1 and c2 are small and the renorma
ization effects are very weak, is shown in Fig. 10. The ra
~22! and ~23! diverge logarithmically withvc in analogy to
the well-known ultraviolet-divergence of the spin bos
model @30#. When comparing the left (T50) and right (T
52.1Ts) panel, one recognizes that for the first case, o
common bath gives somewhat smaller renormalization
fects than two distinct baths, while in the second case foT
52.1Ts , the renormalization effects deviate only slight
~see the behavior forv23) and the renormalization effects ar
smaller for the case of two distinct baths. The effects
renormalization are always very small@ uIm(Rn,m,n,m)/vnmu
below 1% for our choice of parameters# and are therefore
neglected in our calculations. However, having calcula
Eqs. ~22! and ~23!, these are easily incorporated in our n
merical calculations. The case of large renormalization
fects is discussed in Ref.@31#.

We only plotted the size of the renormalization effects
v12, v14, andv34, because in general, all values ofvnk are
of the same magnitude and give similar plots. The size of
renormalization effects diverges linearly witha, the dimen-
sionless parameter that describes the strength of the dis
tive effects.

For flux qubits, the cutoff frequencyvc is given by the
circuit properties. For a typical first order low-pass LR filt
@32# in a qubit circuit@13#, one can insertR550 V ~typical
impedance of coaxial cables! andL'1 nH ~depends on the
length of the circuit lines! into vLR5R/L, and gets that
vLR'531010 Hz. vLR is the largest frequency in the prob
lem ~see again Ref.@13#, Chap. 4.5! and vc@vLR should
hold. Thenvc'1013 Hz (5104Es) as cutoff frequency is a
reasonable assumption.

V. GATE QUALITY FACTORS

In Sec. IV, we evaluated the dephasing and relaxat
rates of the two-qubit system that is affected by a dissipa
9-10
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DECOHERENCE AND GATE PERFORMANCE OF COUPLED . . . PHYSICAL REVIEW A 67, 042319 ~2003!
environment. Furthermore, we visualized the dynamics
the two-qubit system. This does not yet allow a full asse
ment of the performance as a quantum logic element. Th
should perform unitary gate operations and based on
rates alone, one can not judge how well quantum gate op
tions might be performed with the two-qubit system. The
fore, to get a quantitative measure of how our setup beha
when performing a quantum logic gate operation, one
evaluate gate quality factors@33#. The performance of a two
qubit gate is characterized by four quantities: the fidel
purity, quantum degree, and entanglement capability. Th
delity is defined as

F5
1

16 (
j 51

16

^C in
j uUG

1rG
j UGuC in

j &, ~24!

whereUG is the unitary matrix describing the desired ide
gate and the density matrix obtained from attempting a qu
tum gate operation in a hostile environment isrG

j 5r(tG),
which is evaluated for all initial conditionsr(0)
5uC in

j &^C in
j u . The fidelity is a measure of how well a qua

tum logic operation was performed. Without dissipation,
reduced density matrixrG

j after performing the quantum gat
operation, applyingUG and the inverseUG

1 would equal
r(0). Therefore, the fidelity for the ideal quantum gate o
eration should be 1.

The second quantifier is the purity

P5
1

16 (
j 51

16

tr„~rG
j !2

…, ~25!

which should be 1 without dissipation and 1/4 in a fu
mixed state. The purity characterizes the effects of deco
ence.

The third quantifier, the quantum degree, is defined as
maximum overlap of the resulting density matrix after t
quantum gate operation with the maximally entangled sta
the Bell states

Q5max
j ,k

^Cme
k urG

j uCme
k &, ~26!

where the Bell statesCme
k are defined according to

uCme
00 5

u↓↓&1u↑↑&

A2
, uCme

01 5
u↓↑&1u↑↓&

A2
, ~27!

uCme
10 5

u↓↓&2u↑↑&

A2
, uCme

11 5
u↓↑&2u↑↓&

A2
. ~28!

For an ideal entangling operation, e.g., the controlled-NOT

gate, the quantum degree should be one. The quantum de
characterizes nonlocality. It has been shown@34# that all den-
sity operators that have an overlap with a maximally e
tangled state that is larger than the value 0.78@17# violate the
Clauser-Horne-Shimony-Holt inequality and are thus non
cal.
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The fourth quantifier, the entanglement capabilityC, is the
smallest eigenvalue of the partially transposed density ma
for all possible unentangled input statesuC in

j & . ~see below!.
It has been shown@35# to be negative for an entangled stat
This quantifier should be20.5, e.g., for the ideal UXOR, thus
characterizing a maximally entangled final state. Two of
gate quality factors, namely, the fidelity and purity mig
also be calculated for single-qubit gates@12#. However, en-
tanglement can only be observed in a system of at least
qubits. Therefore, the quantum degree and entanglemen
pability cannot be evaluated for single-qubit gates.

To form all possible initial density matrices, needed
calculate the gate quality factors, we use the 16 unentan
product statesuC in

j & , j 51, . . . ,16defined@17# according to
uCa&1uCb&2 (a,b51, . . . ,4), with uC1&5u↓&, uC2&5u↑&,
uC3&5(1/A2)(u↓&1u↑&), and uC4&5(1/A2)(u↓&1 i u↑&).
They form one possible basis set for the superoperatornG
with r(tG)5nGr(0) @17,33#. The states are chosen to b
unentangled for being compatible with the definition ofC.

A. Implementation of two-qubit operations

1. Controlled phase-shift gate

To perform the controlled-NOT operation, it is necessar
to be able to apply the controlled phase-shift operation
gether with arbitrary single-qubit gates. In the computatio
basis (u00&,u01&,u10&,u11&), the controlled phase-shift opera
tion is given by

UCZ~w!5S 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 eiw

D , ~29!

and forw5p, up to a global phase factor,

UCZ5expS i
p

4
sz

(1)DexpS i
p

4
sz

(2)DexpS i
p

4
sz

(1)sz
(2)D .

~30!

Note that in Eq.~30! only sz operations, which commute
with the coupling to the bath, are needed. The control
phase-shift operation together with two Hadamard gates
a single-qubit phase-shift operation then gives the control
NOT gate.

2. Controlled-NOT gate

Due to the fact that the set consisting of the UXOR ~or
controlled-NOT! gate and the one-qubit rotations, is comple
for quantum computation@36#, the UXOR gate is a highly
important two-qubit gate operation. Therefore we further
vestigate the behavior of the four gate quality factors in t
case. The UXOR operation switches the second bit, depend
on the value of the first bit of a two bit system. In the com
putational basis, this operation has the following mat
form:
9-11
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M. J. STORCZ AND F. K. WILHELM PHYSICAL REVIEW A67, 042319 ~2003!
UXOR5S 1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

D . ~31!

Up to a phase factor, the two-qubit UXOR ~or CNOT! operation
can be realized by a sequence of five single-qubit and
two-qubit quantum logic operations. Each of these six ope
tions corresponds to an appropriate Hamiltonian undergo
free unitary time evolution exp@2(i/\)Hopt#. The single-
qubit operations are handled with Bloch-Redfield formalis
like the two-qubit operations. We assume dc pulses~instan-
taneous on and off switching of the Hamiltonian with ze
rise time of the signal! or rectangular pulses

UXOR5expF2 i
p

2 S sx
(2)1sz

(2)

A2
D GUCZ~p!

3expS i
p

2
sz

(1)D expF2 i
p

2 S sx
(2)1sz

(2)

A2
D G ,

~32!

whereUCZ(p) is given by Eq.~30!. This generic implemen-
tation has been chosen in order to demonstrate the com
son to other coupling schemes@17# as well as for computa
tional convenience, it is not necessarily the optimum sche
for application under cryogenic conditions, where slow ris
time ac pulses are preferred. Table I shows the parameter
inserted into the one- and two-qubit Hamiltonian to rece
the UXOR operation. In our case, we assumedj5Es . How-
ever, there is no restriction in the use of other values forj.
For a typical energy scale of 1 GHz, the resulting times fr
Table I are in the nanosecond range.

To better visualize the pulse sequence needed to per
the quantum UXOR operation, which was already given i

TABLE I. Parameters of the Hamiltonians which are needed
perform the UXOR gate operation; only the nonzero parameters
listed: j5Es in our case.

No. Operation Parameters (Es) Time ~s!

1 expF2i
p

2 Ssx
21sz

2

A2
D G e252j, D252j t15

A2
2j

2 expSi p

2
sz

1D e15j t25
1
2j

3 expSi p

4
sz

1sz
2D K5j t35

1
4j

4 expSi p

4
sz

2D e25j t45
1
4j

5 expSi p

4
sz

1D e15j t55
1
4j

6 expF2i
p

2 Ssx
21sz

2

A2
D G e252j, D252j t65

A2
2j
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Table I, Fig. 11 depicts the values of the elements of
Hamiltonians. Interestingly enough, we find that for the on
two-qubit operation included in the UXOR operation,e andh
are zero. Thus,K is the only nonzero parameter andH2qb
assumes diagonal form. For flux qubits, implementing
pulse sequence Fig. 11 involves negative and positive va
tuning the magnetic frustration through the qubit loop bel
or abovef 51/2. Note that, e.g., for realistic models of in
ductively coupled flux qubits, it is very difficult to turn on
the interaction Hamiltonian between the two qubits witho
the individualsz terms in the Hamiltonian. However, for th
pulse sequence given in Eq.~32!, we might simply perform
the third, fourth, and fifth operations of Eq.~32! at once
using only the Hamiltonian with both the individualsz terms
and the interqubit coupling.

To obtain the final reduced density matrix after perfor
ing the six unitary operations~32!, we iteratively determine
the density matrix after each operation with Bloch-Redfie
theory and insert the attained resulting density matrix as
tial density matrix into the next operation. This procedure
repeated for all possible unentangled initial states given
the preceding section. We inserted no additional time in
vals between the operations. This is usually needed, if
applies Bloch-Redfield formalism, because it is known
violate complete positivity on short time scales. Howev
we circumvent this problem in our calculations by droppi
the memory after each operation, when we iteratively cal
late the reduced density matrix. This procedure may lead
small inaccuracies as compared to usingQUAPPI @17#, which,
however, should not affect our main conclusions.

B. Temperature dependence

1. Controlled phase-shift gate

We have analyzed the gate quality factors in the case
a common and of two distinct baths, respectively. In Fig.
the temperature dependence of the deviations of the four
quality factors from their ideal values are depicted as a l
log plot. At temperatures belowT52.531022 K'0.5Ts ,
the purity and fidelity are clearly higher for the case of o
common bath, but if temperature is increased above
characteristic threshold, fidelity and purity are slightly high
for the case of two baths.

In the case of one common bath the fidelity, purity, a
entanglement capability are approaching their ideal value

o
e

FIG. 11. Pulse sequence needed to perform the quantum UXOR

operation. Here, the elements of the unperturbed single- and
qubit Hamiltonian needed to perform a certain operation under
ing free unitary time evolution are shown. The dotted horizon
lines denotej50, and the horizontal lines are spaced byuju5Es .
The durations of each pulse are not equal in generalt jÞt i , i , j
51, . . . ,6~cf. Table I!.
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FIG. 12. Log-log plot of the
temperature dependence of the d
viations of the four gate quantifi-
ers from their ideal values afte
performing the controlled phase
shift ~CPHASE! gate operation. In
all cases,a5a15a251023. The
full curves are provided as guide
to the eye.
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when temperature goes to zero. This is related to the fact
in the case of one common bath all relaxation and depha
rates vanish during the two-qubit step of the control
phase-shift gate due to the special symmetries of the Ha
tonian, when temperature goes to zero as depicted in Fi

The controlled phase-shift operation creates entan
ment. The creation of entanglement is impeded by deco
ence effects that vanish when temperature approaches
Therefore, the entanglement capability exhibits the same
havior as the fidelity and purity. For zero dissipation (a
50), the quantum degree has the value 0.5 but the entan
ment capability is20.5 thus, characterizing a maximum e
tangled state. The reason is that the Bell-states, which
generated by the controlled phase-shift gate from the in
states, result in a basis that is different from the used ba
but can be transformed using only local transformations.

Furthermore, for finite dissipation, Fig. 9 shows that a
for the case of two distinct baths, there are only three n
vanishing rates forT→0. The system, being prepared in o
of the 16 initial states, might relax into one of the eigensta
that is an entangled state.

We observe the saturation of the deviation for the case
two baths and can directly recognize the effects of the s
metries of the controlled phase-shift operation. For givena,
the fidelity and purity cannot be increased anymore by lo
ering the temperature in the case of two distinct baths. In
estingly enough, we find that for two qubits coupling to o
common bath, the situation is different for temperatures
low 0.5Ts . Above a temperature ofTs54.831022 K, the
decrease of the gate quality factors shows a linear de
dence on temperature for both cases of one common or
distinct heat baths before it again saturates at about 102 K
'23103Ts . Finite decoherence effects in the fidelity, puri
and entanglement capability atT50 for the case of two dis-
tinct baths are resulting from the coupling of the system
the environment of harmonic oscillators, which~at T50) are
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all in their ground states and can be excited through spo
neous emission. But for the case of one common bath,
deviation from the ideal fidelity goes to zero, when tempe
ture goes to zero. This is due to the special symmetries (K is
the onlynonvanishing parameter in the two-qubit operatio!
of the Hamiltonian, which rules out spontaneous emissi
These symmetries are also reflected in the temperature
pendence of the rates, Fig. 9. There, for one common b
all rates vanish forT→0. Note that these rates only describ
the two-qubit part of the operation. However, the sing
qubit part behaves similarly, because the terms in the sin
qubit Hamiltonian are also}sz .

2. Controlled-NOT gate

Different to the preceding section, we now add tw
single-qubit operations~Hadamard gates! to the controlled
phase-shift operation that donot commute with the coupling
to the bath. In Fig. 13, the deviations of the gate qua
factors from their ideal values are depicted as a log-log p
Again, at temperatures belowT52.531022 K'0.5Ts , the
purity and fidelity are higher for the case of one comm
bath, but if temperature is increased above this character
threshold, fidelity and purity are higher for the case of tw
baths. Note that, we have chosen a rather largea, this value
can substantially be improved by means of engineering@13#.
The fidelity and purity are clearly higher for the case of o
common bath, when temperature is decreased below 0.5Ts .
This is related to the fact that in the case of one comm
bath, all relaxation and dephasing rates vanish during
two-qubit-step of the UXOR, due to the special symmetries o
the Hamiltonian, when temperature goes to zero as discu
in the preceding paragraph. However, the quantum deg
and the entanglement capability tend towards the same v
for both the case of one common and two distinct baths. T
is due to the fact that both quantum degree and entanglem
capability are, different than fidelity and purity, not define
9-13
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FIG. 13. Log-log plot of the
temperature dependence of the d
viations of the four gate quantifi-
ers from their ideal values afte
performing the UXOR gate opera-
tion. In all cases, a5a15a2

51023. The dotted line indicates
the upper bound set by th
Clauser-Horne-Shimony-Holt in-
equality. The full curves are pro
vided as guides to the eye.
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as mean values but rather characterize the ‘‘best’’ poss
case of all given input states. This results in the same va
for both cases.

In the recent work by Thorwart and Ha¨nggi @17#, the
UXOR gate was investigated for asy

( i )
^ sy

( j ) coupling scheme
and one common bath. They find a pronounced degrada
of the gate performance, in particular, the gate quality fac
only weakly depend on temperature. They set the strengt
the dissipative effects toa51024. Their choice of param-
eters wase'10Es , D'1Es , andK'0.5Es which is on the
same order of magnitude as the values given in Table I.
can be seen in Fig. 13, we also observe only a weak decr
of the gate quality factors for both the cases of one comm
bath and two distinct baths in the same temperature ra
discussed by Thorwart and Ha¨nggi, both fora51023 and
a51024 and overall substantially better values. This is d
to the fact that forsy

( i )
^ sy

( j ) coupling, the Hamiltonian doe
not commute with the coupling to the bath during the tw
qubit steps of the UXOR pulse sequence.

We observe the saturation of the deviation for both
cases of two baths and one common bath. For givena, the
fidelity and purity can not be increased anymore by lower
the temperature, different from the behavior for the co
trolled phase-shift gate that was discussed in the prece
section. This is due to the application of the Hadamard g
whose Hamiltonian does not commute with the coupling
the bath. Above a temperature ofTs, the decrease of the gat
quality factors shows a linear dependence on temperatur
both cases. Here, different from the controlled phase-s
gate, we observe finite decoherence effects in all four g
quantifiers also atT50, both for the case of one common
two distinct heat baths. These decoherence effects are re
ing from the coupling of the system to the environment
harmonic oscillators, which~at T50) are all in their ground
states and can be excited through spontaneous emissio
already described above.
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The dotted line in Fig. 13 shows that the temperature
to be less than aboutT521Ts51 K in order to obtain values
of the quantum degree being larger thanQ'0.78. Only then,
the Clauser-Horne-Shimony-Holt inequality is violated a
nonlocal correlations between the qubits occur as descr
in Ref. @17#.

C. Dependence on the dissipation strength

The deviations from the ideal values of the gate quan
ers possess a linear dependence ona as expected. Generall
~if no special symmetries of the Hamiltonian are presen!,
there are always finite decoherence effects also atT50.
Therefore, we can not improve the gate quality factors be
a certain saturation value, when lowering the temperat
@17#, as was also discussed in the preceding section. By
ter isolating the system from the environment and by ca
fully engineering the environment@13#, one can decrease th
strength of the dissipative effects characterized bya. In or-
der to obtain the desired value of 0.999 99 forF, P, andQ
@17#, a needs to be below 1026 at T50.21Ts510 mK.

D. Time resolved controlled-NOT operation

To investigate the anatomy of the UXOR quantum logic
operation, we calculated the occupation probabilities of
singlet/triplet states after each of the six operations, of wh
the UXOR consists. This time resolved picture of the dyna
ics of the two-qubit system, when performing a gate ope
tion, gives insight into details of our implementation of th
UXOR operation and the dissipative effects that occur dur
the operation. Thus, we are able to characterize the phys
process, which maps the input density matrixr0 to rout in an
open quantum system@33#. When the system is prepared
the stateu↓↓&5u00&, the UXOR operation~31! does not alter
the initial state and after performing the UXOR operation, the
final state should equal the initial stateu↓↓&5u00&. This can
9-14
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FIG. 14. Time resolved UXOR

operation. The system is initially
prepared in the stateu00&. Occu-
pation probabilities of the singlet
triplet states are shown afte
completion of a time stept i ( i
51, . . . ,6). For a5a15a2

51022 and T521Ts51 K clear
deviations from the ideal case ca
be observed. Qubit parameters a
set according to Table I. The line
are provided as guides to the ey
in
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clearly be observed in Fig. 14. During the UXOR operation,
occupation probabilities of the four states change accord
to the individual operations given in Eq.~32!. At T521Ts ,
the case of two baths differs significantly from the case
one common bath. After the third operation~the two-qubit
operation; only there the distinction between one common
two distinct baths makes sense!, occupation probabilities are
different for both environments resulting in a less ideal res
for the case of two baths.

In Fig. 14, the resulting state after performing the UXOR
operation always deviates more from the ideal value~for a
50, i.e., no dissipation! for the case of two distinct baths,
all other parameters are fixed and set to the same value
both cases. The statePu00& is less close to the ideal occup
tion probability one and the other singlet/triplet states
04231
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also less close to their ideal value for the case of two dist
baths. The case of two distinct baths also shows bigger
viations from the ideal case (a50) during the UXOR opera-
tion ~see Fig. 14!. But, if the system is initially prepared in
the stateu↑↑&5u11&, the case of two distinct baths show
bigger deviations from the ideal case during the UXOR opera-
tion, while the resulting state is closer to the ideal case
two distinct baths compared to one common bath.

In Figs. 14 and 15, it looks like there would be no dec
herence effects~or at least much weaker decoherence effec!
after performing the~first two! single-qubit operations. How
ever, not all input states are affected by the decohere
effects the same way. And when we regard all possible in
states, there are finite decoherence effects. This can be
plained with Fig. 16. Figure 16 depicts the time resolv
/
r

e
et
e

FIG. 15. Time resolved UXOR

operation. The system is initially
prepared in the stateu11&. Occu-
pation probabilities of the singlet
triplet states are shown afte
completion of a time stept i ( i
51, . . . ,6). For a5a15a2

51022 and T521Ts51 K, de-
viations from the ideal case can b
observed. Qubit parameters are s
according to Table I. The lines ar
provided as guides to the eye.
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purity when performing the UXOR operation. We clearly ob-
serve that there are finite decoherence effects for the
single-qubit operations in Eq.~32! as well. The difference
between the single-qubit and two-qubit operations is
steeper decrease of the purity due to stronger decoheren
the case of the two-qubit operation. The upper panel in F
16 depicts the behavior of the purity forT→0. Decoherence
due to thesz terms in the Hamiltonian will vanish forT
→0 in the case of one common bath.

VI. CONCLUSION

We presented a full analysis of the dynamics and deco
ence properties of two solid-state qubits coupled to e
other via a generic type of Ising coupling and coupled, mo
over, either to a common bath, or two independent baths

We calculated the dynamics of the system and evalua
decoherence times. From the temperature dependence o
decoherence rates~Fig. 8!, we conclude that both types o
environments show a similar behavior; however, in the c
of one common bath, two of the decoherence rates are z
and the remaining ones are slightly larger than in the cas
two distinct baths. This temperature dependence is also
flected in the characteristics of the gate quality factors fr
quantum information theory, which are introduced as rob

FIG. 16. Time resolved purity for the UXOR operation. The value
of the purity after each time stept i ( i 51, . . . ,6) isshown. Here
a5a15a251022, and T52.1Ts5100 mK ~lower panel! or T
50 ~upper panel!. Qubit parameters are set according to Table
The lines are provided as guides to the eye.
the
r
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measures of the quality of a quantum logic operation.
illustrate that the gate quality factors depend linearly ona,
as expected. The time resolved UXOR operation~Figs. 14 and
15! again illustrates the difference between one common
two distinct baths, and moreover, we observe that sing
qubit decoherence effects}sz during the UXOR operation are
weak. The time scales of the dynamics of the coupled t
qubit system are comparable to the time scales, which w
already observed in experiments and discussed in the lit
ture @13#.

The question, whether one common bath or two disti
baths are less destructive regarding quantum coherence
not be clearly answered. For low enough temperatures, c
pling to one common bath yields better results. Howev
when the temperature is increased, two distinct baths do
ter; in both temperature regimes, though, the gate quanti
are only slightly different for both cases.

Compared to the work of Thorwart@17#, the interaction
part of our model Hamiltonian possesses symmetries~the
Hamiltonian of the two-qubit operation and the errors co
mute! that lead to better gate quality factors. Furthermo
analysis of the symmetries and error sources of our mo
system can lead to improved coupling schemes for so
state qubits. Milburn and co-workers on the other hand
cused on comparison of classical and quantum mechan
dynamics@15# and estimated the decoherence properties
two coupled two-state systems.

Governale@16# determined the decoherence properties
two coupled charge qubits whose Hamiltonian differs fro
Eq. ~2! by the type of interqubit coupling, namely,sy

(1)

^ sy
(2) coupling. However, introducing the quality facto

gives a measure to judge how certain qubit designs perf
quantum gate operations.

As a next step, one should consider driving, to be able
observe and discuss Rabi oscillations in systems of
coupled qubits. It should be investigated, how the decoh
ence properties are modified, if one adds more qubits to
system.
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Asymptotic von Neumann measurement strategy for solid-state qubits
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A measurement on a macroscopic quantum system does not, in general, lead to a projection of the wave
function in the basis of the detector as predicted by von Neumann’s postulate. Hence, it is a question of
fundamental interest, how the preferred basis onto which the state is projected is selected out of the macro-
scopic Hilbert space of the system. Detector-dominated von Neumann measurements are also desirable for both
quantum computation and verification of quantum mechanics on a macroscopic scale. The connection of these
questions to the predictions of the spin-boson model is outlined. I propose a measurement strategy, which uses
the entanglement of the qubit with a weakly damped harmonic oscillator. It is shown that the degree of
entanglement controls the degree of renormalization of the qubit and identify that this is equivalent to the
degree to which the measurement is detector dominated. This measurement very rapidly decoheres the initial
state, but the thermalization is slow. The implementation in Josephson quantum bits is described and it is
shown that this strategy also has practical advantages for the experimental realization.

DOI: 10.1103/PhysRevB.68.060503 PACS number~s!: 03.67.Lx, 03.65.Ta, 03.65.Yz, 74.50.1r
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The field of quantum computation1 has been experimen
tally pioneered in quantum optics, atomic physics, a
nuclear magnetic resonance~NMR!. In these quantum-
mechanical systems with few degrees of freedom and str
quantum coherence, the measurement devices~‘‘meters’’! are
well described and can be classified into two types. In ato
physics, e.g., ‘‘strong’’ measurements can be perform
which satisfy von Neumann’s measurement postulate,2 i.e.,
the state of the system is projected onto the eigenstate o
metercorresponding to the measurement result. In NMR,
the other hand, the meter couples weakly to each individ
spin and decoheres it only weakly. In order to still obta
enough signal and information, the measurement is
formed on an ensemble of qubits.

These qubits cannot be easily integrated to large-scale
cuits. Thus, solid-state qubits, which can be lithographica
manufactured, are a promising alternative. Solid-state
tems consist of many degrees of freedom, hence quan
coherence can so far only be maintained over very s
times.3,4 It was proposed that superconducting Josephson
cuits in the charge3,5 or flux4,6 regime could act as solid-stat
qubits with appreciable coherence times. In these cases
measurement apparatus is permanently close to the q
although the interaction may effectively be switched off7,8

The measurement process in this system can be desc
within the spin-boson9,10 or related models.7,11,12

From a density-matrix description, we can obtain detai
~although incomplete! information about the dynamics of th
measurement: After a dephasing timetf , the density matrix
is brought into an incoherent mixture, and after the rel
ation time t r it thermalizes and the information about th
initial state is lost.7 In order to rendert r long enough,
usually3–5 the meter is only weakly coupled to the qubit. Th
makes it necessary to ensemble average by repeating
measurement. Theoretical research7,11,12 shows that an opti-
mization of these weak measurements allows for single-s
measurements without averaging, by waiting longer than
dephasing time. These areoptimized weak measurementsor
qubit dominatedmeasurements: They completely decoh
0163-1829/2003/68~6!/060503~4!/$20.00 68 0605
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the state of the qubit, however, the final state isnot an eigen-
state of the measured observable, but of the qubit. Qubit
apparatus donot get strongly entangled. It has also be
shown theoretically,7 that detector-dominatedstrong mea-
surements of superconducting qubits are possible, on the
pense oftR being very short, which sets a strong experime
tal challenge. It is a fundamental question, under wh
conditions a measurement performed on a potentially ma
scopic object follows the postulates of quantum mechan
and how, in general, the preferred observable basis is
lected out of the large Hilbert space of the system and
detector.13 This question should be addressed using spec
models which describe actual detectors. Moreover, there
practical issues:~i! The theoretical signal-to-noise ratio of
weak measurement is limited to 4~Ref. 12!, ~ii ! and Efficient
quantum algorithms such as error correction14 or the test of
Bell-type inequalities15 rely on strong measurements.

In this paper, I am going to connect the abstract notions
quantum measurement theory to the concepts of the s
boson model, in particular, the issue of entanglement will
connected to scaling of the tunnel matrix element. I w
outline a method how to perform genuine detect
dominated measurements in this context.

For definiteness, it is assumed that the variable of
quantum bit which is measured is described by the ps
dospin operatorŝz . When the measurement apparatus
coupled to the qubit, the same term experiences a fluctua
force, which is assumed to be Gaussian and be modeled
bath of harmonic oscillators. Consequently, we end up w
the spin-boson Hamiltonian.9,16 After integrating out high
frequencies, its pseudospin part reads

Ĥeff5\S e

2
ŝz1

Deff

2
ŝxD , ~1!

where the off-diagonal termDeff is in general rescaled due t
the environment as compared to the original splittingD of an
isolated qubit. The spin-boson model generally predicts16 the
dynamics described in the preceding section. In particu
©2003 The American Physical Society03-1
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after the dephasing time, the density matrix is projected o
a mixture of eigenstates of Heff. Usually, in the weak-
coupling regime,9 Deff is close to the bareD of the qubit and
consequently the eigenstates ofHeff are far from being eigen
states ofŝz . Consequently, the state of the qubit will not b
projected onto the measured variable, i.e., the measure
is qubit dominated. A detector-dominated measurem
would be realized forDeff50,17 i.e., whenĤeff5(e/2)ŝz and
hence commutes with the coupling to the meter. A numbe
schemes allow to directly suppressD using an external con
trol parameter.5,6,18In what follows, I want to describe, usin
a generic model, how this is accomplished by the meas
ment apparatus itself, in agreement with the usual un
standing of quantum measurements.

Consider a qubit coupled to a single~big! harmonic oscil-
lator, which experiences linear friction, which is in turn d
scribed quantum mechanically through a bath of oscillato
The Hamiltonian of this system reads

Ĥ5\S e

2
ŝz1

D

2
ŝxD1

P̂2

2M
1

M

2
V2~X̂2qŝz!

2

1(
i

S p̂i
2

2mi
1

mi

2
v i

2~ x̂i2~ci /miv i
2!X̂!2D , ~2!

where the displacementq characterizes the coupling of th
qubit to the big oscillator. The oscillator bath is characteriz
through an ohmic spectral densityJ(v)5((pci

2)/
(2miv i)d(v2v i)5MGv, whereG/2 is the friction coeffi-
cient of the damped big oscillator. It was shown19 that this
system is equivalent to the spin-boson model, with an eff
tive spectral density

Jeff~v!52pav
V4

~v22V2!214G2v2
, ~3!

where a52Mq2G/h is a dimensionless dissipation coef
cient, which here is assumed to be small,a!1. From now
on, we want to concentrate on the casee,D!V.

At G50, the low-energy Hilbert space is spanned
u6&eff5u6&uL/R& whereu6& are the basis states of the q
bit, szu6&56u6&, anduL/R& are coherent states of the ha
monic oscillator centered aroundX56q, see Fig. 1~left!.
So in a general low-energy stateuc&5au1&eff1bu2&eff ,
uau21ubu251, qubit and oscillator are entangled20 and the
oscillator states are pointers onto the qubit states.13 In this
low-energy basis, the Hamiltonian acquires form~1!, with
Deff5D^LuR&5De2h whereh5MVq2/\. Under an appro-
priate choice of parameters, we can achieveh.1 andDeff
!D. This choice corresponds to the condition of almo
@meaning here and henceforth ‘‘up to an error ofO(e2h)’’ #
orthogonalstates in the environment, which has been id
tified as the condition for an ideal von Neuman
measurement.13,21

For finite G, this system can be analyzed usin
adiabatic renormalization.9,22 One finds23 Deff,damp(a)
5De2h/(12a)(D/V)a/(12a) . Thus, finite dissipation 0,a
!1 scalesD down even slightly further.
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The coherence properties of our system can ate,D,T
!V be studied using a systematic weak damp
approximation16 of the spin-boson model. The relaxation an
dephasing ratesG r/f5t r/f

21 are given by

G r5pa
Deff

2

neff
cothS n

2TD , Gf5
G r

2
12pakB

e2

neff
T/\, ~4!

whereneff5ADeff
2 1e2. In our case, ifh.1, Deff is exponen-

tially reduced compared toD, transitions between the bas
states are suppressed leaving relaxation very slow, i.e.,
state becomes almost localized or ‘‘frozen,’’ see Fig.
~right!. The second contribution toGf in Eq. ~4! reflects
dephasing processes which do not change the qubit en
and are consequently not frozen.

The use of a weak damping approximation forG r,f is
appropriate, althoughJ(v) can be large at the peak and
fact the down scaling ofDeff is essentially a nonperturbativ
effect. However, decoherence is mostly probing theJeff(v)
around v5neff!V, where the weak damping conditio
holds. This is supported by two observations: i! if we project
the full Hamiltonian onto its low-energy Hilbert spac
spanned byu6&eff , we find an effective ohmic model leadin
to Eq. 4;~ii ! a full nonperturbative calculation23 based on the
noninteracting blip approximation~NIBA !9 reproduces both
the scaling andG r within the known16 limitations of NIBA.

The measurement can now be performed as follows: A
first step,q is adiabatically ramped fromq50 to a finiteq0
where h.1 and D→Deff!D. The adiabatic theorem pre

FIG. 1. Left: Visualization of the ground stateu0& and the co-
herent pointer statesuL& and uR& of the oscillator in the potentia
V(x); right: Relaxation rates as a function of the couplingq/w for
different energy biases.w is the width of the ground-state wav
function of the pointer,w5A\/MV.
3-2
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dicts, that the state of the system evolves as (au1&
1bu2&) ^ u0&→(aeffu1&uL&1beffu2&uR&), where

S aeff

beffD 5S cosS ueff2u

2 D sinS ueff2u

2 D
2sinS ueff2u

2 D cosS ueff2u

2 D D S a

b D ~5!

and tanu (eff)5e/D (eff). The condition for adiabaticity is
dq/dt!neff

2 /2qMVDeff , i.e., for smallq the ramping can be
very fast.

When h.1, the matrix element is scaled down and t
state is ‘‘premeasured’’ by entanglement with well-separa
pointer statesL and R.13 Only now, we start the measure
ment, by coupling the oscillator to the meter and decoher
the state is projected onto the eigenstates ofĤeff , which are
close to the ones ofŝz . We can then read off the position o
the big oscillator serving as a pointer and switch off t
meter ~or q) again way beforet r without destroying infor-
mation by relaxation.

In practice, it will usually not be possible to switch th
coupling between oscillator and meter separately. Thus,
fore the entanglement is established, the relaxation rate~4!
doesnot profit from the reduction ofDeff , see Fig. 1~right!.
In order not to lose the information to be measured,
maximumrelaxation rateG r,max reached ath51/2 ~i.e., q
5qc5A\/2MV) should be slow enough, such that by t
time tent it takes to ramp aboveqc , the information is not
lost. In practice, this can be achieved by switchingq very
fast, at a timetent!G r,max

21 , to qc and slower afterwards
when the actual measurement occurs.

In the ohmic spin-boson model,9,16 i.e., for Jeff
52pave2v/vc, a scaling ofDeff to zero can be achieve
through a dissipative phase transition at strong coupling
the bath (a.1).9,17,24,25This transition is driven by the en
tanglement with acollectivestate involving the whole oscil
lator bath. Rampinga to large values increasesJeff(v) at all
frequencies, which leads to rapid relaxationbeforethe scal-
ing is established. Moreover, it is not known, how long
will take for the system to go through this phase transiti
Here, according to the adiabatic theorem, this time is
through the inverse level spacing of the coupled syst
which is infinite for the dense Ohmic spectrum. On the co
trary, the model studied in the present paper provides str
scaling ofDeff with predictablyslow relaxation and gives a
clear prediction for the time scale of the entanglement se
the finite level spacing.

This model does not generally predict the efficiency of
detection. In order to do so, I chose a specific realization
the model, a superconducting quantum bit.5,6 In this case, the
readout device is a Josephson junction, whose critical cur
I 0 is influenced by the state of the qubit, either a superc
ducting single-electron transistor5 or a dc superconducting
quantum interference device~SQUID!,6 see Fig. 2. We study
the junction on the superconducting branch at low bias c
rent I B . We assume the tunable junction to be shunted o
by a very large resistorR and an external capacitanceCx and
consequently underdamped. This system has been studi
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the weak damping regime in Ref. 8 and resembles the
experimentally used in~Ref. 4!. The oscillator in our model
represents the plasma resonance26 of the tunable junction at
V5A2eI0 /\Cx(12I B

2/I 0
2)1/4. We can identify M

5Cx(\/2e)2, X5f ~the Josephson phase!, and q
5(dI c /I c)(I B /AI 0

22I B
2), wheredI c /I c is the difference in

critical current induced by the two fundamental states of
qubit. The damping is provided by the resistor and leads
a5hq2/2e2R5q211.8kV/R, and the scaling exponent read
h5q2ACxI c\/8e3.

When rampingI B , the junction switches to a finite volt
age atI sw,I 0, which provides a measure forI 0. This switch-
ing is a stochastic process, so, if the measurement is
peated, one finds a histogram of switching currents27,28

centered aroundI sw,0, whose widthdI sw limits the resolution
of this detector. In our case, the switching is predominan
due to thermal activation, where we can expressI sw,0/I 0

512@ ln(vT /GS)/u0#
2/3 anddI /I 05@u0

2ln(vT /GS)#
21/3 through

the dimensionless height of the barrier at zero biasu0

5(4A2/3)(\I c/2ekT), the activation frequency vT
52V/p, and the ramp rateGs5d(q/qmax)/dt. The current
can be switched within a timetsw5V21, i.e., the ramp rate
is limited by Gs,max5V.

In a flux qubit, one can realize4 I c51 mA, shunt with
Cx5100 pF andR510 kV, and qmax50.05 at a typical
switching current level. We will assumeD051 GHz ande
51 GHz for the qubit. These parameters are accessible
doubling the size of the sample studied in~Ref. 4!. This leads
to V52 GHz, a50.003, and hmax53.5, i.e., Deff
50.03D0. Entanglement sets in atqc50.015, where the re-
laxation time ist r,min5Gr,max

21 55 ms. For 1% error, the first
switch over this point has to be done at 700 ns, which is w
above Gs,max5500 ps and the adiabatic conditionqdq/dt
,(500 ns)21. Close to the measuring pointI sw,0, we find
t r5120 ms andtf5100 ns, which leaves a huge measu
ment window.

For definiteness, we set the temperature toT5200 mK
and find, usingGs5(15 ms)21, that I sw,0/I 050.96 and
dI /I 050.35%, so, becauseq55%, we have a signal-to
noise ratio of about 14. Hence, a single-shot von Neum
measurement appears to be feasible within a gradual
provement of technology.

FIG. 2. Underdamped readout devices for superconducting
~left! and charge~right! quantum bits.
3-3
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For the readout for a charge qubit3 by a superconducting
single electron transistor~S-SET!, one can achieve values o
q50.5 within a charging energyEC,SET52K, corresponding
to a capacitance scale ofC51 fF. We take the critical cur-
rent of the SET to beI c510 nA and a shunt ofR510 kV
and Cx51 pF shunt capacitance. This leads toh53.5, V
52 GHz, and dampinga50.25. AssumingD51 GHz, and
e51 GHz, we findtR,min560 ns, so for 1% error we hav
to switch toqc in about 10 ns, which is close to the limit o
Gs,max5500 ps. however, may pose some challenge for
limiting time scales which arenot due to the on-chip cir-
cuitry. For the readout step, we findtR525 ms and tf
515 ns. Applying the histogram theory as above atT
5200 mK and GS5(3 ms)21, we end up with I sw,0/I 0
540% anddI sw/I c58%, which can resolve our large sign
of q530% at signal-to-noise ratio of 4. It has bee
shown29,30 that experimentally SET’scan reach signal-to-
noise figures comparable to the quantum limit, hence e
though the resolution is slightly less favorable than abo
von Neumann measurements appear to be possible.
qubits31 operating in the regime ofEJ /Ec.1, more favor-
able parameters should be accessible.

The readout of the detector by switching is only one, a
not necessarily the optimum alternative. Measurements c
also be performed by detecting the kinetic inductance us
the same parameters.

A similar circuit, anormal conductingSET with out the
shunt capacitor has been thoroughly studied in Refs. 5,7
that case, the measurement is started by rapidly switching
gate and monitoring the current. It has been shown tha
-

-
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this way weak as well as strong measurements can be
formed. As a consequence of the direct coupling of a de
spectrum of normal electrons to the qubit, the entanglem
and the decoherence are not as strongly separated as i
case. Typical5 mixing times during the whole measureme
are of the order of 1ms, i.e., one has to be able to monit
the current through the SET on the scale of 100 ns. In
case, one has to make the first entanglement switch o
similar scale, but has to be monitor the voltage only aft
wards, when mixing times are on the scale of 10ms. These
numbers clearly indicate an advantage of the entanglem
with the intermediate oscillator.

I have proposed a strategy for performing detect
dominated von Neumann measurements on qubits, using
tanglement with coherent states of an harmonic oscilla
This system has been quantitatively analyzed using the s
boson model and it has been shown that it has very favor
coherence and relaxation properties. A connection betw
the familiar scaling of the tunnel matrix element and t
degree of entanglement with the environment has been
tablished. Realistic superconducting circuitry, which cou
perform such measurements within present-day technol
has been proposed.
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Abstract

The SQUID used to measure the flux state of a superconducting flux-based qubit interacts with the qubit and

transmits its environmental noise to the qubit, thus causing the relaxation and dephasing of the qubit state. The

SQUID–qubit system is analyzed and the effect of the transmittal of environmental noise is calculated. The method

presented can also be applied to other quantum systems. � 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction––the qubit

Present schemes for the measurement of a single
flux-based superconducting qubit usually employ a
SQUID as the measurement meter [1–6]. The me-
ter, however, is permanently coupled to the single
qubit and becomes entangled with it. This cou-
pling also allows a channel for the environment to
interact indirectly with the qubit to cause deco-
herence. Therefore, a detailed analysis of the par-
ticular measurement scheme is necessary for
engineering the decoherence to an acceptable level.
In this paper we will analyze a persistent current
qubit surrounded by a DC SQUID as the meter.

The method outlined here is applicable to other
flux-based qubits and other schemes of measure-
ments.
The persistent current qubit is a macroscopic

quantum system which consists of a supercon-
ducting ring interrupted by three Josephson junc-
tions [2].
When the external flux bias Uext ¼ fextU0 is near

fext ¼ 1=2, the periodic potential of the qubit has
two wells. These two lowest energy states corre-
spond to a persistent current Ipc circulating in
opposite directions, and these are the j0i and j1i
states of the qubit. The qubit is represented sym-
bolically in Fig. 1 as a ring with an up-arrow de-
noting the magnetic moment of the j0i state. Lpc is
the self-inductance of the qubit loop, LSQ is the
geometric inductance of the DC SQUID, M is the
mutual inductance. Is is the circulating current in
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the DC SQUID and Ib is the bias current. For both
loops, LiIi � U0.
A model Hamiltonian for these two states of

the qubit is Hq ¼ ð�0Þrz þ ðt0=2Þrx. Here, U� ¼
�U0Ipcðfext 	 1=2Þ is the potential energy of the
upper (lower) state caused by the magnetic field
for small self-inductance so that �0 ¼ Uþ 	 U	 ¼
2U0Ipcðfext 	 1=2Þ; and t0 is the coupling energy
due to tunneling. The corresponding energy dif-
ference m between the two states is m ¼ ð�20 þ t20Þ

1=2
.

Using an external oscillator, the energy level dif-
ference has been mapped out for the persistent
current qubit [4] and also for the RF-SQUID qubit
[5].

2. The meter

The state of the qubit adds or subtracts flux in
the loop of the DC SQUID. Because the critical
current Ic of the DC SQUID is modulated by the
total flux in its loop, the state of the qubit can be
inferred from the change DIc.
To be more quantitative, we consider the

Hamiltonian of the coupled systems. The DC
SQUID has two Josephson junctions which have
gauge-invariant phases euu1 and euu2 respectively.
For convenience of discussion, we assume the two
junctions are identical. When the self-inductance
LSQ and mutual inductance M of the SQUID are

considered, we have the flux quantization relation:euu1 	 euu2 ¼ 	2pðfext þ LSQIs=U0 þMIpc=U0Þ, where
Is is the circulating current in the DC SQUID. The
Lagrangian of the SQUID is L ¼ T 	 U , in terms
of euu1 and euu2,

T ¼ CJ
2

U0

2p
_euueuu1

� �2

þ CJ
2

U0

2p
_euueuu2

� �2

þ Csh
2

U0

4p
ð _euueuu1

�
þ _euueuu2Þ

�2

;

U ¼ 	ESQJ cos euu1 	 ESQJ cos euu2

þ LSQ
2

I2s 	 Ib
U0

4p
ðeuu1 þ euu2Þ

ð1Þ

where CJ is the junction capacitance, and Csh is the
shunt capacitance parallel to the SQUID. ESQJ ¼
I0U0=ð2pÞ is the Josephson energy of the junc-
tions in the SQUID. The first three terms in the
Lagrangian depend on the time derivatives of the
phase variables and are the charging energies of
the capacitances. U is the potential energy of the
SQUID, including the Josephson energies of the
junctions, the energy due to the self-inductance,
and the work done by the bias current Ib.
The Hamiltonian of the qubit–SQUID system

can be derived from the Lagrangian by adding the
qubit Hamiltonian Hq to the total energy. We
choose the independent variables of the SQUID to
be: euup ¼ ðeuu1 þ euu2Þ=2 and euum ¼ ðeuu1 	 euu2Þ=2. euup

is the external variable that directly correlates with
the ramping current Ib, and euum is the inner vari-
able that corresponds to the circulating current of
the SQUID. euum inductively couples with the qubit
flux. The total Hamiltonian of the qubit–SQUID
system is:

Ht ¼ Hq þ HSQ þ Hint;

Hq ¼
�0
2

rz þ
t0
2

rx;

HSQ ¼
P 2p
2mp

þ P 2m
2mm

	 2ESQJ cos euup cos euum

þ 2ESQJ
ðeuum þ pfextÞ2

bSQ
	 Ib

U0

2p
euup;

Hint ¼
4pfsE

SQ
J

bSQ
ðeuum þ pfextÞrz

ð2Þ

which includes the qubit Hamiltonian Hq, the
SQUID Hamiltonian HSQ under external flux fext,

Fig. 1. The measuring circuit of the DC SQUID which sur-

rounds the qubit. CJ and I0 are the capacitance and critical
current of each of the junctions, and euui are the gauge-invariant

phases of the junctions. The qubit is represented symbolically

by a loop with an arrow indicating the magnetic moment of the

j0i state. The SQUID is shunted by a capacitor Csh and the
environmental impedance Z0ðxÞ.
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and the qubit–SQUID interaction Hint. Pp and Pm
are the conjugate variables of the corresponding
phases. mm ¼ 2CJðU0=2pÞ2 is the mass of the inner
variable; mp ¼ ðCsh þ 2CJÞðU0=2pÞ2 is the mass of
the external variable. For convenience we in-
troduce bSQ ¼ 2pLSQI0=U0 to represent the self-
inductance.
Typical parameters of the experiments are:

ESQJ ¼ 40 GHz with I0 ¼ 80 nA, CJ ¼ 2 fF, Csh ¼ 5
pF, Lq ¼ 10, LSQ ¼ 16 pH and M ¼ 8 pH. The
circulating current of the qubit gives a flux of
f 
 10	3 flux quanta, which is coupled to the
SQUID by mutual inductance.
The mutual inductive coupling also changes the

flux through the qubit. However, since the mag-
netic energy of the qubit states is linear near
f ¼ 1=2, the potential energies of the upper and
lower states are U� ¼ �U0Ipcðfext þMIs=U0�
LqIpc=U0 	 1=2Þ where Lq is the self-inductance of
the qubit. Therefore, the energy difference is
� ¼ Uþ 	 U	 ¼ 2U0Ipcðfext þMIs=U0 	 1=2Þ. How-
ever, fext � MIs=U0 so that to lowest order, � does
not change; nevertheless, the mutual inductive
coupling will be important when we consider it as
the main channel through which environmental
noise interacts with the qubit. Also to first order
the tunneling does not change, so that Hq remains
the same.
The current Isw, at which the SQUID switches

from the zero voltage state to the finite voltage
state, is smaller than Ic due to thermal activation
and quantum tunneling. What is measured exper-
imentally then is a histogram of switching currents
for a given applied flux as the bias current Ib is
swept linearly in time. The circuitry which shunts
the SQUID affects the statistics of Isw [7–9]. An
underdamped SQUID has Isw < Ic and the histo-
grams are wide and require a number of repeated
measurements for the needed resolution. A
damped SQUID can give a narrow histogram at
the expense of decoherence. Hence, a compromise
is needed to damp the SQUID sufficiently to gain a
fast, sensitive readout while maintaining a long
coherence time. In this paper we will focus on
underdamped SQUIDs as used in the recent ex-
periments, but the method holds for damped
SQUIDs also. The repetition frequency of the
measurement of Isw is limited by the bandwidth of

the low pass filters used for the measurements and
by the read-out electronics. This limits the repeti-
tion frequency to the range of 10 kHz to 1 MHz. A
more efficient readout may be realized by mea-
suring the dynamical inductance of the SQUID
[11].

3. Decoherence engineering

The relaxation and dephasing times may be
found by solving the master equation for the re-
duced density in the spin–boson model [12,13].
The relaxation and dephasing times in terms of the
spectral density of the effective environmental
noise JeffðxÞ are
1

sr
¼ t20
2x2

0

JeffðxÞ coth �hx
2kBT

� �
x¼x0

;

1

s/
¼ 1

2sr
þ �20

x2
0

JeffðxÞ coth �hx
2kBT

� �
x!0

ð3Þ

where x ¼ m=�h is the frequency corresponding to
the average energy difference of the qubit states.
The environmental spectral density function is

calculated from the fluctuations in the energy lev-
els of the qubit, Jeff ¼ hd�d�i=�h2. Intuitively, the
change in the energy level � ¼ 2U0Ipcðfext þMIs=
U0 	 1=2Þ is d� ¼ 2IpcM dIs, where we have as-
sumed that the external bias field is constant and
the main source of fluctuations is the Johnson
noise acting through the circulating current in the
SQUID. The bias current for the SQUID is
Ib ¼ 2I0 cos euum sin euup and the circulating current is
Is ¼ 2I0 sin euum cos euup. Let euum 
 pfext so that

dIs
dt

¼ 	2I0 sinðpfextÞ sin euup

2p
U0

V ð4Þ

where V ¼ ðU0=2pÞdeuup=dt is the voltage across
the SQUID. Taking the Fourier transform of the
above and using the definition of Ib, we have

dIsðxÞ ¼ i
2p

xU0

Ib tanðpfextÞdV ðxÞ: ð5Þ

The fluctuations in the voltage are given by the
Johnson–Nyquist formula

hdV ðxÞdV ðxÞi ¼ �hxRefZtðxÞg coth �hx
2kBT

ð6Þ
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