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Foreword: Scattering Amplltudes ... see e.g.[Elvang, Huang]

m Spinor helicity formalism and SUSY (aisaru, rendston; van Nieuwenhuizen]

m Color Ordering and dual diagrams [Parke-Taylor; Mangano-Parke; Berends, Giele; Kleis, Kuijf]
m On-shell recursion relations erio, cachazo, Feng, witten

B MHV expansion (cachazo, sucek, witen, TWIStOr Strings miten, serkovits]

u

NMHV and beyond, Momentum TW|St0rS [Hodges; Boels, Mason, Skinner],
a||-|00p formulae [Arkani-H, Bourjaily, Cachazo, Caron-Huot, Trnka]

(Generalized) Unitary methods (e, bixon, bunbar, kosower; Eivang, Freedman, Kiermeier]

Gl’aVIty = (Gauge)2 [Kawai, Lewellen, Tye; Bern, Dixon, Perelstein, Rozowsky; MB, Elvang, Freedman]
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Foreword: Scattering Amplitudes ... and more

| Amp“tude = WI|SOﬂ |00p dua“ty [Alday, Maldacena; Drummond, Henn, Korchemsky, Sokatchev;

Brandhuber, Heslop, Travaglini; Eden, Beisert, Staudacher; Bern, Dixon, Smirnov; Broedel; Plefka; ... Wen]

| Ampl'tude - WI|SOﬂ |00p = Corre|at0r tr|al|ty Drummond, Henn, Korchemsky, Sokatchev;

Brandhuber, Heslop, Travaglini; Wen; MB]

m Colour-kinematics duality and ‘double copy’ sem, carasco, donanssen]
| P0|y|OgS, - SymbO|S [Goncharov; Bern, Del Duca, Schmidt; Spradlin, Volovich; ... ]

m Leading singularities, Grassmannian iarani+, souraily, Cachazo, Tka; ...]
Bipartite FT [Franco, Galloni, Mariotti, Seong]

] Scat’[el‘lng Equa“ons [Cachazo, He, Yuan; Dolan, Goddard]

| ] SOft Theorems aﬂd BMSV gI’OUp [Bondi, Metzner, Sachs, Van der Burg; Barnich; Strominger;
Gasali; Cachazo ... Schwab, Volovich] . . . LOOP corrections? Higher-derivative
corrections? Strings?
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m Soft Theorems at tree level: leading, sub-leading, suo-sub-eading
| ] LOOpS see also [He, Huang, Wen 1405.1410; Bern, Davies, Nohle]

m Soft theorems for Integrandsin N =4 andin N < 4
m Finite loop amplitudes in gravity and gauge theories
m Conformal anomaly and integrated soft theorems

m Higher-derivative interactions
m Fe
m R® and R?$
m Strings
m Explicit results for n = 4,5, 6 open and closed
m World-sheet analysis on the disk and the sphere

m Conclusions and Outlook
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Soft theorems at tree level
Soft behavior ks — dks, 6 — 0 from Ward identity rom

(@ (b)

Leading term 6= from (a) - > eifhi A (.- ki + Ok, .. )
Sub-leading term from (&) and (b): universal operator acting on A, _;

QED [Low]
An=06""1SOA_ +sMA,_; +0(s")

GraVity [Weinberg, Gross-Jackiw]
M, =6 'SOM, | + SOM,_; +S®M,_; + O(5?)
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Soft operators at tree level

Gauge theory (color ordered) A, = 6‘1522\)4An_1 + S%An_l +O(8")
where
S(O) _ €s-Kst1 _ €s-Ks—1
SYM ks'ks+1 ks'ksfl
1 —1
Jjj{, I

ks'ks+l a ks‘ks—l

1 v v
SgY)M = (kges - ks 65) [

Gravity M, = 5—‘Sg))Mn,1 + Sg)Mn,l + 6sg)Mn,1 + O(6%) where

kI'ES, kY
(0) _} : v

SGraV - lk Mk 1
i#s s

s _ kB3, 01 Mk
G = Tk

i#s
) ks J;-Es-Ji -k
), =y Lk
iZs s Kj
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Holomorphic soft limit from BCFW

Tree-level (holomorphic) soft limit via recursion relations, helicity
SpInOFS (k2 — O Ad ka()z — >\a>\a |n D — 4) [Strominger, Cachazo; Casali]

As = 0As+2ZA\n , Ap— Ap— 20

i \ N 1
) PR - Z M3(§+7 1, _Kis)KTM (Kls, 7ﬁ) + R?nnass
L 1<i<n 1,8
s -
PN | , N sn) « < (si) «
At 0
M3(S ,I,Kls)@Mn(_Kis,...7n) ﬁsbl ()\1+51[1>)\57An+5nl>)\5

(
with inverse soft function Sg?i) = ({ni)?/(ns)?)([is]/(is)) independent of
helicity h,'. Exponentiation [S.He, Y-t Huang, C. Wen 1405.1410]

550 expg (M50 05 9
—535s 51 exp6<<1n> S85\1+<ni>>\s )Mn

ToV-INFN

Massimo Bianchi




Further developments ste v, ¢ wen 1aos a10

Using helicity spinorsin D = 4
m Soft theorems for MHV

m Double Copy
Sg(rav ZK [S J/2]2
m Supersymmetric version:

o[ (o) B o)

m Sub-leading YM soft operator (s=n+1)

prt 1
(ns)(s1)[In] 2
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Kinematic simplification

Kinematics and holomorphic shift in the soft limit \s — d)s

Anst = (sgﬁ’g4 + 55%) Ay + O(5%)

M oo [n)y 9  (s)y 0
SM‘SYM[H “ox Tl >A°"axn]

Solve momentum conservation >, p; = 0 with

L i) i i
1]:_Z<<n>1[>’ |n]:_z<<1i1[>|’

i=2 i=2

Sub-leading term vanishes S%\),I A, =0

An1 = S{hAn + O(5?)
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1. What happens at loop level ?

m |R-divergences gem, pavies, Nonie]
| ] IR‘f|n|te rat|ona| termS [Bern, Davies, Nohle; S. He, C. Wen, Y-t Huang]

Anpi(+++...4) — Au(++...+) (Exact)
Anyi(— +) — As(++...+) (Exact)
Anpi(— +) — Au(—+...+) (Corrected)
1
ASWA(=+...4) = —sO <[22L1>A5,0>(1—,z+, o (n=1)*n7)

For pure gravity M,, Soft operators corrected at loop-level
m Soft theorems for integrands? Do e — 0 and § — 0 commute?

[Cachazo, Yuan]

1
4—2¢
/dg W ¢ hard wrt (51(5 ?
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Manifest soft integrands

Is there a representation of loop integrands well-behaved in the soft
limit?
Iy = SO + O(6?)

Use super momentum twisStors Hodges; Boels, Mason, skinner]
I A Y| A
Z=A{Z'X"} ={\" n* X"}
to trivialize (super) momentum conservation

5ot (a—1,a+1)p, Hat1
! <aaa+l> <a71’a><aaa+l> <a717a>

same fOI’ T]é and Xé A = 1, .. N [Drummond, Henn]
Anti-holomorphic soft limit: Z, — aZ, + 6Z,_1 + 0Zs, since

3 <n_1a1>,us+ <las>/~‘Ln—l +<San_1>:ul

=0 (1,n—1)2af = 0%

Massimo Bianchi ToV-INFN



Planar N = 4 SYM

54|2N(/\a5‘a|77?5‘a)
(1,2)...(n, 1)

A||-|00p reCUI‘SiOI”I relation [Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Trnka]

Alg]:k) = A()MHV /dDél - dDéLRl(l]:k) with AOMHV —

L L (L1 N a7
Rﬁk) = Rg)l,k+LL( [1,A,B,n—1 n]Rn+2k)+1(l .,0,A,B)

+ ORGP )L L - LR  ( f)
L’ ki
where f; = (n—1n) N (li—1i), L = (i—1i) N (In—1n),
i = (n—1n) N (1AB), B = (AB)N (In—1n)
with ‘overlap’: (ab) N (ijk) = Z,(bijk) — Z;(aijk)
4-pt invariant: (abed) = ek ZLZ} Z¥ZL and 5-pt R-invariant:
SO (xA(bede) + cyc)
(abed) (bede) (cdea) (deab) (eabe)

[a,b,c,d,e] =
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Planar ' = 4 SYM: Soft limit (I)

Zy — oy + BZy + 0Z

First consider ‘factorisation’ terms

L L
Rflk) = RI(I )lk
+ S RO L)L L -1 REG i)
L/k/'
L = 6(i—1i) N (In—1s), Z; = Z,+0O(5)
L—1
+ /GL(Z)[I,A,B,n—l,n]Rlek)+l(1 i, A, B)

6% x 6% (xp_1 (], n—1,5,1) + x5(1,i—1,i,n))
aB6%(1,i—1,i,n—1)3(n—1,s,1,i—1)(n—1,s, 1, 1)
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Planar A/ = 4 SYM: Soft limit (ll)

Zn - azn—l + 6Z1 + 529

Then consider ‘forward-limit’ term

L
R,
3RO, i L)L L= 1RO (T )
LK i
0(5%)

/ [1,A,B,n—1,n]R{ Y, (1,...,8,A,B)
GL(2)

Z4 :Zrl—(/)((;), ZE :(;(AB)Q(III—IS)

where [1,A,B,n—1,n] —

8% (x(a(B],n—1,s,1) + x5(1, A, B,n))

aB(1,A,B,n—1)(A,B,n—1,1)(1,A,n—1,s)(1,B,n—1,s)(n—1, 1, A, B)

Massimo Bianchi ToV-INFN



Planar AV = 4 SYM: Soft limit (Ill)

To any loop order in planar ' = 4 SYM

n].uk) - Rr(lL—)l,k + 0(52)

R

then
ot = (S + 388 1o + O(52)

Universal soft behaviour at all loops at infegrand level!

Integrands with manifest soft behavior have interesting properties
...not explicit . . . soft guidance as how to find them?
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N <4 SYM

SYM theories with lower susy
N <4SYM =N =4SYM— (4 — N) Chiral

USG CSW eXpanSion [Brandhuber, Spence, Travaglini]

ngg’cmml _ Rr(ll_),lcigiral
N (aB) (bB) T _ {al){bL) '
(AB)2(ABIn—1)(ABn—In)(ABIn) <~ (ABli—1){ABi—1i)(ABIi)
Zp =0(AB)N(1n—1s)
Thus
Rg]% - Rgl—)l,z + 0(52)

Soft theorems are manifest for planar integrands in D = 4 — 2¢ dimensions
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All Plus Rational terms

Why do the two limits commute for all-plus*? germ, morgan

2 1 u4812823 . 41/.1,66(1234)
AYM — _ - 1 e S
s ) Hf:1<ii+ 1) ( 2 [d1d2d3d5 eyelie) + d;dydzdsds

In[p?] = —€(1 —€)...(r — 1 — ¢)(4n) ID=4r2r—2¢
i :
S
D|mens|0n Sh'ft|ng [Bern, Dixon, Perelstein, Rozowsky]
RM(+,. . 4) = 1*Ra(N = 4 SYM)
RY™(+,...,4) = p*Ra(N = 8 Sugra)

Non-commutativity stems from scalar bubbles
* In susy theories Ap(+,+,...+) =0=Ay(—, +,... +)
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Soft corrections from anomalies

1 1
SOA, + =SA,

An+1({)\s, 5\5},5)\5, 5\5) B ﬁ 5

Under conformal boosts
. 2 1
A= _— = — R,
Z 8)\ DERTY) S

neglecting anomalies KA+, = 0: conformal invariance implies a
differential equation for soft functions (taros«i

O _ (In)
(1s)(sn)
A, 0 PV
0672 : RSOA, + &SWA, = —( n oA ~)An
07 (s 0% (152 9%,

+ (&SMA, =0
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Conformal anomalies

m Tree-level soft functions are homogenous solutions to CDE
m Loop level corrections must arise from conformal anomalies

1 ~ .
(R + 5 8e)Anit (N N1}, 00, Ks) = D~ a)y 0"
r

m All-plus amplitude A,(+, +,...,+) conf-invariant (Self-dual)
m Single-minus amplitude A,(—, +, ..., +) not conformally
invariant, only scale invariant. Depending on h = + of ‘soft’ leg

1
At~ 4+ ) =%+ A=+ 4. ) — 5—Zaf,+f)+...

0572 RoSOA, + &s(SM + ANA, = a2
n+-1

A(1)A )\aAa(Stree O)R()A _ ar(1+%))

Universality would imply an+1) = 0A,
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. Are soft theorems universal ?

m Effective field theories with F3, R® (Forbidden by susy, appear in
bosonic strings)

m Effective field theories with R?¢ (appears in SUGRA due to U(1)
anomalies and in bosonic strings) icarasco, katiosh, Roiban, Tseytin]

m String theory at finite Q' [MB, He, Huang, Wen: Bern, Di Vecchia, Nohle: ..]
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F3 coupling

CSW representation, two ‘basic’ vertices sroedel, bison

&{ UK e
i

[T (i + 1)
koo 4
* e ,ﬂ# (usual MHV)
J [Tizi i+ 1)
Consider diagrams with only one white vertex
(@ n oo (0 eelon
"j .'J' m,
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F3 amplitudes

CSW:-like expansion with two ‘MHV’ vertices

(a) : m).+¢ (b) : mﬂ*%
@: gy () i =14 (mams s =2 o)
®: gy (i B 1] (o) m)mima)?

where x denotes reference twistor Z, = (0, 11, 0) and
i—1 = (ii — 1)U (xjj — 1). For instance

—

R = [ii—1ji—1]({m ma)* (momg)? (mei—1)2(I=Tmp)? + ..)
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Soft limit of F2 amplitudes

—(mymy)* [ii—1jj—1#] (mym3)(mai—1)2(i— Im,)>

(a) :

H] ((U+1)

._/\._

<m11 ) [ii—1jj—1x%] (m2m3> <m3m4>2<m4m2)2,

(b) : —_—

[T=, (1+1)
Recursion relation a la BCFW and soft limit
3 3 . . 3 2
R{ ,=R{,  +> [h—1,nLj—LjRY RE | o 1pn + (F < F)
j
RE’ — RF (62 Aprr = SO AL+ O(52
k,n — k,n71+ (O) n+1 — OyM n T+ ( )

The presence of F3 does not spoil Sg) = 5%34

Massimo Bianchi ToV-INFN



R3/R2¢ amplitudes

For gravity, use KLT-like formulae

M(1-,27,37,47,5%) =
isppsaAF (17,27,37,47,50)AF (27, 17,47,37,57) + P(2,3)
There is a mixing of operators (a'2) R®, (a'") ¢R?

1 1
=SOM, + 5SM, S(Z)M AR 50
53 + 5 +3 + A L 0%

Z 2[1] a(@yiy 5,1 ,,0T)

For N < 4 there are U(1) anomalies: R?¢ generated at one-loop

[Carrasco, Kallosh, Roiban, Tseytlin]

Same for bosonic string already at tree level

Massimo Bianchi ToV-INFN
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Open superstring amplitudes on the disk

Use KLT'llke I’epl’esentation [Mafra, Schiotterer, Stieberger]

A, = Z FCorn=20) Ayri(1,2,,. .., (1—2),,n—1, 1)

oES -3

Forn=4, (n—3)! =1, setting s = 2a/k;-k;

1
A4 = F(z)AYM = 812/ dZ2 Z;lzil(l — ZZ)SZ3AYM
0

Forn=5,(n-3)!'=2
As = FEIAW(1,2,3,4,5) + FC2 Ay\(1,3,2,4,5)

1 1
F3) = 812534/ de/ dZ3Z31271Z§l3Z§223(1 — )™ (1 - Z3)S34_1 )
0 V43
1 1
FG2 = S13524/ de/ dz3z5P 2y 25 (1 — 2)™ 7 (1 — z3)™
0 V53
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Soft limit of 5-pt amplitude

Integrate over zz and keep terms up to sub-leading order in ¢

1
F(Z’S) — 812/ dZ2 Z;lzil(l — Zz)s£4 [1 + (5(523 + Sg4 =+ k2~p4) |Og(1 — Zz)] .
0

Fix D = 4 kinematics:

_ G0 6B s @) [5)EB
ky= "y P = s ks = oy Ps = g
34)(51)[31 ! _ ,
R = ><<45>>[ ]S”/o dz, 37 (1 = 22)" log(1 - 22)
1
Fé3(f)2) = _SISS£4A deZ;lz(l—Zg)sé“_llog(Zz)

N3 0 DG )

e+ ) A(1,2,4,5
PO I W AR )
Soft expansion is valid for finite o’. Explicit check for 6-pt amplitude
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Closed superstring amplitudes

USG (genera“zed) KLT formulae [Kawai, Lewellen, Tye]

My = A(L2,... ) Y £, iy )G o)X
{50}
An({i}, I,n—1, {j},n) + Perm(2, ... ,n—-2)]

with momentum kernels gjerrum-onr, vanhove]

f(ir,...,im) = sin(mwsy,) HSln?T<Sllk+Z (1k,11)>

1=k+1
G, 0jm) = Sin(WSjl,n1)H3in7f<sjk,n1+Zg(j1,jk)>,
k=2 1=1

After some algebra ... get expected soft behaviour Sgl‘gsed = S(fr)av for
k=0,1,2
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World-sheet analysis

Open superstring amplitudes on the disk
A(L2,...n) = igh2 / dzs . dze > (cV(1)V(2)...cV(n — 1)eV(n))

Take two vertices in the g = —1 picture and the remaining n — 2 in the
q = 0 picture:

VED = (en)e e e VD = (X + ikpep)e™

fo) total derivative as k — 0, only contribution from the two ends
Use OPE

VAQAO)(ZS)V(Ail)(ZSil) ~ ‘ZS — Zet1 |2ksks:tl_le_SD(ZS:El)ei(ks+ks:tl)x(zs:tl) X

{Es'ks:tlesj:l W+ Es:tl'kses'w - es:l:lfs'ksw + Es‘ks:i:lks'xsfszl:l"l/)}(zs:l:l) + ...
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Soft limit of disk amplitudes

Integrate around the singularity [, _, dz|z -z Aok=T — 1 /kgk

Combine with first term, as expected, get

s© —g0 _ &k ek
open SYM ks'ks+1 ks~k5,1

Next consider sub-leading terms (in k), including expansion of e*X
Keep only BRST invariant operators

(i[ks'Xes'ksil - 6s'st'ksil]esil )+ [6sil keesp — esiles'ks'd)])eitpeikdl.x

-~ 0 0 _
= (e )[Rl | VE )

Again

0 _ g0 Bl
N B v v nv [id
SoPen — PSYM T (kéles o ks 65) ks'ks+1 - ky-ks—1
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Closed strings on the sphere

Graviton vertex operators in the (—1, —1) and (0, 0) pictures
Vgl,*l) _ Emﬂbyzz)ve—cp—@eikx
VOO — B, (0X" + ikpyp*)(OXY + ik-dp )e™

with E,,, = ¢,€, to factorise Left- and Right-movers
Use OPE from open strings for each of the n—1 *hard’ gravitons, get

e v
s© _ g0 _ Ny NELK
closed Grav — ks 'ki

KIES,, IV K
mn  _ ) _ vli BsA
Sclosed - SGraV - Z #
i#s s
) <@ ks-Ji-Eg-Ji-k
S(Elosed - SGrav - Z : k i( :
its s "By
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Other massless states

m Soft dilaton and soft Kalb-Ramond decouple at leading 5~ order
since k7 = 0 and k/'’kBy,,) = 0
m Yet non vanishing sub-leading §° behaviour as for pions e

m Derivative wrt to ‘moduli’ fields, (not) puzzling: single soft limit
— 0, yet ‘dOUb|e’ SOft I|m|t non'van|sh|ng' [Arkani-H, Cachazo, Kaplan; MB, Elvang,

Freedman; Kallosh; ... MB, Consoli, Di Vecchia, Guerrieri, Marotta]
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Conclusions and outlook

Conclusions

m Leading and sub-leading soft functions universal (at tree level!)

m Sub-sub-leading corrections are sensitive to scalar couplings
F24, R?¢ (even at tree levell)

m Loops: manifest soft integrands exists for planar AV < 4 SYM
m Loop corrections are intimately tied to anomalies
m Open and closed superstrings same soft behavior as SYM and
SuGra at tree level
Outlook

m |R-div corrections are known and physical ...

m The tree-level YM soft functions are homogenous solution to
conformal symmetry. Gravity?

m String theory soft theorems simply from OPE. Higher genus?
m Soft ‘dilaton/moduli’ ....

Massimo Bianchi ToV-INFN



