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Quantum critical points

T = 0Typical behavior at 

characteristic energy  

coherence length ξ ∼ (g − gc)−ν

δ ∼ (g − gc)−zν

z  = dynamical scaling exponentδ ∼ ξz

Physical systems with z = 1, 2, and 3 are known

- non-integer values of z are also possible

If  z = 1, then the scaling symmetry is part of  SO(d+1,1)  conformal group
 = isometries of adSd+1

inside QC regionδ < T

The quantum critical point at               dominates the quantum critical region  QCg = gc



Models with anisotropic scaling

L =
�

d2xdt
�
(∂tφ)2 −K

�
∇2φ

�2
�

Look for a gravity theory with spacetime metric of the form

ds2 = L2

�
−r2zdt2 + r2d2x +

dr2

r2

�

which is invariant under 

Q: Can we give a gravity dual description of a strongly coupled system 
which exhibits anisotropic scaling?

t→ λzt, x→ λx, r → r

λ

t→ λzt, x→ λx, z ≥ 1

Example: Quantum Lifshitz model

x = (x1, . . . , xd)

z = 2, d = 2



Dual gravity model
Kachru, Liu, & Mulligan ’08;    Taylor ’08;    Brynjolfsson et al. ’09

Field equations:
without matter
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S = SEinstein-Maxwell + SLifshitz +Smatter

d = 3, 2, or 1 for CM applications
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Lifshitz geometry

and background fields

Aµ = 0At =

�
2(z−1)

z
L rz, Axi = Ar = 0

x = (x1, . . . , xd)

is a solution for a particular choice of couplings

ds2 = L2

�
−r2zdt2 + r2dx2 +

dr2

r2

�

The Lifshitz metric

c =
√

z d

L
, Λ =

z2 + (d− 1)z + d2

2L2



Gravity duals at finite temperature

periodic Euclidean time:  

ß introduces an energy scale:    scale symmetry is broken

thermal state in field theory:   black hole with

finite charge density in dual field theory:   electric charge on BH 

magnetic effects in dual field theory:   dyonic BH

τ � τ + β, β =
1
T

THawking = Tqft

z  =  1 :   consider Reissner-Nordström BH in d+2 dimensions

z  >  1 :   look for charged BH’s in d+2 dimensional z > 1 gravity model



Quantum critical region

Look for black hole solutions of gravity model

Metric:
black brane

Vector fields:

Field equations: α̇ + α
ḟ

f
= −zα + ρ̃e−2ug
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u ≡ log
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, ḟ ≡ df
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Lifshitz geometry:

ρ̃ =
ρ

r2
0

black hole charge

f = g = a = b = 1, ρ̃ = α = 0

AM = (α(r), 0, 0, 0) , AM =
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z
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Vierbein:
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Black brane solutions 
U.Danielsson & L.T. ’09
E.Brynjolfsson, U.Danielsson, L.T., T. Zingg ’09
R.Mann ’09; G.Bertoldi, B.Burrington, & A.Peet ’09

event horizon: 
asymptotic region:

u = 0
u→∞

Known exact solutions:

AdS-Reissner-Nordström:

f2 =
1
g2

= (1− e−u)(1 + e−u + e−2u − ρ̃2

4
e−3u), At = Lr0ρ̃ (1− e−u), Aµ = 0

Numerical solutions can be found for any d and z         
and general horizon topology 

can be generalized to 
black hole solutions of 
spherical or hyperbolic 
horizon topology

d = 2, z = 1

f2 =
1
g2

= a2 = 1− e−4u , b = 1, At = ±
√

2Lr4
0 (e2u − 1)

d = 2, z = 4, ρ̃ = ±
√

8 :

can be generalized to 
solution with z = 2d 

D.Pang ’09 

AdS-RN solution exists
for any integer d ≥ 1

d = 2, z = 2, ρ̃ = 0



Near horizon behavior

The field equations imply

Smooth horizon requires

with

f(u) = f0
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Two parameter family of black brane solutions? 

turns out to be determined by global considerations 

(ρ̃ , b0)

b0 one parameter family ρ̃

d = 2



Linearize e.o.m.’s around Lifshitz point:

Asymptotic behavior
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Asymptotically Lifshitz spacetime
U.Danielsson &LT ‘09
G.Bertoldi et al. ’09
S.Ross & O.Saremi ‘09

Solve eigenvalue problem: M(z) �Fi = λi
�Fi

universal modeeigenmodes

α ≈
�

µ̃ e−zu + ρ̃
(z−2)e

−2u if z �= 2
µ̃ e−2u + ρ̃ u e−2u if z = 2

Asymptotic behavior of Maxwell field:

reduced system
involving (g,b,a) 

d = 2



Black hole thermodynamics

Hawking temperature:

f(u) =
√

u (f0 + . . .)
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1√
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(g0 + . . .)

Heat capacity: CV = T
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Write and use
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Black hole thermodynamics (contd.)

Numerically invert TH =
rz

0

4π
Fz(ρ̃), ρ = ρ̃ r3

0 to obtain r0 = r0(ρ, T ), ρ̃ = ρ̃(ρ, T )

• High temperature behavior: c ∼ T 3/z

- agrees with statistical mechanics system with               dispersion ω ≈ kz Bertoldi et al. ‘09

• AdS-RN solution: at low T

Fermi liquid

F1(ρ̃) = 4− ρ̃2

6
=⇒ c

T
=

36π3r2
0

24 + 5ρ̃2
−→ π3ρ2/3
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• Numerical z > 1 solutions: S-J.Rey, Prog.Theor.Suppl. 177 (2009) 128 

non - Fermi liquid behavior



Sommerfeld ratio vs. temperature
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As discussed in the theory section, UCu5!xPdx has
been an important system for investigating the role of
disorder in non-Fermi-liquid behavior. Using magnetiza-
tion as a function of field curves at several low tempera-
tures (T!1.8 K) to determine the fit parameters, Bernal
et al. (1995) determined a distribution P(TK) of Kondo
temperatures for their x"1.0 and 1.5 samples prepared
similarly to the samples of Andraka and Stewart (1993).
These distributions, shown in Fig. 11, depend on the
saturation observed in M vs H at low temperatures
caused, in the disorder models, by the uncompensated,
low-TK moments. Obviously a system with little or no
saturation in M vs H at low temperatures is not a candi-
date for these models. Bernal et al. (see also MacLaugh-
lin et al., 1996) then use the determined fit parameters to
see how well these describe their measured (large and
strongly temperature-dependent) inhomogeneous NMR
linewidths for these two compositions. They find a quali-
tative (factor of 2) agreement between the measured
linewidths and those that would be caused by the calcu-
lated, parameter-fixed distribution of magnetic suscepti-
bility (induced via static disorder). A similar agreement,
within a factor of 2, between the measured field depen-
dence of the specific heat for UCu4Pd and UCu3.5Pd1.5
and that calculated from their model (shown for
UCu4Pd in Fig. 8) using parameters determined by fit-
ting M vs H data was also obtained by Bernal et al.

The somewhat long-standing controversy over
whether the as-prepared UCu4Pd consists of ordered
sublattices or not (in the AuBe5 structure there are four
Be I and one Be II sites per formula unit)2 has been
recently decided by "SR relaxation measurements down
to 3 K by MacLaughlin et al. (1998) and extended x-ray-

absorption fine-structure (EXAFS) work by Booth et al.
(1998) on unannealed UCu4Pd and by lattice parameter
measurements and resistivity measurements (mentioned
above) down to 0.08 K by Weber et al. (2001) on an-
nealed UCu4Pd. Analysis of the width of the frequency
shift distribution of the "SR relaxation data led
MacLaughlin et al. to argue for considerable magnetic
susceptibility inhomogeneity in unannealed UCu4Pd, in
agreement with the NMR linewidth results of Bernal
et al. On a microscopic basis, the EXAFS data of Booth
et al. on unannealed UCu4Pd indicate that—rather than
having all the Pd on the Be I site and all the Cu on the
Be II site—24#3% of the Pd occupies Be II sites. Fi-
nally, as shown clearly in Fig. 12, the work of Weber
et al. found that annealing UCu4Pd causes a decrease in
the heretofore accepted lattice parameter, which, as dis-
cussed in the caption for Fig. 12, implies qualitatively
that—as shown quantitatively by Booth et al.—a signifi-
cant amount of Pd must occupy the smaller Be II sites in
unannealed UCu4Pd. In addition, Weber et al. find a
strong decrease in the residual resistivity (see Table II),
implying that at least some of the Pd in the unannealed
sample was occupying inequivalent sites. It would be in-
teresting to measure NMR linewidths and/or "SR relax-
ation in the annealed UCu5!xPdx samples.

Certainly the lack of spin-glass behavior at low tem-
peratures for annealed UCu4Pd (Weber et al., 2001) ar-
gues strongly both for close attention to sample quality,
especially in systems in which disorder is thought to play
an important role, and for measurements to the lowest
temperatures possible. As an example of the importance
of the latter, presumably the short correlation length be-
tween spins and rapid relaxation rate reported in the T
!3 K "SR work of MacLaughlin et al. (1998) is not
characteristic of the sample as it approaches T"0, i.e.,
for T$T(#ac peak).

c. UCu5!xPtx (II)
Chau and Maple (1996) and Chau et al. (2001) inves-

tigated UCu5!xPtx (Pt is isoelectronic to Pd) and, as in-
dicated by the subsection heading, found no spin-glass
behavior, making this doped non-Fermi-liquid system
one of the few examples known in which—when
investigated—the disorder inherent with doping does
not cause frustrated local moments (at least down to 1.8
K, the lowest temperature of measurement). One pos-
sible reason is that, unlike UCu5!xPdx , the end point in
the UCu5!xPtx phase diagram (i.e., UPt5) occurs in the
same structure (AuBe5) as UCu5, although Chau et al.
(2001) report that there are impurity phases present in
UCu5!xPtx for 2.5$x$4.0. The electrical resistivity in-
creases below room temperature for x"0.5 and 0.75,
where the temperature behavior between 1.4 (lowest
temperature of measurement) and 20 K follows the clas-
sic non-Fermi-liquid %"%0!AT (see Table II) similar to
UCu5!xPdx for x"1.0 and 1.5. (Note, however, that TN
is still finite—&5 K—as determined by a cusp in the
magnetic susceptibility for x"0.5.) Chau et al. (2001)
note that there is a distinct minimum in the residual

2Bernal et al. argue for similar disorder present in both x
"1 and 1.5 alloys, while Chau, Maple, and Robinson (1998),
using elastic neutron-diffraction measurements, argue that Pd
and Cu occupy different sublattices in UCu4Pd.

FIG. 7. 5f electronic specific heat, 'C , divided by temperature
vs log T for both Y0.8U0.2Pd3 and Y0.9U0.1Pd3, after Maple et al.
(1996). Note the positive deviation from the log T behavior
below &0.25 K.
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measurement) and !2.5 K fit either a !log T or T1""

approximately equally well, as do # data between 1.8
and 6 K, with "!0.9. The resistivity behaves like $#$0
"AT% between 1.8 and 15 K, with %#1.6, 1.2, 1.1, 1.1
for x#0.15, 0.3, 0.35, 0.4, respectively. Other than the
smaller % exponent for the resistivity, no difference is
observed in the non-Fermi-liquid behavior near the sup-
pression of antiferromagnetism in URu2!xRexSi2 at x
#0.15 vis à vis the creation of ferromagnetic behavior at
x#0.4. Further work on this system is in progress.

q. U2Pd1!xSi3"x (II)
Homma et al. (2000) report that non-Fermi-liquid be-

havior occurs in this system at x#0.4 and 0.5, just at the
point in the phase diagram where, with increasing x,
spin-glass behavior is suppressed. Thus this may be an
ideal system in which to check the theory of Sengupta
and Georges (1995) for a quantum critical point in the
phase diagram where T freezing→0, where T freezing in a
spin glass is the temperature below which, for example,
#FC begins to differ from #ZFC . The samples of
U2Pd1!xSi3"x were annealed for one week at 800 °C,
but the difference in annealed and unannealed proper-
ties was not investigated. Both C/T and # were mea-
sured only down to 1.8 K; both were found to follow
T!1"" up to 7.5 and 17 K, respectively, with, however,
differing " values: "C#0.82 (0.85) for x#0.4 (0.5), "#
#0.61 (0.62) for x#0.4 (0.5).

r. Ce0.1La0.9Pd2Al3 (III)
CePd2Al3 is a hexagonal antiferromagnet, TN#2.8 K,

occurring in the same structure as UPd2Al3. Polycrystal-
line samples of Ce0.1La0.9Pd2Al3 were prepared and an-
nealed at 900 °C for five days, with no mention of the
effect of annealing on the measured properties, and then
characterized for non-Fermi-liquid behavior by $, #, and

C/T measurements (Nishigori et al. 1999). Although no
statement was given at what composition the La doping
suppressed TN , presumably—based on doping results
on similar systems—TN→0 before the Ce concentration
was reduced to 10%. C/T(#)&log T between 1.5 and 7
K (1.9 and 7 K), while $&$0!AT0.5 between 1.7 and 9
K. Nishigori et al. pointed out that a hexagonal Ce sys-
tem could be described by the quadrupolar Kondo
model of Cox. As discussed above in the theory section,
the multichannel Kondo model, of which the quadrupo-
lar Kondo model is one variation, predicts C/T and #
&log T for n#2, S# 1

2 as well as $!$0&AT0.5. An ex-
perimental finding, however, of the T0.5 dependence in
the resistivity is unusual; measurements to lower tem-
peratures are under way.

s. U0.1M0.9In3, M#Y,Pr,La (I)
Cubic UIn3 is an antiferromagnet, TN#95 K. Hirsch

et al. (2001) found that, far from where doping on the U
site has already driven TN→0, there is a maximum in
the low-temperature C/T values vs doping at the 10% U
concentration for all the dopants tried (Y, Pr, and La).
An investigation of the temperature dependence of the
specific heat led to the discovery that C/T&log T be-
tween 0.07 and 2 K. In addition, the partial substitution
of 4-valent Sn for 3-valent In led to an enhancement of
the low-temperature C/T values by &30% (see Table
II). Spin-glass behavior (divergence of #FC and #ZFC)
below &7 K was observed.

t. CePt0.96Si1.04 (I?)
Götzfried et al. (2001) have recently tuned the heavy-

fermion system CePtSi (see also work below in Sec.
III.A.2 on CePtSi1!xGex) to non-Fermi-liquid behavior
by varying the Pt/Si ratio. At CePt0.9Si1.1 they see an
anomaly in C/T at &0.3 K that may be due to a spin-
glass transition. When the Si content is decreased below
this concentration to the CePt0.96Si1.04 composition, the

FIG. 13. logC/T vs log T for U0.07Th0.93Ru2Si2, data from Am-
itsuka and Sakakibara (1994). This replot of the original data,
where C/T was plotted vs log T, demonstrates a substantial
temperature range of agreement for C/T&T!1"", or the
Griffiths-phase model, which was applied to non-Fermi-liquid
systems after the data were published.

FIG. 14. C5f /T vs log T for UxTh1!xPt2Si2, where C5f equals
Cmeasured!C lattice , after Amitsuka, Hidano, et al. (1995). The
data exhibit a concave curvature as plotted vs log T over the
whole temperature range up to 10 K.
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H. Lohneysen et al. PRL 72 (1994) 3262.

From G.Stewart, Rev.Mod.Phys. 73 (2001) 797.

Some measured c/T values in heavy fermion metals



Fermion probe calculations

H.Liu, J.McGreevy, D.Vegh, arXiv:0903.2477
M.Cubrovic, J.Zaanen, K.Schalm, Science 325 (2009) 439

E.Brynjolfsson, U.Danielsson, L.T., T.Zingg, in preparation

T

0 ρ̃

Include charged fermions: Smatter = −
�

d4x
√
−g

�
Ψ̄�DΨ + mΨ̄Ψ

�

Dirac equation: (�D + m)Ψ = 0

Boundary fermions: ψ±(t, �x) = lim
r→∞

Ψ±(t, �x, r) Γ3Ψ± = ±Ψ±

Ψ±(t, �x, r) =
1

(2π)3

�
dω d2kΨ̃±(ω,�k, r)e−iωt+i�k·�x

1st order ODE’s:
�

r
∂

∂r
+ A±

�
Ψ̃± = ∓�T Ψ̃∓

A± =
1
2

�
z + 2 + r

f �

f

�
± Lmg �T = i(T0σ

0 + T1σ
1 + T2σ

2)

T0 = −g

�
qα +

ω

rzf

�
, T1 =

g

r
kx , T2 =

g

r
ky

z = 1

z > 1

d = 2



Single fermion spectral function

Adapt AdS/CFT prescription to compute                  :GR(ω, k)

Fermion spectral functions

Liu et al. 2009; Cubrovic et al. 2009

• Work out near horizon expansion of fermions with ingoing modes only

• Integrate Dirac equation numerically from                    to   

• Construct 2 x 2 matrices 

• GKP-W prescription then gives 

D.Son, A.Starinets ‘02

u = �� 1 u = u0 � 1

F+(u) =
�
Ψ↑

+(u),Ψ↓
+(u)

�

F−(u) =
�
Ψ↑
−(u),Ψ↓

−(u)
�

GR(ω, k) =
1
N F−(u0)F−1

+ (u0)

can be directly compared to ARPES data.
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high T low T
Spectral function at fixed  k  for  z  = 1

ω ≈ k ω ≈ k2
F

2mF
+ vF (k − kF ) + . . .

high T low T

ω ≈ kz non-fermi liquid

Numerical results

Spectral function at fixed  k  for  z  = 2
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Spectral function peak location at low T

z = 1 z = 2

analyzer should be operated at comparable resolutions.
To date, one of the most impressive examples of high

energy resolution for a photoemission experiment on a
solid sample was reported by Yokoya et al. (2000), who
performed photoemission measurements on the Ni bo-
rocarbides in a system equipped with a Scienta SES2002
electron analyzer (newer version of the SES200), and a
Gammadata high-flux discharge lamp combined with a
toroidal grating monochromator. With this experimental
setup, capable of an energy resolution of 1.5 meV,
Yokoya et al. (2000) measured angle-integrated photo-
emission spectra with 2.0-meV resolution on YNi2B2C
and Y(Ni0.8Pt0.2)2B2C, which are characterized by a su-
perconducting transition at 15.4 and 12.1 K, respectively
(see Fig. 8). Due to the extremely high resolution, they
successfully detected the opening of the small supercon-
ducting gap, as evidenced by the shift to high binding
energies of the 6 K spectra leading-edge midpoint
(which is instead located at EF at 20 K, as expected for a
metal), and by the appearance of a peak below EF which
directly reflects the piling up of the density of states due
to the gap opening. By a detailed analysis of the data,
the authors could conclude in favor of an anisotropic
s-wave superconducting gap with !max!2.2 and 1.5 meV
in the pure and Pt-doped samples, respectively.

It should be emphasized that, when angle-resolved ex-
periments are performed, one has to compromise the
energy resolution to improve the angular resolution.
Therefore, in angle-resolved experiments, !E is typi-
cally set in the range of 5–20 meV. To illustrate the ca-
pability of state-of-the-art ARPES and how critical the
improvement in angle resolution has been, the novel su-

perconductor Sr2RuO4 is a particularly good example.
This system is isostructural to the archetypal cuprate
parent compound La2CuO4 (see Fig. 11), but RuO2
planes replace the CuO2 planes. Its low-energy elec-
tronic structure, as predicted by band-structure calcula-
tions is characterized by three bands crossing the chemi-
cal potential (Oguchi, 1995; Singh, 1995). These define a
complex Fermi surface comprised of two electron pock-
ets and one hole pocket [Fig. 9(d)], which have been
clearly observed in de Haas–van Alphen experiments
(Mackenzie et al., 1996; Bergemann et al., 2000). On the
other hand, early photoemission measurements sug-
gested a different topology (Lu et al., 1996; Yokoya
et al., 1996a, 1996b), which generated a certain degree of
controversy in the field (Puchkov et al., 1998). This issue
was conclusively resolved only by taking advantage of
the high energy and momentum resolution of the ‘‘new
generation’’ of ARPES data: it was then recognized that
a surface reconstruction (Matzdorf et al., 2000) and, in
turn, the detection of several direct and folded surface
bands were responsible for the conflicting interpreta-
tions (Damascelli et al., 2000; Damascelli, Shen, Lu, and
Shen, 2001; Damascelli, Shen, et al., 2001; Shen, Dama-
scelli, et al., 2001). Figures 9(a) and 9(b) show high-
resolution (!E!14 meV, !k!1.5% of the zone edge)
ARPES data taken at 10 K with 28-eV photons on a
Sr2RuO4 single crystal cleaved at 180 K (for Sr2RuO4 ,
as recently discovered, the high-temperature cleaving
suppresses surface contributions to the photoemission
signal and allows one to isolate the bulk electronic struc-
ture; Damascelli et al., 2000). Several well-defined qua-
siparticle peaks disperse towards the Fermi energy and
disappear upon crossing EF . A Fermi energy intensity
map [Fig. 9(c)] can then be obtained by integrating the
spectra over a narrow energy window about EF
("10 meV). As the spectral function (multiplied by the
Fermi function) reaches its maximum at EF when a band
crosses the Fermi energy, the Fermi surface is identified
by the local maxima of the intensity map. Following this

FIG. 7. Energy (") vs momentum (k") image plot of the pho-
toemission intensity from Bi2Sr2CaCu2O8## along (0,0)-($,$).
This k-space cut was taken across the Fermi surface (see
sketch of the 2D Brillouin zone upper left) and allows a direct
visualization of the photohole spectral function A(k,") (al-
though weighted by Fermi distribution and matrix elements).
The quasiparticle dispersion can be clearly followed up to EF ,
as emphasized by the white circles. Energy scans at constant
momentum (right) and momentum scans at constant energy
(upper right) define energy distribution curves (EDC’s) and
momentum distribution curves (MDC’s), respectively. After
Valla, Fedorov, Johnson, Wells, et al., 1999 (Color).

FIG. 8. Angle-integrated photoemission data from Ni borocar-
bides taken with 2.0-meV resolution. From Yokoya et al., 2000.
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ARPES data from
Bi2Sr2CaCu2O8+δ 

From Damascelli et al.,
Rev.Mod.Phys. 75 (2003) 473.



Holographic superconductors
S.Gubser, Phys. Rev. D78 (2008) 065034

S.A. Hartnoll, C.P. Herzog, G.T. Horowitz, Phys. Rev. Lett. 101 (2008) 031601

Add charged scalar field to gravitational system

instability at low T :       black brane with scalar “hair”

AdS/CFT prescription:  hair corresponds to sc condensate

transport properties:       solve classical wave equation in bh bacground

add magnetic field:        dyonic black hole -- holographic sc is type II

conformal system:         start from AdS-RN exact solution 

z > 1 systems:                work with numerical Lifshitz black branes 
E.Brynjolfsson, U.Danielsson, L.T., T.Zingg,

J. Phys. A: Math. Theor. 43 (2010) 065401



Holographic superconductors with Lifshitz scaling

Add a charged scalar field

Sψ = −1
2

�
d4x
√
−g

�
gµν(∂µψ∗ + iqAµψ∗)(∂νψ − iqAνψ) + m2ψ∗ψ

�

Two independent solutions: ψ(xµ) = c+ψ+(xµ) + c−ψ−(xµ)

ψ±(xµ)→ r−∆± ψ̃±(τ, θ, ϕ) + . . .Asymptotic behavior:
∆± =

z + 2
2

±

��
z + 2

2

�2

+ m2L2

Finite Euclidean action: analog of BF boundL2 m2 > − (z + 2)2

4

Only        falls off sufficiently rapidly as               if L2 m2 > − (z + 2)2

4
+ 1r →∞ψ+

     is then dual to an operator of dimension        in the dual field theoryψ O+ ∆+

− (z + 2)2

4
+ 1 > L2 m2 > − (z + 2)2

4Two choices if 

                     dual to         of dim            OR                      dual to         of dim       ψ = ψ+ O+ ∆+ O− ∆−ψ = ψ−



Superconducting phase

A holographic superconductor in the superconducting phase is then dual to a hairy black 
hole with either 

We work with                                               so that L2 m2 = − (z + 2)2

4
+

1
4

∆± =
z + 2

2
± 1

2

orc+ = 0, �O−� ∝ c− c− = 0, �O+� ∝ c+

Numerical results for superconducting condensate:

Transport coefficients 

    - work in progress

E.Brynjolfsson, U.Danielsson, 
L.T. and T.Zingg
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Zero temperature entropy

Low temperature limit is described by a near extremal black brane

z > 1 :

z = 1 : Extremal RN black brane has non-vanishing entropy
BUT

black hole with charged scalar hair has vanishing entropy in extremal limit

Lifshitz black brane without hair has non-vanishing entropy in extremal limit

near-horizon expansion + numerical integration

z  = 2 Lifshitz black hole 
with charged scalar hair:

G.Horowitz and M.Roberts, JHEP 0911 (2009) 015
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Global geometry of Lifshitz black holes

Consider exact charged black hole solution at z = 4

f(r) =
1

g(r)
=

�
1 +

k

10r2
− 3k2

400r4
− Q2

2r4
k = −1, 0,+1

generalizes the k = 1, z = 4 exact solution of Bertoldi et al. ‘09

Introduce a tortoise coordinate such that

r∗ − r∞∗ =
1
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Kruskal extension

Null coordinates v = t + r∗ u = t− r∗

Kruskal coordinates

Metric is now non-singular at the horizon:

ds2 = L2



− r8

κ2

�
1 +

b2

r2

�1− b1
b2

dU dV + r2(dθ2 + χ2(θ)dϕ2)





 

 

r =
0

r
=
∞

r
=

r h

Global diagram of a 
Lifshitz black hole

There is a null curvature singularity at r = 0

This global structure is generic for 
Lifshitz black holes at z > 1

...but no inner horizon at finite r

V = exp [b1(b1 + b2)(v − r∞∗ )] , U = − exp [−b1(b1 + b2)(u + r∞∗ )]



Summary
 

• Black branes in asymptotically Lifshitz spacetime provide a window onto finite 
temperature effects in strongly coupled models with anisotropic scaling

• Black hole thermodynamics indicates that the z = 1 system behaves like a Fermi liquid 
at low T but that z  > 1 systems do not

• This is supported by numerical computation of spectral functions for probe fermions

• A Lifshitz black brane with scalar hair is dual to the superconducting phase of a 
holographic superconductor at z > 1 

• The back-reaction due to charged hair leads to vanishing zero temperature entropy in 
the extremal limit

• The global extension of a Lifshitz black hole has a null curvature singularity inside the 
horizon, but no smooth inner horizon (for charged Lifshitz black holes)

Remaining problems include:

• improved understanding of non-Fermi liquid low T behavior found at z  > 1

• semi-analytic analysis of low T physics based on extremal Lifshitz black branes

• computing transport coefficients (electrical + thermal conductivities) for holographic 
superconductors with Lifshitz scaling

• probing the low T phase of the holographic superconductors with fermions


