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Introduction

Reformulation of supergravity using:

v

O(d,d) x R* generalised geometry <+ Type Il
Eq(q) x R generalised geometry > 11D

v

Bosonic sector purely geometrical (exactly like GR)

v

SUSY and fermion equations naturally included

v

Bosonic symmetries and degrees of freedom both unified

v

Mathematically nice structure



Outline of talk

Review: Features of ordinary geometry and gravity

v

v

Internal sector of 11D supergravity and Ey(g) xRT group

> Eyq)xR™ Generalised Geometry

v

Generalised metric and H,; structures
— Recovering supergravity equations
— Example: d = 7 with SU(8) indices [de wit & Nicolsi 'se]

v

Concluding remarks
— Connections to other works
— Future directions



Ordinary Geometry and GR

» Manifold M of dimension d, with tangent bundle T'M

> Frame bundle:
F = {(z,{és}): x € M and {é,} is a basis for T, M} .

is principal bundle with structure group GL(d,R)



Ordinary Geometry and GR

» Diffeomorphisms
— generated by vector fields v € TM
— acts by Lie derivative §, = £,

— algebra [0y, ; 6u,] = Oy )
» Lie derivative is derivative minus adjoint action of GL(d,R)
Ly =0, —(0®v)-
thinking of (0 ® v)#, ~ d,v* as matrix in gl(d,R)

» Eg. (Lyw)H = (vV0,)wH — (OyvH)w”



Ordinary Geometry and GR

v

Connection Von TM;  V,v* = J,v* + wu“bvb

v

Torsion defined by

T(v) = LY — Ly, veTM

v

Naively T € T*M ® ad(F) but in fact T € TM @ A>T*M

v

All structure so far exists without introducing a metric!



Ordinary Geometry and GR

Gravity field <> metric g,,, of signature (d —1,1) on TM

v

v

Metric equivalent to principal O(d — 1,1) sub-bundle

P={(x,{és}) € F : g(éa, &) = Nap}

v

3V torsion-free O(d — 1, 1) compatible connection

(Compatible < w®, € ad(P) < Vg =0)

v

Note: Levi-Civita connection exists uniquely

» Curvatures [V, V] give action & eqns of motion

v

All defined purely by the O(d — 1, 1) structure



Generalised Geometry: The Plan

v

Define generalised tangent bundle as generators of bosonic
symmetries of SUGRA  [Structure group: O(d,d) or Ey(4)]

v

Define analogues of Lie derivative, connections and torsion

v

Define principal sub-bundle using bosonic fields of SUGRA
[Structure group: O(d) x O(d) or H]

v

Find analogue of Levi-Civita and resulting curvatures



].1 D SU pel’graVIty [Cremmer, Julia & Scherk '78]

» Field content {guu, Auvp, ¥u} with F =dA
» Bosonic Action

Sg ~ / (volyR — 3 F AxF — s ANF A F)
> Supersymmetry

(W’u = v,uﬁ + ﬁ(ruulmm - 86MV1FV2V3V4)'FV1-..V4€a



Restricting to d dimensions

v

v

v

v

v

Warped metric ansatz (m,n =1,...,d)

ds?, = 2@y, dydy” + gomn(x)dz™dz"
Internal gauge field A;,,, = Apmnp and field strength F' = dA
(If d > 7) Dual field strength i, im; ~ *(11)F ...
Introduce 6-form potential flml,,_mﬁ st. F=dA— %A NF
Gauge transformation: (A € A2T*M, A € AST*M)

A= A+dA A= A+dA—LdA A A
2



Restricting to d dimensions

» Fields are {gmn, Amnps Amy..mg> 2, Y, p}

» Action (c+d =11)

1

% =502

VG e (R+e(c—1)(04)2 - S hF? - 14 7?)



Action of Eyq)xR™ in GL(d,R) representations

» Consider a vector space F' of dimension d < 7, and set
Wi =FaANF®oANF @ (FroAF

Wo=R®(FQF)DNF @A F* oA FoAF

» These are GL(d,R) decompositions

10+]_ E4(4) X ]R_'_

16+1 E5(5) x Rt

27+1 E6(6) x Rt

56+1 E7(7) x RT

Wl ~ W2 ~ ad(Ed(d) XRJr)



Action of A°F* @ ASF*

» Take a € A3F* and a € ASF* and
V=vt+twto+7W;
» Then action of a + a on V given by
(a+a)-V=0)+wsa)+@via+aAw)+ (JaNo — jaAw)
» This exponentiates to

eV = v+ (w+iya)
+ (0 +aAw+ jaNiya+iya)
+(T+ja/\a—jd/\w+%ja/\a/\w
+ 1janiva — $jaNiva+ Ltja AaNiya),



Generators of Supergravity Symmetries

» Have the following actions of symmetries

Symmetry | Generator | Action

Diffeo veTM Oy = L,
{ 0A = dw

JA=—-dwn A
Gauge |0 € AT*M | 6A =do

Gauge |w e AN’T*M

» But A4, A only locally defined on Uy CM

Ay = Agy +dAgy),
Ay = Ay + dAgy) — 3dAa5 A Ag).

» This = patching rules for v, w, o



Generalised Ta ngent BU nd |e [Hull '07; Pacheco & Waldram '08]

>

Consider a bundle

E~TM&ANT*M & A°T*M & (T*M @ ATT* M)

v

Define s.t. on patches U;y C M represent section as

Vioy €T(TU; & N°T*U; @ A°T*U; @ (T*U; @ A'T*U;))

v

Twisted by gauge transformations between patches

Vi = odA i) +dAgy) | Vi)

v

This ensures sections of I <+ generators of symmetries



Generalised Ta ngent BU nd |e [Hull '07; Pacheco & Waldram '08]

> Crucially ¢t +9A6) € Ey gy xRT
» Parabolic (“geometric”) subgroup
GL(d,R) x "Gauge” C Ed(d)xR+

» FE contains topological data of TM and gauge fields



Generalised Frame Bundle

» Can choose coordinates z™ on patch Uj;
» Construct coordinate basis for E as
n 9 m n
(B} = {&C—m}@{%dx Az} @ ...
» Coordinate index M = 1,...,dim(E) for V € T'(E)

+ %w(i)mndxm Ada™ + ...

- 0
M m
Viy =V7EBv =i 5w

» Generalised frame bundle

F = {(w,{EA}) : x €M & {E4)} related to {E);} by Eq(a) XR+}



Partial Derivative

» Have embedding

T"M — E* ~T*M & AN*TM & . ..

9ur — On M=m
M 0 otherwise

» So can write



Dorfman Derivative

For V € I'(E) define a derivative

v

Ly =V-0- (8 Xad(F) V)

v

Diffeo and gauge invariant = well-defined on E

v

Leibnitz property
Ly, Lv] = Lr,v

dy = Ly generates the bosonic symmetries of SUGRA

v

Ly ~ [cv — (dw + do) -

v

Exceptional Courant bracket: [V, V'] = $(LyV' — Ly/V)



Generalised Connections and Torsion jaeksey & xu ‘o1: Guattieri 07]

v

v

v

v

Take Qs € ad(Eq(g)xR™) and set
DMWA = 8MWA + QMABWB
For E4(4)xR™ tensor «, define T(V) € ad(Ey4) xRT)

TV) a= L%?—}D)a — Ly«

Find that
Tc*p € K @ E* C E* ® ad(Ey(q) xR ")

K matches the embedding tensor, e.g. 912_; ford =7



The bundle N

> Another Ey(4)xR™ bundle is given by N C S*E

N ~T*M @®AT*M @ (T*M @ A°T* M)
O (NT*M @ A"T*M) @ (AST*M @ A"T* M)

133,0 d=7
27,5 d=6

") 10, d=5
5. d=4

» Find that 0f Xy« 0g =0

» Section condition of approaches with extra coordinates
[Berman, H.& M. Godazger & Perry '11; Berman, Cederwall, Kleinschmidt & Thompson 12 ]



N, Jacobi and Curvature

Another feature of N is that (for d < 6)

v

LyV' + Ly/V =0 xg (V XNV/)

v

Jacobiator of Courant bracket

Jac(V,V', V") ~ 0 xg ([V,V'] xn V") + “cyclic”

v

If V ®@n V' =0 then we have linear curvature operator

[Dv, Dy+] — Dpy,v

v

Projections to N measure the failure of all of these things



» Maximal compact subgroup of Ed(d)xR+

Ed(d) Hd hJ‘ = ad(Ed(d) XR+)/ ad(Hd)

Er7 SU(8) 35+35+1
Spin(5,5) | Spin(5) x Spin(5) (5,5)+(1,1)
SL(5,R) Spin(5) 14+1



Supergravity Fields and the Generalised Metric

» Well known that

Ed(d) XR+

{gmna Amnpy Aml,,,mﬁ, A} € I
d

» On patch U; C M can build generalised metric G from fields.
» Patching of gauge fields

Ay = Ag) +dAgy),
Ay = Ay + Ay — 3dAaH A Ag).

ensures that G(V, V') is well-defined scalar



Conformal Split Frame

» Special class of frames ~ "vielbeins” of G
» Take {é,} vielbein for g,,, and dual basis {e*} for T*M
» Build “conformal split frame”
B, =ed (éa Vio, A+ig, A+ 3ANis A
+ AN, A+ %jA/\A/\iéaA),
B = A (eab—i—A/\e“b—jA/\eab—i—%jAAA/\e“b),

Eal...a5 — eA (eal...ag) +]A /\ ea1...a5)7

Ea,al...a7 _ eAea,al...a7
>



Conformal Split Frame

> In this frame write
Vo= o'E, + %wabEab I é%l...%Eal'”as I %Ta,al..mEa’al”m
> Set v =07, € TM, w = Jwape™ € A°T*M, etc...
» Remark: These are patch independent!
> In this frame
GV, V) = o + [wf* + |o* + |7
» General H; frame defined by this

» H; frames define principal sub-bundle P C F' with fibre Hy



Volume form

» H, structure provides volume form related to det(GG)

» In coordinate frame this evaluates as

volg = \/§e(072)A



Compatible Connections

v

H,; compatible connection defined by

DG =0

v

Can build from Levi-Civita for g,

DyVA = DJVA 4525V

v

3 family of ¥ s.t. D torsion-free compatible (Not unique!!!)

T = 0 = Some cpts of X fixed to be F, F,dA

v



Torsion-free compatible connection jsiman os; Grans & orsi 11

» H, algebra ~ A2T*M @ A3T*M @ AST* M under SO(d)
» 3(V) = VM), € ad(H,) then acts as
DV )a = (2 (F4) viady A + FroeaFay
B0 e P g + C(V)ab>
SV )abe = e (ariasy (A2 Awane + 30 Fuane + C(V )t
SV )ar.cas = & (30 Foay g + C(V)as.ca0 )

» C(V) the undetermined parts



Spinors and F[d representations

Actually take double cover H,

v

v

Can embed Hj algebra in Cliff(d) as {y®), £y 4(0)}

v

Spinor of Spin(d) becomes S*, fundamentals of Hy

v

Gravitino 1, becomes representations J* of Hy

Even d ‘ Odd d
S~ST~§- | S=Sta s
JJte~Jg- | J=JpJ"




Torsion-free compatible (spin) connection pimam o: crans & orsi ‘1

» Connection can then act on spinor (€ ST) by
Da = (Va t 4 (524) (085" & S P2

117 by...b
— g7iFaby . bg7 —i-@a)

DMaz — ¢ (%%Falaz 2,yb1b2 + (d_1)3(d_2) (6bA)’}/a1a2b + ¢1¢11¢12

71
Da,al...a7 — eA (@m



Unique operators

For torsion-free compatible D, ande € S, ¢ € J

Dxje D xge
D x v D xg

are uniquely defined operators, independent of the choice of D



SUSY and fermion equations

SUGRA theory contains fermions %, and p

v

These can be promoted to Hy objects ¢ € J and peS

v

» Their SUSY variations are
op = (D xje)
op = (D xge)

v

Their equations of motion are

(D xy1p)+ (D xyp)=0
(D xst))+ (D xsp)=0



Curvatures and bosonic equations

v

Closure of SUSY algebra = tensors R° and R

DXJ(DXJ€)+DXJ(DXS€):RO'6,
DXS(DXJ6)+DXS(DXS€):R€,

v

R° and R are the 2 parts of Ricci tensor Rap

v

Rap lives in the representation ht

v

l.e. Rap has same degrees of freedom as bosonic fields



Alternative Form of Curvature

» Can also write the curvature as

(D/\D) XJ€+(DXN*D) XJ&ZRO'E,
(DAD)xge+ (D xn+D) xge = Re.

» This guarantees that 2nd partial derivatives of ¢ vanish since



d="Tin SU(8) indices

» Under SU(8) have E ~ 56 — 28 + 28 so that
(VA = (VI Viagy)
» Spin representations:

S ~8+8 J ~ 56 + 56
€= (5a7 &:Ot) Y — (w[aﬁ'”»lz[aﬁ’y])

> Generalised metric G(V, V') = 3(VBV/ 5 + Vo 5V'2P)



Unique operators in SU(8) indices e wi & nicosi ‘s: Himan oo

» Unique derivatives are

plaBl Doge®

€laB7]0102050405 D9162w939495 Dﬁvwaﬁv

» SUSY variations of fermions
§1p*P7 = plefe] 0pa = —Dape”®
» Fermion equations of motion

_% 6[Oéﬁ”Y]91929394951)6‘1921p930495 + 2D[aﬁp’ﬂ =0
D*pg — 5Dg, %" =0



CU rvature in SU(8) indices [de Wit & Nicolai '86; Hilmann '09]

Curvature

v

—%2 6&5765’56’01966 D*¢ 89 + QD[QﬁDﬂ(;Eé = R([)ag,y(;}t”(s
D*Dg.e" — 1Dg, DI*PN = Re®

RolP°ly ¢ 35 4 35 (Complex self-duality condition)

v

(Rfaﬁwsl ’

Scalar curvature comes out as

v

Roce® (R —6V2A —12(0A)? — LLF? — L LF?)

DO

_ 11
24!

Bosonic action

v

Sp x /VolgR



Supergravity equations: summary

» Bosons:
Sz/volgR = Rap=0
» SUSY
0= (D xje)
dop=(D xge)
0G = (g Xp1 )

» Fermion equations

(D xyp)+ (D x;yp)=0
(D xg1)+ (D xsp) =0

All defined uniquely by the H; structure on E

v



Universal Construction of Fermions pamour, kieinschmidt & Nicolai ‘06]

>

Above used decomposition of 11d spinors into Spin(d)

v

Alternatively can embed
Spin(10 — d, 1) x Hy — Cliff(10,1;R)

and act directly on 32 cpt Spin(10,1) spinors

v

Again: 2 inequivalent embeddings/representations

{an’ irmnp, le...ms} on S':I:

v

Findee S™, pe ST and ¢, € J~

v

Provides dimension independent expressions for fermions



Type I | theories Wlth RR fl ux [Hull '07; Grana, Louis, Sim, Waldram '09]

> Can do same thing with GL(d — 1) C Eq(g)xR*

» Two inequivalent embeddings GL(d — 1) C Eyq)xR™"
— results in [IA and [IB

» Decompositions related by Pin(d — 1,d — 1) transformation



Compactifications

» Globally defined spinors {} on Mjn.
— SUSY in effective theory

» E.g. N=1in 4d < SU(7) structure on My
N=2 in 4d & SU(6) structure on M7

» For identity structure case (maximal SUSY)

Embedding tensor <+ Generalised torsion
[Aldazabal, Grana, Marqus & Rosabal '13]



Supersymmetric Backgrounds

v

Clear that Dy;e = 0 = SUSY

v

In fact SUSY = d torsion-free D s.t. Dyje =0

v

Analogue of special holonomy for D

v

SUSY background = Torsion-free generalised G-structure



Conclusions

> Ed(d)xR+ generalised geometrical description of supergravity
» Bosonic sector <+ Einstein gravity in generalised geometry

» Obtain all equations with local H; symmetry



Further extensions?

What happens for d > 87
- Need to understand (non-linear) dual gravity

v

v

Superalgebra?
- T = 0 gives closure of SUSY algebra

v

Higher derivative corrections?

v

Other supergravities?

» Non-geometric backgrounds?

v

Maths: Interesting new kind of algebroids?



The End

» Thanks for your attention!
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