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& Elliptic genus of K3

Elliptic genus in string theory is expressed as
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and describes the topological invariants of the target mani-
fold and counts the number of BPS states in the theory. Here
Ly denotes the zero mode of the Visasoro operators and F7,
and F'r are left and right moving fermion numbers. In ellitpic
genus the right moving sector is frozen to the supersymmetric
ground states (BPS states) while in the left moving sector all
the states in the Hilbert space H 7 contribute.

Elliptic genus of K3 surface is known: EOTY
02z )\ | (03(27)\? | (Ba(ziT)\*
Zis3(z;7) =8
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1
Zrs(z=0) =24, Zgs(z=)=16+0(q),
—|— T

ZKks3(z = ) = 2q72 + 0(q2)

Elliptic genus of a complex D-dimensional manifold is a Ja-
cobi form of weight=0 and index=D/2. When D=2, space of
Jacobi form is one-dimensional and given by the above for-

mula.

String theory on K3 has an N=4 superconformal symmetry and
its states fall info representations of N=4 superconformal al-
gebra (SCA). N=4 SCA contains an affine SU (2);, symmetry



and has a central charge ¢ = 6k. kK = n case decsribes

complex-2n dimensional hyperKahler manifolds.

We would like to study the decomposition of the elliptic genus
in terms of irreducible characters of N=4 SCA. In N=4 SCA,
hightest-weight states |h, I') are charactered by

Lolh,£) = hlh,£),  Jg|h,£) = £|h, )

and the theory possesses two different type of representa-

tions, BPS and non-BPS representations. Inthe case of k = 1



there are representations (in Ramond sector)

BPS re h = L £ =20 L
P. =4 =% 5

1 1

non-BPS rep. h > —; L = —
4 2

Character of a representation is given by
T (—1)F Lo cAmizJg

Its index is given by the value at z = 0, TrR(—l)FqLO. BPS
representations have a non-vanishing index

index (BPS, ¢ =0) =1
1
index (BPS, ¢ = 5) = —2



Character function of £ = 0 BPS representation has the form

6’1(z;7')2
R 7)) = ;
Me=1,n=1 0= 0% 7) n(7)3 p(z;7)

2n(n—|—1) 2TiNnz
"

p(z;T) = 91( Z(—

On the other hand the character of non-BPS representations

_ qn627mz

are given by

3 01(z:7)2
.y _ g3 1(257)
k=1,h>1 0=1 ()3




These have vanishing index
index (non-BPS rep) = 0

At the unitarity bound non-BPS representation splits into a sum
of BPS representations
2
: h—301 R R
;l_)mi T %8 Chkzl,h:%,ﬁzé T 2Chk:1,h=§,e=0

Function u(z; 7) is a typical example of the so-called Mock
theta functions (Lerch sum or Appell function). Mock theta
functions look like theta functions but they have anomalous
modular fransformation laws and are difficult to handle. Re-
cently there have been developments in understanding the



nature of Mock theta functions initiated by Zwegers who has
developed a way to improve their modular properties. We
will adopt his method of handling Mock theta functions.

It is possible to derive the following idenities

O2(z;T) 2 01(z;7T)?
<92<o;7>> BEEERTeE
(93(2;7) 01(z; )2
03(0; T) n(r)?
(94(z;7') 01(z;T)?
04(0; 7) n(r)?

R :
Chk:l,h:i,ezo(z’ 7)

>2+u3(7')

)2—|-u4(7')



where

1 1 471

pa(T)=p(z=37), p3(1) =p(z=——7), pa(1) = (2=

: 1 :
_jeTiz §n(n—|—1)82ﬂ'znz

q
' T) = —1)" :
I’l’(z T) 91(2; T) Zn:( ) 1 . qneQﬂ-zz

Then we can rewrite the ellitpic genus as

4
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Using g-expansion of functions p; we find

8 (“2(7) + I«LS(T) + LL4(T)) — 2q_% —9 Z A(n)qn—%

n=1
i)

polar term

An)(n =1,2,.--) are positive integers.

At smaller values of n, Fourier coefficients A(n) may be ob-

tained by direct expansion. We find

n |1 2 3 4 5 6 7 8 -
A(n) 45 231 770 2277 5796 13915 30843 65550 ...




Surprize: Dimensions of some irreducible reps. of Mathieu
group M4 appear

dimensions : { 45 231 770 990 1771 2024 2277
3312 3520 5313 5544 5796 10395 ---}

A(6) = 13915 = 3520 + 10395,
A(T) = 30843 = 10395 + 5796 + 5544 + 5313 + 2024 + 1771

Mathieu moonshine? T.E.-Ooguri-Tachikawa

cf. Monsterous moonshine:

1
J(q):a 744 + 196884q + 21493760q>



g-expansion coeffcients of J-function are decomposed into

a sum of irred. reps. of the monster group.
196884 = 1 + 196883, 21493760 = 1 + 196883 + 21296876

Mukai: enumeration of eleven K3 surfaces with finite non-
Abelian automorphism group. All these groups are sugb-
groups of Mos.

Fantasy: Is it possible that these automorphism groups at iso-
letd points in K3 moduli space are enhanced to M- 4 over the

whole moduli space when one cosnider the elliptic genus?



On the other hand, using the method of Rademacher expan-
sion adapted to the case of Mock theta functions ( Bringmann-
Ono ) we can determine the asymptotic behavior of coeffi-
cients A(n) as

2 11
An) = — 162“@(" 3) T.E.-Hikami
n_

Above exponent may be identified as the entropy of a baby
Black Hole in string theory compactified on K3 with Q; =
1,Qs = 1, Dy and Dy branes.



& Twisted Elliptic Genus
Dimension of the representation equals the trace of the iden-
tity element: we may identify

A(n) =Try, 1
Vi = 45 +45%, Vo = 231 + 231%, V3 = 770 + 770%,- -

We may consider the trace of other group elements in Moy
Ag(n) =Try, g, g € May

Tr g depends only on the conjugacy class of g. There ex-
ists 26 conjugacy classes {g} in M24 and also 26 irreducible



representations { R}. We have the character table given by

XRg =Trr g
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There are two types of conjugacy classes in Moy, type | and
type Il.

Conjugacy class of type | fixes at least one element out of 24
and thus they arise from the conjugacy classes of Mos.

On the other hand conjugacy class of type Il does not have
a fixed point and is intrinsically Mo 4.

For each conjugacy class we want to construct a twisted

genus (analogue of Thompson series in monstrous moonshine)

oo

n=1



For instance,
Zya = —6q + 14¢* — 28¢° + 42q* — 564° + 86¢° + - - -

and has the right modular property (Z5 4 € I'g(2)).

Twisted genus is decomposed info massless and massive parts

= 01(7 z)2
R 17
h=11=0 Ag(7) n(r)3

Zg(T,2) = xgch

Here x4 is the Euler number assigned to the class g

g [1A 2A 3A 5A 4B 7A 8A 6A 11A 15A 14A 23A typell

XQH 24 8 6 4 4 3 2 2 2 1 1 1 0

X g Vanishes for type Il classes.



conjugacy class
1A
2A
3A
5A
4B
7A
7B
8A
6A
11A
15A
15B
14A
14B
23A
23B
12B
6B
4C
3B
2B
10A
21A
21B
4A
12A

cycle shape
124

18 . 28

19 . 3¢

14 . 54

14.22.44

13 .73

13 .73
12.21 .41 . 82
12.22.32.¢62

12.112
- 51.15!
-51.15!
-7t 14t

0

(1,8)(2,12)(4,15)(5,7)(9,22)(11,18)(14,19)(23,24)
(3,18,20)(4,22,24)(5,19,17)(6,11,8)(7,15,10)(9,12,14)
(2,21,13,16,23)(3,5,15,22,14)(4,12,20,17,7)(9,18,19,10,24)
(1,17,21,9)(2,13,24,15)(3,23)(4,14,5,8)(6,16)(12,18,20,22)
(1,17,5,21,24,10,6)(2,12,13,9.,4,23,20)(3,8,22,7,18,14,19)
(1,21,6,5,10,17,24)(2,9,20,13,23,12,4)(3,7,19,22,14,8,18)
(1,13,17,24,21,15,9,2)(3,16,23,6)(4,22,14,12,5,18,8,20)(7,11)
(1,8)(2,24,11,12,23,18)(3,20,10)(4,15)(5,19,9,7,14,22)(6,16,13)
(1,3,10,4,14,15,5,24,13,17,18)(2,21,23,9,20,19,6,12,16,11,22)
(2,13,23,21,16)3,7,9,5,4,18,15,12,19,22,20,10,14,17,24)(6,8,11)
(2,23,16,13,21)(3,12,24,15,17,18,14,4,10,5,20,9,22,7,19)(6,8,11)
(1,12,17,13,5,9,21,4,24,23,10,20,6,2)(3,18,8,14,22,19,7)(11,15)
(1,13,21,23,6,12,5,4,10,2,17,9,24,20)(3,14,7,8,19,18,22)(11,15)
(1,7,6,24,14,4,16,12,20,9,11,5,15,10,19,18,23,17,3,2,8,22,21)
(1,4,11,18,8,6,12,15,17,21,14,9,19,2,7,16,5,23,22,24,20,10,3)
(1,12,24,23,10,8,18,6,3,21,2,7)(4,9,11,15,13,16,20,5,22,17,14,19)
(1,24,10,18,3,2)(4,11,13,20,22,14)(5,17,19,9,15,16)(6,21,7,12,23,8)
(1,23,18,21)(2,12,10,6)(3,7,24,8)(4,15,20,17)(5,14,9,13)(11,16,22,19)
(1,10,3)(2,24,18)(4,13,22)(5,19,15)(6,7,23)(8,21,12)(9,16,17)(11,20,14)
(1,8)(2,10)(3,20)(4,22)(5,17)(6,11)(7,15)(9,13)(12,14)(16,18)(19,23)(21,24)
(1,8)(2,18,21,19,13,10,16,24,23,9)(3,4,5,12,15,20,22,17,14,7)(6,11)
(1,3,9,15,5,12,2,13,20,23,17,4,14,10,21,22,19,6,7,11,16)(8,18,24)
(1,12,17,22,16,5,23,21,11,15,20,10,7,9,13,14,6,3,2,4,19)(8,24,18)
(1,4,8,15)(2,9,12,22)(3,6)(5,24,7,23)(10,13)(11,14,18,19)(16,20)(17,21)
(1,15,8,4)(2,19,24,9,11,7,12,14,23,22,18,5)(3,13,20,6,10,16)(17,21)



Twisted genera for all conjugacy classes have been obtained.
They reproduce correct lower-order expansion coefficients

and are invariant under the Hecke subgroup I'g(IV)

FO(N):{(Z Z),ad—bczl,czﬂ, mod N }

NN denotes the order of the element g.
M.Cheng,Gaberdiel,Hohenegger and Volpato, T.E. and K.Hikami

From the study of K3 surface with Z,, (p=2,3,5,7) symmetry, for
instance, twisted genera of classes p A (p=2,3,5,7) are known
A.Sen



cbo 1(2; )+—¢(p)(7')¢—2,1(237‘)

ZoA(z;T) =
D ) p

where
1 01(z;1)2
$0,1(257) = -ZK3(%7), ¢P—21(%7) = — ( 6)
2 n(T)
are the basis of Jacobi forms with index=1 and
24
T p—1 n(T)
24
=Y o1(k)(¢" — pgP*)
p—1 k=1

is an element of I'y(p).



In the case of type Il twisted genera are modular forms of
['o(IN) with a multiplier system (invariant up to a phase). They
are given in terms of quotients of eta functions.

Zap(zi) =20 62 (a4)
Zop(i7) = 2062 (2:),
Zualei) = 2100 6 202
Zyo(z57) = 2?7(7)(‘1477()227)2¢_2,1(z; T)

etc. Thus we have a complete list of the twisted genera for 26



conjugacy classes. Making use of them we can uniquely de-
compose the coefficients of K3 elliptic genus into irreducible

representations of Mo, at arbitrary level.
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& Mathieu moonshine

Orthogonality relation of characters:
> ngXpXg = |Glogp
g

ng is the number of elements in the conjugacy class g and
|G| denotes the order of the group. Let cp(n) be he multi-
plicity of representation R in the decompostion of K3 elliptic
genus af level n. We then have

Z CR(”)XRQ = Ag(n)
R



Then using the orthogonality relation we find
1

> q"oX i Ag(n) = cgr(n)
g

We have checked that the multiplicities cr(n) are all positive
infegers upto n = 1000 and this gives a very strong evidence
for Mathieu moonshine conjecture.

I.Gannon now has a mathematical proof of Mathieu moon-
shine (to appear).



& Borcherds product and lift of a Jacobi form
Borcherds lift:

Go back to K3 ellitpic genus

Zis3(T52) = Z1A(T52) = 2¢0,1(T; 2)

and consider its "second quantized” version DVV

M(Q) =) Z@(Ta z)p"" = exp ( > Tm(Zgs3(r, Z))pm>

m=1

m|

where Z %3 denotes the elliptic genus of a m-th symmetric



product of K3 and T,,, is the Hecke transformation

_ at + b
Tm(Zgs(r52) =m™" > Zgs( - T az)

ad=m

b=0..d—1

This sum is written into an infinite product form

mM@) = [[ @—pmrgtyneraltrmn)

m=1
n=0,7r€Z
Here c; 4 (n, r) are expansion coefficients of Z -3
Z1a(T52) =) _cra(n,T)q"y"

nt



By symmetrizing in p, g we can construct a Siegel modular

form

() = H (1— pmqnyr)clA(nm,r) M

n>0,m>0

(whenn = m = 0,r < 0). ltis well-known that this is the

wt=10 Igusa form. One also finds a "Hodge anomaly” term

P(QM(2) = p7724(7-7 Z)¢—2,1(Ta z)

Additive lift:
On the other hand class 1A has a cycle shape 124 and one



may infroduce a wit=10 Jacobi form

ma(r;z) = n(1)**P_21(7; 2)

We consider the horizontal lift

(Q) = > Tm(ma(r;z))p™ 2)
m>1

Then the above sum (2) becomes also a Siegel modular form
of wi=10. It is known that these two Siegel forms in fact agree.

Borcherds lift (1)= additive lift (2)



Hence we obtain the correspondence of Jacobi forms;
1A &= MA = 7724 X ¢p_2,1 which maps a
twisted genus to an eta product.

The above identiy implies an infinite number of relations

Zia = —To2(ma)/ma,
Z14%/2 — Ta(Z14) = T3(mA)/ma, -+

It is possible to consider "twisted” version of the above corre-
spondence such as

Zaa <= 24 = n(7)°n(27)° X p_21
Note that class 2A has a cycle shape 1828, Relevance of
cycle shape and eta product is very well-known. Mason,



McKay,,,

The pairing between twisted K3 genus and eta product holds
for classes 2A,3A,4B,5A,8A. Gritsenko-Nikulin,Sen,Gritsenko-
Clery,Dabholkar-Nampuri,Govindarajan,,,

We studied the correspondence in detail and found that the

following relation holds for all type | conjugacy classes

Zg = _T2(779)/7799 s 3)

(Above formula becomes modified in the case of classes 11A,14A,
15A, 23A when the Jacobi form n, has a vanishing or nega-

tive weight.)



& Recent Developments

Umbral moonshine: Cheng, Duncan and Harvey

Consider a series of Jacobi forms withindex m = k+1 (m =



2,3,4,5,7)

Z(m=2)=8x[X+Y + Z],
Z(m =3)=4[XY +YZ + ZX],
Z(m = 4) = 8XY Z,

Z(m =05)=4[X*YZ +.--] — 2[X?Y? +...]
Zm=17) = —4[X3Y3 + ... | +4[XY?Z + - -]
_8X2y?%z72

02(2)° |, _ 03(2)°  _ 04(2)*

whereX = Y = , L =
02(0)* 03(0)° 04(0)*




These Jacobi forms are characterized by their ¢° term

24
Z(m) 2y +(—— —4)+ 2y~ 1 4)

It turns out that the expansion of the above Jacobi forms in
terms of A/ = 4 characters all exhibit moonshine phenom-

enaq, with the group Mo, for m = 2 and M5 for m = 3 eftc.

Note:

At m = 3, forinstance, there exist two Jacobi forms with index
2

JI=X?+Y?%+2% J,=XY+YZ+2ZX



It is known that the identity operator in NS sector is contained
in J;. The elliptic genus of symmetric product K 3[2], for In-
stance, is given by

48J1 + 60J5.

It is somewhat awkward to consider Z(m = 3) = 4J5 which
does not contain the identity operator. Thus Z(m = 3) may
not possess well-defined geometrical significance. The same
comment applies to all cases m > 3.

We point out Umbral series still appears to give a natural ex-
tension of original Mathieu moonshine. Let us consider an



infinite product
M,;, = H(l . pmqnyr)—kc(nm,r) (5)

Here c(n, r) are the expansion coefficients of Z(m = k+ 1).
Umbral condition (4) implies ¢(—1) = 2, ¢(0) = 24/k — 4.

Thus we have a Hodge anomaly

k
1] ((1 — yq™)%(1 — q")2F4(1 - y_lq”)z)
= (N kp_51)F = n?tp_o ;"

Thus it seems reasonable to consider a Jacobi form

n(m) =n?*¢p_o,™ !



By computing the Hecke transformation of n(m) we find
1 T(n(m))

(m—1) n(m)
form = 3,4, 5 and an additive correctiontermof 1 /2-n(m =
7) form = T7.

Z(m) =

Idetification of target manifold is unclear in Umbral moon-
shine. Revelevant algebra is either ' = 4 (hyperKdler) or
N = 2 (CY). We have studied the expansion of Z(m = 3) in

terms of characters of A/ = 2 representations.



N=2 moonshine T.E. and Hikami

Z(m = 3) = massless(N = 2,Q = 0)
-+ Z F1(n) massive(IN = 2,Q = +1)

+ Z F5(n) massive(N = 2,Q = £2)

Fy, F> are decomposed into sums of representations of group
SLo(11).

Summary
e There is a strong evidence for Mathieu mooonshine phe-

nomenon for K3 surface.



e It is beyond classical geometry and no fundamental expla-
nations so far.

e Individual K3 surfaces (with its holomorphic structure) do
not possess symmetry under (subgroups of) Mo4. Gaberdiel-
Hohenegger-Volpato. Rather the symmetry should act on the
BPS states or topololgical sector of the theory and this seems
a very sublte situation.

e Umbral moonshine gives a natural generalization of Math-
ieu moonshine although its geometrical significance is some-
what obscure.

e We may use N/ = 2 algebra instead of Y = 4 and find
moonshine phenomenon.



