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@ Two (related) themes in fluid-gravity correspondence :
Questions in Hydroy vs Questions in Gravity 4 1

@ For most questions in Hydroy, oserveables of primary
interest are Energy momentum tensor/Charge
current/Entropy current/Green functions at the boundary

@ Once a dual metric has been obtained, No need to study
the detailed form of the bulk metric except for extracting
the quantities above.
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Introduction

Questions in Gravity. 1

@ Second theme : What new insights does fluid-gravity
correspondence bring to gravity ?

@ For these questions, one is interested in much more details
of the bulk field configurations than before.

@ In this talk : will focus mainly on a question in the second
set - exact solutions in AdSy ¢ dual to Hydrog.

@ But, will also learn some interesting phenomena in Hydroy
along the way.
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Introduction

Outline

@ A quick review of fluid gravity correspondence : Conformal
hydrodynamics and their metric duals

@ Hydrodynamical form for some exact solutions in AdSy. 1

@ Anomalies and Chern-Simons terms in fluid-gravity
correspondence

@ New avenues and Open questions
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Hydrodynamics and Weyl Covariance

Hydrodynamics - A tractable description at finite T

@ Basic Variables : Velocity u*(Energy frame/Charge
frame), Temperature T
and Charge density n or Chemical potential f.

@ Energy/Momentum transport : T#* with vV, T# = Q.
@ Charge transport described by J* with V,J' = 0.
@ Inputs : Eqgn. of State, Constitutive relations . ..

@ Hydrodynamics : the first step from equilibrium towards
near equilibrium physics.

R. Loganayagam
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Hydrodynamics and Weyl Covariance

Scaling in Hydrodynamics

@ Scaling is a powerful concept in hydrodynamics -
especially if there is an underlying CFT, .

@ Weyl transformation in hydrodynamics : g, = €?g,, and
ut = e~ oM.

@ Energy scales scaleas T = e *T and i = e ?ji.

@ Densities transform as n = e~ (@-D¢p, g = e=9¢Ji and

T+, = e 9T+, 1+ Anomalous corrections

R. Loganayagam
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@ Introduce in CFT4 hydrodynamics

V)\U)‘
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Hydrodynamics and Weyl Covariance

Weyl Covariance is useful

@ Introduce in CFT4 hydrodynamics
V)\U)‘

muu =A,+0,¢.

A, = U’V U, —

R. Loganayagam . arXiv:0801.3701 [hep-th]
@ Helps in ‘Weyl-covariantly’ differentiating tensors

If Qi =e "*Ql then DyQl = e "D, QU
with Dy Q) =V QF +w AQ)
+ [gMA“ — 5§Aa - 55./4)\] Q- +...
—[gn A% — 05 A, — S0 AN Qe —

e A, uniquely determined by D,g,, =0, u*D,u, = 0 and
D,ut =0.
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Hydrodynamics and Weyl Covariance

Weyl-Covariantised Curvature Tensors

Weyl covariantised Riemann tensor can be obtained from

[DW Dy] Vi=w f;w Vy + Ru,})\a V., with
Fuw =V, A -V, A,
R;W/\a = R,ul/)\a + f,ul/g)\o'

o A?
— 5[“914[)\(55] <VaAg + AQAI@ — 2ga5>

where B[W] = B, — B,,, indicates antisymmetrisation. Other
related tensors defined similarly - will later need

o R
Sw =575 (Rw - 2(d_1)>
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Hydrodynamics and Weyl Covariance

Weyl-covariant Hydrodynamics

@ By construction, D, u, is traceless and transverse to the
velocity.

@ Split D,u, = oy + wy Where

@ 0, is the shear strain rate
(symmetric,traceless,transverse) tensor which in viscous
fluids leads to dissipation.

@ w,, is the vorticity (antisymmetric,transverse) tensor which
measures local rotation of the fluid element.

@ The hydrodynamic equations can be written in a manifestly
Weyl-covariant form()V is the Weyl anomaly)

DT =V, TH + A/(TH, — W) = 0
D' = Vit + (W — d) A" =0

R. Loganayagam
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Hydrodynamics and Weyl Covariance

Encoding hydrodynamics around Ingoing geodesics

@ In fluid-gravity correspondence, this hydrodynamic data in
the particular patch of the boundary encoded in the ‘tube’
around the ingoing null geodesic.

@ Within these tubes, the metric is approximately that of a
static black-brane metric which has been appropriately
‘boosted’.

@ Starting from this picture, we can systematically calculate
order by order in the boundary derivative expansion how
the metric deviates from the locally boosted black-brane

metric. (See Prof.Shiraz Minwalla’s talk before).
S. Bhattacharyya, V. E. Hubeny, S. Minwalla and M. Rangamani. arXiv:0712.2456 [hep-th]
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Dual metric in d dimensions

@ This procedure was implemented in AdS, 4 for arbitrary d
by

M. Haack and A. Yarom arXiv:0806.4602 [hep-th]
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Dual metric in d dimensions

@ This procedure was implemented in AdS, 4 for arbitrary d
by

M. Haack and A. Yarom arXiv:0806.4602 [hep-th]
S.Bhattacharyya, R.Loganayagam,|.Mandal,S.Minwalla,A.Sharma. arxiv : 0809.4272[hep-th]

@ Since we are eventually interested in stationary blackhole
configurations we will specialise to stationary fluid
configurations without any dissipation.

@ Further, since the Hydroy is conformal, the metric should
just depend on the conformal data in the boundary

@ This implies that we expect the metric to be invariant under
boundary Weyl transformations (along with the scaling of
the radius)
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Hydrodynamics and Weyl Covariance

@ Choose a gauge in which the bulk metric is of the form
ds® = —2u,(x)dx*(dr + V,(r, x)dx") + &, (r, x)dx*dx”

where &, is transverse, i.e., u*®,, = 0.
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Hydrodynamics and Weyl Covariance

@ Choose a gauge in which the bulk metric is of the form
ds® = —2u,(x)dx*(dr + V,(r, x)dx") + &, (r, x)dx*dx”

where &, is transverse, i.e., u*®,, = 0.

@ Boundary Weyl transformation should induce a
bulk-diffeomorphism of the form r = e~*(*)7 along with a
scaling in the temperature of the form b = e®b.

@ Under this, the metric components transform as
V=€V, +70u0|, U=, 6., =86,

i.e., V, and &, are functions of b and u* that respectively
transform like a connection/remain invariant under
boundary Weyl transformation.

R. Loganayagam



Hydrodynamics and Weyl Covariance

@ In this notation, the dual metric in d dimensions is of the
form

ds? = —2u,dx" (dr + rA,dx")
+ |:r2gm/ + U(NSV)/\U/\ Wy w)\,ji| ax*dx”
1 o 1 af o
+ dissipative/higher derivative terms
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Hydrodynamics and Weyl Covariance

@ In this notation, the dual metric in d dimensions is of the
form

ds? = —2u,dx" (dr + rA,dx")

+ |:r2gm/ + U(NSV)/\U/\ Wy w)\,ji| ax*dx”

1 1
+ W(fz - éwagwaﬁ)uuu,,dx“dx”

+ dissipative/higher derivative terms

@ Fluid gravity correspondence leads us to expect that the
known exact BH solutions reproduce this structure. Do
they ?

R. Loganayagam



AdS,. ¢ Kerr metric

@ In ‘altered’ Boyer-Lindquist co-ordinates, AdS Kerr metric is
G.W. Gibbons, H. Lu, D.N. Page, C.N. Pope [hep-th/0404008]

2 _ 2\ 432 Fdr?
asc = W(1+r)dt+1—2M/V

2
oM L @ifi2dp;
+ == (Wdt§ : ] La?
i=1 i

2, g2
#3022 + a2aid)

i=1 1

2
1 Krryad
_ W+ 12) (Z ] 7algﬂld/l/

i=1

where d = 2n + ¢ with ¢ = d mod 2 and

n+e ,lAI/Z d 1 n 3-2
— ] . — ]
W= ; v:r(1+r—2)H(1+r—2)

i=1 4 i=1




Hydrodynamics and Weyl Covariance

AdS,. 1 Kerr metric Il

@ After a series of co-ordinate transformations, we can bring
this complicated metric to a simple “hydrodynamic” form

ds? = —2u,dx" (dr +r A,dx")
+ [rzg,“, + U(MSU)/\U)\ — w,u)‘w)\y} ax*” dx?

ru,u,

AV
 badet[r of —wi]OX X
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Hydrodynamics and Weyl Covariance

AdS,. 1 Kerr metric Il

@ After a series of co-ordinate transformations, we can bring
this complicated metric to a simple “hydrodynamic” form

ds? = —2u,dx" (dr +r A,dx")
+ [rzg,“, + U(MSU)/\U)\ — w,u)‘w)\y} ax*” dx?

ru,u,
* b9det[r oF — wi,]
@ This agrees with the metric derived via boundary derivative
expansion
@ Further, in this hydrodynamic form, the AdS Kerr meric is
manifestly invariant under boundary diffeomorphisms/
Weyl transformation !
@ This is very useful. It is almost trivial in this form to go to a

rotating co-ordinates in the boundary. for example.
R. Loganayagam

ax*dx”
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Chern-Simons and Anomaly

Charged Rotating AdSs Blackholes

@ Focus on two-derivative theory of gravity in five dimensions
with asymptotically AdS boundary conditions

@ Interested in matter content that allows consistent
truncation to Einstein-Maxwell Chern-Simons system

@ E.g. IIB SUGRA in AdSsxS® the equal R-charge sector.
@ Truncated action is

1

1 2K
=i A vV—9gs(R+ - -F F+ —-AAFAF
S 167 Gags / [ 9s( 12) > N *5 3 ANFA

with x = (2v/3)~" for the IIB SUGRA.
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Chern-Simons and Anomaly

Charged Rotating AdSs Blackholes

@ Equations of Motion derived from the action

1

c 1
Gus =694 = 5 | FacF

cD
2 AC' B _ZgABFCDF

1
and dxssF=2cFAF=—FAF with F=dA
° V3
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c 1
Gus =694 = 5 | FacF
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° V3

@ General Blackhole Solution was found by
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Chern-Simons and Anomaly

Charged Rotating AdSs Blackholes

@ Equations of Motion derived from the action

1

c 1
Gus =694 = 5 | FacF

cD
2 AC' B _ZgABFCDF

1
and dxssF=2cFAF=—FAF with F=dA
° V3

@ General Blackhole Solution was found by
Z. W. Chong, M. Cvetic, H. Lu and C. N. Pope . Phys. Rev. Lett. 95, 161301 (2005) [arXiv:hep-th/0506029]

@ These are blackholes with a mass m, charge q , Angular
Velocities w1, wo.
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Chern-Simons and Anomaly

Charged Blackhole Solution |

(rP+1)Aodth®  2(m—quiws) ¢

2
O ) (- ) 2 o~
N (dipy + dtywp)? (r? + wo?) cos? ©
1 — wy?
. (do1 + dtyn )2 (r? +wi?) sin®© N p2de?
1 — w2 Ag
p2dr2r2

- G? — 2wiwoq — 2mr? + (r2 +1) (r? + wy?) (rP + wp?)
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Chern-Simons and Anomaly

Charged Blackhole Solution Il

o= f/Ag (W1 (d¢1 + dty wz) cos® © + (d¢1 + dtjwy )L«JQ sin2 @)
\/§q Apdl wa(dtpy + dtyws) cos? O
A—— _
p2 (1 —(,<.)12) (1 — w22) 1 —(,U22
Wi (do1 + dtjwr) sin?©
1-— LU12
with

p? =r? 4+ wi2c0s? O + wy?sin® ©

Ao =1 —wi?c0s?O — wr?sin?©
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Chern-Simons and Anomaly

The fluid dynamical form

ds® = —2u,dx* (dr + r A,dx")

+ |:r2g,ul/ + U(MSV))\U)\ — w“Aw,\,j] ax*dx”

2m q q
b+ 55 Uy | i dx”
+K 2 p4>uﬂu +2p2“(/W)] dx"ax

p
1
A= —fqu#dx“ : p2 =ry Ewagwo‘ﬁ ;L= euw\gu”ww
Again the hydrodynamic form of the metric is surprisingly
simple ! Can be reproduced in order by order derivative

expansion - checked upto first order against the solution of

N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Dutta, R. Loganayagam and P. Surowka arXiv:0809.2596
[hep-th]

J. Erdmenger, M. Haack, M. Kaminski and A. Yarom arXiv:0809.2488 [hep-th]
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Chern-Simons and Anomaly

The Anomolous transport

@ We now turn to the stress tensor dual to these BHs

THV = p(gl“’ + 4Uuuu) + 2'%/(#"/1/)

+ 1 RCR ’iz
647 Gags oy = 159w

J,=nu, where |, =eun,U"w
_m _ V3q
P = 87 Gnas and - n=g; Gads
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Chern-Simons and Anomaly

The Anomolous transport

@ We now turn to the stress tensor dual to these BHs

THV = p(gl“’ + 4Uuuu) + 2'%/(#"/1/)

+ 1 RCR ’iz
647 Gags oy = 159w

J,=nu, where |, =eun,U"w
_m _ V3q
P = 87 Gnas and - n=g; Gads

@ There is an anomolous energy momentum transport
arising from the bulk Chern-Simons coupling !
@ This term is crucial for the correct thermodynamics

S. Bhattacharyya, S. Lahiri, R. Loganayagam and S. Minwalla JHEP 0809, 054 (2008) [arXiv:0708.1770
[hep-th]]
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@ In AdS/CFT, the bulk gauge theory induces a global
symmetry in the boundary.
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Chern-Simons and Anomaly

Anomolous transport Il

@ In AdS/CFT, the bulk gauge theory induces a global
symmetry in the boundary.

@ A Chern-Simons coupling in the bulk translates into a
global anomaly in the boundary theory.

, 1
d*4J = rll}rgo md*sF

2K
= lim ———FAF
f|—>r20167TGAdS

K
= Fo AF

R. Loganayagam
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@ The standard anomaly is turned off if F = 0. But, the
anomolous transport survives this limit.
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Anomolous transport Il

@ The standard anomaly is turned off if F = 0. But, the
anomolous transport survives this limit.

@ AdS/CFT seems to encode the anomaly into the transport
in a more indirect way.

@ Can we understand the physics of such an encoding ?

@ What is the boundary physics behind the anomolous
transport ? Does it happen in other (more experimentally
relevant) models ?
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Chern-Simons and Anomaly

Anomolous transport Il

@ The standard anomaly is turned off if F = 0. But, the
anomolous transport survives this limit.

@ AdS/CFT seems to encode the anomaly into the transport
in a more indirect way.

@ Can we understand the physics of such an encoding ?

@ What is the boundary physics behind the anomolous
transport ? Does it happen in other (more experimentally
relevant) models ?

@ In a remarkable paper
D.T. Son and P.Surowka [arXiv:0906.5044 [hep-th]]

addressed this question using entropy arguments. The
anomolous transport coefficient is given by

_ 2_8#3”
5_C<" 3¢t P
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@ We have see that fluid gravity correspondence leads us to
relatively elegant forms for various known exact solutions.
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@ We have see that fluid gravity correspondence leads us to
relatively elegant forms for various known exact solutions.

@ Can we exploit this to find new exact solutions which were
not constructed before ? Especially , it would be great if we
could construct new charged blackholes ...

@ We have discussed an example of a novel phenomena in
blackhole physics via CS terms which fluid gravity
correspondence has led us to - are there similar
phenomena hiding under known solutions ?
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Conclusions I

@ Most of the basic questions regarding AdS,, 1 -Hydrog
have cleared up by now

@ Metric dual to arbitrary fluid configurations(Uncharged,
Arbitrary dim.) known. Charged duals known for some
cases.

@ Many Large AdS Blackholes fit beautifully into this picture.

@ Conventional condensed matter intuition of equilibrium
stat.mech. (e.g. Boltzmann entropy) works well in gravity
(at least for some special blackholes).

@ How does gravity fit into our intuitions about
non-equilibrium/near-equilibrium physics ?

R. Loganayagam



Discussion and Conclusions

Weyl Connections and All that - |

A Mathematical Aside

@ More precisely, the 1-form A, defines a natural Weyl
Connection.

R. Loganayagam



Discussion and Conclusions

Weyl Connections and All that - |

A Mathematical Aside

@ More precisely, the 1-form A, defines a natural Weyl
Connection.

@ Take a spacetime manifold M is with the conformal class
of metrics C

R. Loganayagam



Discussion and Conclusions

Weyl Connections and All that - |

A Mathematical Aside

@ More precisely, the 1-form A, defines a natural Weyl
Connection.

@ Take a spacetime manifold M is with the conformal class
of metrics C

@ A torsionless connection V"¢ is called a Weyl connection
if for every metric in the conformal class C there exists a
weyl!

one form A, such that V" g,» = 24,9,

R. Loganayagam



Discussion and Conclusions
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A Mathematical Aside

@ More precisely, the 1-form A, defines a natural Weyl
Connection.

@ Take a spacetime manifold M is with the conformal class
of metrics C

@ A torsionless connection V"¢ is called a Weyl connection
if for every metric in the conformal class C there exists a
weyl!

one form A, such that V" g,» = 24,9,

o Define a covariant derivative D, = V1! + wA,,. Then the

above requirement becomes D,g,,, =0
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Weyl Connections and All that - Il

A Mathematical Aside

@ A fluid background provides an additional mathematical
structure : a unit time-like vector field with conformal
weight w = 1.

@ Fluid background leads to a natural Weyl-Connection
@ A, is uniquely determined by requiring that uDyut =0
and Dyu* = 0.

R. Loganayagam
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