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Problem: Show that if

d vt .

is satisfied then so is

d 1 l.

Solution: We simply multiply (0.1) by v" and use the anti-symmetry of Fj; to deduce

—m— ( ! ) V' = qFpv" (0.3)

dr \ /1 — 02

Now the left hand side is

—mi v vt o= —mu?
dr \ /1 — 02 o

(0.4)

This agrees with the left hand side of (0.2) and since the right hand sides already agree
we are done.

Problem: Show that, in static gauge X° = 7, the Hamiltonian for a charged particle is

H = \/m2 + (p' — gAY (p* — gA?) — qAp (0.5)

Solution: In static gauge the Lagrangian is

L=—-m\1—-XiXi+qAy+ A X' (0.6)

so the momentum conjugate to X* is

pi =

(0.7)



Inverting this gives

= (p' —qA")/m (0.8)

We square to find v?

v? (p — gA)?

— (p— g A2 m2 2 _ .

e L AT 09)
and hence o

Xi= P74 (0.10)
Jm2 + (p — qA)?
Finally we calculate
H = pX'—L
i Ai i mQ U Az‘ Ai
_ et Ao — 4 (p' — qA")
Jm2+(p—qA)?  \fm2+ (p— qA)? Jm?+ (p — gA)?

Problem: Find the Schédinger equation, contraint and effective action for a quantized
particle in the backgroud of a classical electromagnetic field using the action

1 1 . . .
Spp = — / 3¢ (_62X“X”77W + m2) — A, X* (0.12)

Solution: Proceeding as before we first calculate

~oc
P = 9%
1.
= EXVTINV —|— AU
(0.13)
Inverting this gives ‘
X =en(p, — A)) (0.14)

Thus the main effect is merely to shift p, — p, — A,. The constraint is unchanged as
the new term is independent of e:

1 . .
QX“X”nW +m?=0 (0.15)

however in terms of the momentum it becomes

(Pu — Ap) (v — A" +m? =0 (0.16)
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In the calculation of the Hamiltonian we have two effects. The first is that we which
find from the replacement p, — p, — A, in the old Hamiltonian. The second is the
addition of the A, X* term which leads to an addition term

AMX“ =en"(p, — A))A, (0.17)

The factors of Au from these two effects combine and we find

H = g (7 (pu = A (0 = A) +m°) (0.18)

Next consider the quantum theory where we consider wavefunctions W(X* tau) and
promote

P = _iaa)‘i . XM= XM (0.19)
Thus the Schrodinger equation is
zg\f - % (—n“” (af(“ _ z'Au> (ang — iA,,) + m2> v (0.20)
and the constraint is
(—nﬂ" <a§(u - iAM> <£{V — iA,,) + m2> ¥ =0 (0.21)

Thus we again find that ¥ is independent of 7. The effective action is just found by
replacing 0, — —ip, + A, and hence we have

S = ; /d%(aﬂ’ —iA,0)(0, ¥ — iA, V)" + m*P? (0.22)

You should recognize this as a Klein-Gordon scalar field coupled to a background Elec-
tromagnetic field.

Problem: Show that by solving the equation of motion for the metric 7,3 on a d-
dimensional worldsheet the action

Sur = —; / d?o\/— det(y) (70‘5(9@X“85X”77W —m?*(d — 2)) (0.23)

one finds the action

Sne = m> / d'o\ /= det (0, X105 X" 1) (0.24)

for the remaining fields X*, i.e. calculate and solve the 7,5 equation of motion and then
substitute the solution back into Syt to obtain Syg. Note that the action Syr is often
referred to as the Howe-Tucker form for the action whereas Syg is the Nambu-Goto

form. (Hint: You will need to use the fact that 6\/— det(v)/67* = —17,5\/— det(v)
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Solution: From Sy we calculate the 7,4 equation of motion
1 v 1 9 v 2
~ 50X 05X Ny + Vs (v°0, X 05 X" 0y, — m*(d — 2)) = 0 (0.25)

This implies that
’Yaﬂ = b@aX“ﬁgX”nW (026)

for some b. To determine b we substitute back into the equation of motion to find

10 ) _
—5 (/b= m*(d~2) =0 (0.27)

where we have used the fact that if g,3 = 0, X"093X"1,, then
,Yaﬁgaﬂ =d/b (0.28)

This tells us that b = m~2. Substituting back into Syr gives

Syr = —;m_d/aldm/—detg(dm2 —mg(d— 2))
= mQ’d/ddU\/—detg

(0.29)
where again g.g = 0,X"03X"n,,. This is precisely Sy¢.

Problem: What transformation law must ~,3 have to ensure that Sy is reparameter-
ization invariant? (Hint: Use the fact that

Jo’" JoP 5

do'e dgn (0:30)
why?)
Solution: Under a reparameterization 0* = 0®(0’) we have that
B 7 8
207 = 007 0 031
Since the m? term is invariant it must be that
VP00 X 0 X" Ny (0.32)

is invariant in order for the expression to make sense. Thus we are lead to postulate

that
, 907 9o’ g 00 do'?

= — — = —
Tas = Hgra ggra 110 dor O 10

(0.33)



since
A" oP s do? Oo'P

— P (0.34)

do® o™ @ do'™ Qo™ «

It remains to check that
d?o\/— det(y) (0.35)

is invariant. However this follows from the above formula and the Jacbobian transfor-
mation rule for integration

8 a
dlo = det < 8;) dlo’ (0.36)
Problem: Show that if x#, p* # 0 then we also have

[z, p"] = in™” (0.37)

with the other commutators vanishing.

Solution: Recall that we have

(T ‘;’Z 3 (“ﬁ pin(rio) | “ﬁemv—cﬂ)

nZo \ 1 n
pr — 1 P — o i ale™Tto) L o i ahein(t—o) (0.38)
2w’ 2#0” 2#0"

and we require

[(X*(7,0), B,(1,0")] = i6(c — o’)5" (0.39)

In the lectures we considered terms that come from two oscillators, i.e. terms with
a factor of €™ Tt should be clear that any term in the commutator with a single
exponential must also vanish. Thus we see that the commutator of x#, w#, p* with any
oscillators a#, a* must vanish. Thus the remaining terms are
i
[z' + who, a'p,] = —" (0.40)
2
where on the right hand side we have included a left over term from the calculation of
the oscilators (i.e. the n = 0 term from the Fourier decomposition of §(o — ¢')). Okay,
it is clear that the term linear in o on the left hand side must vanish. Thus we find

[z, p,] = 4o, [w",p,] =0 (0.41)

2ma!

Problem: Show that in these coordinates

T++ = 8+X“8+X"’nw,

T = 0_X'O X"
T,. = T_,=0

(0.42)



Solution: We have

The new coordinates are

. 1
Top = 0aX"05X" "Ny — 5%57775@7)(#85)(”% (0.43)
+ —
ot =7+0 T =25
g T . (0.44)

and hence it follows that ds®> = —d7? 4+ do? = —dotdo~. From this we read off that
Neay =7n—_ =0andn_, =n,_ = -1 Hencen™ =9~ =0and n=+ =9t = -2.
Thus we see that

2

Ty = a‘i-Xua‘i-Xyn;U/

T = 0_X"O_X"n
(0.45)
For the T' ' components we note that
000, X 0; X" = —40_X"0, X", (0.46)
so that 11
Ty = 0-X"0, X 1 — 5540 X0, X" = 0 (0.47)
Problem: Show that D
<0,0;0]: Ly :: L_5:10;0,0 >= 5 (0.48)
Solution: We have
2> = L 5|0;0,0 >
1
= 3 an,a‘iZ_namO;O,O >
1 v v
= Sfwat1024]0;0,0 >
(0.49)

SO

<22 >

4
1

4

1
1 < 0,0 : OJajefat ¥ ]0;0,0 >

1
Ny < 0,0 O|o¢1\o/ilo/fail|0; 0,0 > +Z77W77,\pn"“ <0,0: O|041\0/11|0;0,0 >

1
Nuwp”” < 0,0 : 0lata’]0;0,0 > +Z77“”77*”’7%7M <0,0:0]0;0,0 >



1 1
= ™ < 0,0:0[0;0,0 > +1n,wm,,npﬂnk” <0,0:0]0;0,0 >

4
1 v
= énuun)\pnp 77)\'u
D
2
(0.50)
Problem: Show that the state (a; + a';)|0 > has zero norm.
Solution:
<0l(a] +ap)(a?; +al)|0> = < O|a1a 1 +ajal]0 >
= " +n"
=0 (0.51)
Problem: Show that the boundary conditions on an open string are
Nud X0, X" =0 (0.52)

at o =0, .

Solution: In calculating the Euler-Lagrange equations for the action one integrates by
parts:

/dzanuynaﬂﬁaX“855X” = —/d2anﬂyna6358aX“5X” -+ /d20nﬂyno‘ﬁag(8aX“5X”)
(0.53)
Thus we need to discard the second term

/ 005(1,n P00 X" 6X7) = 1,0y X'5X” (0.54)

where we have used the fact that the normal to the boundary is o = o!. Locally implies
that this term should vanish at each end point separately.

Problem: Show that the constraints imply that p*G, = p”G,, = 0 for the level one
closed string states |G, >= G ot a”,(0;p >

Solution: Consider L; first. We find

N | —

LG, 67 110;p > = Z ,\,,oz1 ot av 0;p >
n

(0.55)



Now if n > 1 then o can be commuted through until is annhilates |0;p >. Similarly if
n <0 ap_, can be commuted through until is annhilates |0;p >. Thus we have

1 ~v
LG, 0" 8% 110;p > = 277@(043041 +araf)G ot d@” G, |0;p >

= nApaoala—ldilGuu‘O;p >
_ A~ p M .

- 77/\p040 Vlala lGuV|07p >
= 77>\p0400‘ 1lat, o4]G 105 p >

= 77Ap04004_177 NG/W|Oap >
o
= \/Ep“a_lGWIO;p>

Since this must vanish we find p*G,,, = 0. Similarly evaluating Lle,oz 167 110;p >=0
will lead to p”G ., = 0.

(0.56)

Problem: Show that

1
Gu — G(MV)_EU/\[)GApn,uy
b = Gl

¢ = VG, (0.57)

will transform into themselves under spacetime Lorentz transformations.

Solution: Let us adopt a matrix notation. Under a Lorentz transformation a tensor G
transforms as

G' = AGAT (0.58)
and Lorentz transformations satisfy n = AnAT. Now
/ 1 / T
1
= i(AGAT — (AGAT)T)
1
= §(AGAT — AGTAT)
= AbAT (0.59)

so indeed b transforms into itself. It also follows that the symmetric part of G transforms
into itself so we need only show that ¢ = Tr(n~'G) is invariant. To do this we note that

= (AT (0.60)



so that

= Tr(n '@

= Tr(n 'AGAT)

= Tr((AHTn 'ATTAGAT)
= Tr((A)'n 'GAY)

= Tr(n~'G)

= ¢

Problem: Show that in light cone gauge

/
X =z +p T—i—\/%

where

and similarly for a;,.

Solution: We need to solve

We have that

1
~2a'p" X+ S XUXIG; 4 XX,

Xi

X/i

where oy = &}y = /o’ /2p". Thus

XX, =

1

—204p+X'_+X’X”6” = 0

o -
55@ > a,ale
nm

From the second equation we find that

X" =F(r)+

?

"

5.

D

m-+n#0

CMO(

n-m _—i
— €

n—+m

10

—i(n+m)oy

(n+m)oy

—aa
a,, a0 e

CYOé

n-m _—i
— €

n—+m

—i(n+m)o_

(n+m)o—

(0.61)

(0.62)

(0.63)

(0.64)

(0.65)

(0.66)

(0.67)



where F(7) is an integration constant.

Let us now consider the first equation so we calculate

XZX](SU = 57,] Z Oé
X/iX/j(sz’j = 513 Z Oé
and hence

XZX](SU + X/iX/jaij = O/(Sij Z a;a%e_

zn+m)o+ +Oé a] e —i(n+m)o_

i(n+m)oy + dz &j e—i(n+m)a_
n=m

Substituting our solution into the first equation leads to

0 = —2dpTF P> o
n—l—m 0
+— 5ngOé

This implies that

1n+m)0'+ —|—O{ Oé] e —i(n+m)o_

zn+m)a+ —|—Oé Oéj e —i(n+m)o_

o A ’
20'ptF = 5 5” Yoaal, +aydl,
P

Thus F' = o/p~ 7+ x~ is linear with

—2a/pTp + 5”2%3 _p+apoz_p 0

Seperating out the zero-mode piece we can rewrite this as

—4a'pTpT + /PP o+ 2(N + N =0

where

~ 1 R L
N + N = *51‘7' Z Oé:lCYJ,n + CN‘é;d’in

2 n#0

= (0pd, + a0, )e

—i(n+m)o + O_/ Oé] e —i(n+m)o_ + (a;dzn + d;agn)e—zna+—2m07

—ino4 —imo_

(0.68)

(0.69)

(0.70)

(0.71)

(0.72)

(0.73)

(0.74)

can be identified with the total oscillator number of the transverse coordinates.
Lastly we summarise our expression by writing

X_:x_+o/p_7'+iza—"
n#0 n

where

11

. o i
e~ o+ + n o=ino—

n

iy = o i,

(0.75)

(0.76)



Problem: Show that for a periodic Fermion, where Ly = >;ld_;d; + i and {d,,d,,} =
On,—m, one has

o0

Z =g [[(1+¢) (0.77)
=1
and for an anti-periodic Fermion, where Lo = Y., rb_.b, — 4—18, {b,,bs} = 6, _s and
r,s e Z+%, one has
Zv=q = [[(1+472) (0.78)

=1

Solution: Everything follows as it did for the Boson. However there are only two
possible cases for each oscillator d;, either it isn’t present or it is present once. In other
words because of the anti-commutivity there are just two states |0 > and d_,|0 > so
one has 3" ¢!4-1% = 1 + ¢! and hence

',:]8

Zy = g7 [[(1+¢') (0.79)

N
Il
—

Similarly for the anti-Periodic Fermion only now we simply write r = [ — % with | =
1,2,3,... to find

Zv=q® [[(1+47?) (0.80)

=1

Problem: Obtain the equations of motion of

1 26 S 1 VA
Seffective = 20/12/ x 6 <R 4(8@5) + 12HMV/\HM ) (081)
and show that they agree with
1
R, = 4Hu>\pH A 492D WDy
D*Hy,, = 2D*¢H,,,
1
4D%*p — 4(D¢)* = R+ 12H2 (0.82)

You may need to recall that §,/—g = —%\/—ggwég’” and ¢"oR,, = D,D,og"" —
g#,,DQ(SQ“V.

Solution:
The equations of motion for ¢ follows pretty much as normal and one finds

1
8D, (¢"20 Dl — 2672 (R 40,606 + 12H,MHW) ~0 (0.83)
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or

1
8D*¢ — 8D,¢pD" ¢ — 2R — 5 o H" =0 (0.84)
The equation for b, is also fairly standard and leads to
D, (e”**DlpNy = 0 (0.85)
or
D, H"* —2D,¢H"* =0 (0.86)
The important point here is that when we vary the metric we find a term like
/\/—ge_z‘f’g‘“’cSRW (0.87)
appearing. We have that
9" 6R,, = D,D,5g" — g, D*5g" (0.88)

is a total derivative. But now this won’t be the case. Integrating the above term by
parts gives

/ V=g **g"0R,, = / v=9¢* (DuD,bg" — g1, D*5¢")
_ / V=9¢7% (4D,¢D,¢ — AD*$Drpg,u,
~2D,Dy6 + 2D*¢g,,) 3"

(0.89)
Thus one finds, after including all the usual terms,
1
0 = Ru = 59wh +4D,6Dy = 4D DG — 2D, Dy + 2D G,
1 1
_4DN¢DV¢ + 2D>\¢D>\¢guu + 4H/J)\pH 24gpuH)\poH>\pa
1
= R,uu - QQMVR - 2D>\¢D)\¢g,u1/ - 2DMDV¢ + 2D2¢g,u1/
1 1
+4Hu)\pH ﬂguuH)\paHApa
(0.90)
Next we substitute in the scalar equation, writen as
1
R=4D%p — 4D, ¢D"¢ — EHWHW (0.91)
and find that 1
0=R, —2D,D,¢ —i— uApH (0.92)
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Problem: Show that

1 v « - « v
S=-1= / 00, X105 X 1™ + iy 00t 0y, (0.93)
is invariant under
OXH = eyt | OYH = %0, X e (0.94)

for any constant e. Here 1) = )"y and v are real 2 x 2 matrices that satisfy {a, Yo} =
21a5. A convenient choice is 7° = io? and 7' = 0.

Solution: First we note that

1 _ _
0S = e /d2028aX’“‘8/35X”77W770‘6 + 10" Y 0V Ny + 1YY 00U N
(0.95)
Looking at the final term we can write it as
i@ZMVO‘aaCS@DV??W - aoc (iqj)l_ﬁ/aéﬁ)ynuu) - iaa"vzu’ya&vbynuv
= — 10, Y "YU N
(0.96)

where we dropped a total derivative. Next we note that (using a,b for spinor indices)

8a@“7a5¢y77;w = aa¢5(707a)ab5¢577uu
= _&zbby (VOVQ)abaawgnuu
= —51/1H’Ya adjy'r],u,l/ (097)
In the second line we used the fact that spinors are anti-commuting and in the third

line we used that vpy* is a symmetric matrix (convince yourself of this!) and swapped
i <> v. Thus putting these together we find

1 _
08 = —5— / P00 X D30 X 1™ + 1601 ot 1
(0.98)
To continue we observe that
St = (10X e

= 6T(7a)T708aXM

= 7" 0700. X"

= —ey 0, X" (0.99)
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where in the third line we have used (7*)T = 497%yo (convince yourself of this too!).

We now have

0S = /d2028 XH oz, P — ey’ 93 X1y0), WV N

2770/

= 27ra /d20-7/8 X”aﬂ€¢ 'I’/MVT/ — ZE@EX/-L(,,,]OZB +/yﬂa) al/}”/r]l“’

= - / o — (70 X 0t 1y

2770/

= /d2 — 10, e@BX“ Pagyv nw)

27ra

(0.100)

Problem: Show that

S = / B0, X P X 0y, + 10 00t Dy + INIA A6 (0.101)

Ve

is invariant under

5X“ — ZEJFQ/}ﬁ
Yt = 470, X"e,
N =0 (0.102)

provided that yp1e4 = €.

Solution: This calculation is an exact copy of the previous problem. The important
point is that the e, generator does not involve the wrong chiral component ¢ of ¢*:

1 1
5(1 — Yo1)0Yt = 5(1 — Y01)7 " 0u X ey

1
B §7a8aX“(1 + Yo1)€+

Y¥0, X e
gyt (0.103)
Problem: Show that the action
S = 477'@ /d2a(‘9 X“aBXanW + Z¢M aaaw Ny + Z)\ aaa)‘f(;AB (0104)

can be written as

S = : / 200, X105 X1 +i (V)T (0 — 00 )0 0y +i(AY) T (0, 4+0,) A6 45 (0.105)

Aoy

So that 1" and A\{ are indeed left and right-moving respectively.

15



Solution: Simply write

@Z)ﬁ'flaawimw = (W—L)T%(VO@T + 7180)¢i77;u/
= (wﬁ)T(aT + %130)1/117]#1/
= (W) (0: — 00" M (0.106)

and

My 0uXi0an = (M) 90(1°0: +7'05) N b ap
= (/\f)T(ar+70180))\f5AB
= (AD)T(0: + 9:)\20ap (0.107)
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