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I Preliminaries

Cioncept ( fired point ) :

Let G : X s. X be a map ou a set X
.

A point are X for which Ox = x is called a

fixed point of G
.

cioncept Ccontraction) :

Let C M
,
d ) be a metric

space .

A map 6 : M s. M for which

d ( Or
. Oy ) E- deny ) t x. ye M

is called a contraction
.

If there is a 4<1 such that

d ( Or
. Oy ) E- did cry I t x. y EM

,

then
6 is called a strict ear traction

.
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Statement Ccontraction
mapping principle ) :

A strict contraction on a complete metric
space

has a unique fixed point
.

Sketch :

Uniqueness :

Assume 8 x - X
,

G y
= y ( x

, Y E M )
.

Then dex
, y ' Fdl Gx

,
O y I E d

, devil
.

Since d E d
,

c 1 it follows that

daryl - O - ) x -
- T

.

Existence :

First note : G is automatically continuous since

d crime di te implies d Cox
, Gy ) ee

.
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Next

,

let ro E M be arbitrary .

Consider

{ rn In
⇐ µ

with in = G"

ro It (Go . .  . o G ) to
-

n times

* We will show that Lxn 's
new

is Cauchy :

darn
, run ) -

-
d ( Ohm

,
G Xn )

E d
, dern

. . , rn )

damn
,

rn I = d Corne
,

Orn
-
it

⇐ c
'

, darn
. a , rn - il d

darn
,

that Ed
,
'd care

,
in . a )

0

:

darn
,

rural Ed
,

"

duo
,

til
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For m > m

M

darn
,

tint E I d Ha
, Xa .

it
G- Mtl

E dimCa. c: I
"

d exo
,

m
m - ' 98

.

Hence I 0h
.
}

new
is Cauchy

.

Since M

is complete there is a re M so that

G
"

ro
n - '

9 X
.

By continuity of 8
,

G X = firms O Xn - firms Anti = t
.
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Application :

Let f : IR x IR
"

SIR
"

be continuous
.

We are interested in solving

Ict ) = f Ct
, y Ctl )

,
Y

Cd
I = Yo

.

Contraction arguments give the existence of
local solutions

,
i.e

. given Yo we will find

Y : C . 8,81 - S IR
"

satisfying e) Y Cool - Yo

4 ICH - fetial ) for all It Is 8
.

Note : The question whether local solutions

can be extended te global solutions is much

touchier
.
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Differentiation makes functions less smooth
,

unless we consider only Go - functions
.

This motivates to rewrite the equation of
motion in integral form :

YG ) = Yo t of
tds fcs

,
yesI )

.

CH

given Y. and 8
,

we consider the map
coat

. free
.

E : d
,

E . 8,8 ] S d
, E.8,8 ] torn

defined ly

feet.
or ) ) Cgl

If
yo tftdsfcs, sesh

.

Solving Cx ) is equivalent to finding a

fixed point of E !

9-
For simplicity we consider only the case where

f is Lipschitz continuous
,

i. e .

given To
,

there is a K
,

8 and E so that

HIT-Tolle E
,

It Is 8

implies

IIfetill - fetal It E Is Hy - EH

if HE - Tolle E
.

Let

y It I g e C:L 8,8 ] : Il get1.4.11 E I E V-ttef-8.SI/

What is the relevance of G ?
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First if geg then Ecg ) Eg since

Ecg ) - Yo = Ids fcggesi)

⇐ fordsfcggesi)

E. 8 . Max fcggesi)Isle8lllgesl
. Tolls E

Shrinking 8 we can be sure that

Ecg ) - Yo ⇐ I

g
Second g is a complete metric

space

render the
supremum norm .

as .

For g.
,

g
,

E G consider

ga Csl

E Csi . ECW
as Ids Cfcs

, HJg.es,
as

g. Csl Lipschitz
⇐ f

tds
[ fcs

, ziggy,
as

⇐

t

⇐ fds di ga - ga
•

CITIES )
d

⇐ d
,

f ga - 92
as

Shrinking 8 we can be sure that

E. C Sil - ECW
as

k da I - 92
as
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Thus E is a strict contraction ou G

.

The contraction
mapping principle then grants

a unique g e 9 which satisfies CH I
.

dourer secy
, any solution of G- I must be in 9

for sufficiently small t and so must
agree

with the unique solution in 9 when t is small
.

This proves local existence A rue i que ness
.

Consider a Hamiltonian system GP
.

H )
^^

with phase space D= Cd
,

as I x R and

Hamilton function

It :p SIR
,

Cg,
P ) s Http ) It II t Vcfl .

The equations of motion are

If Ctl = Im pal
,

BCH = - grad Vcqctl I

For each Go s d
,

Po
,

to > d

the standard Cby now ) contraction argument

gives a Unique solution pair

( 9- CH
,

PCH ) for the ( to . & to to ) ( on > d)

satisfying 9-Cto) - to
,

Pct
. ) - Po

.
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Statement :

Suppose a global solution satisfying the initial

conditions 9-Cto) = Go > d
,

Petrol - Po

does not exist
,

i. e .

the maximal interval on which the

solution with these initial conditions exists

is [ to
,

E )
,

c- cos
.

Then either

firmer of Ctl - d or firmer ofCH = •

43
Sketch : By the construction of local

solutions and the assumptions made on V :

For
any compact K c TP = Co

,
as ) x lid

there is a F '
:

(9-CE? P Ctl ) is a unique solution

for t e ft - Tk
, t t Tk ) with

ofCteI = oh ,
Petal = Pa

A g
specified

If we cannot extend the solution past t - e
,

then it cannot lie in Is for any t > e . Tk
.

The remaining task is to show that the

statement " Catch
,

Pat ) leaves K eventually
"

implies that the point man eventually leaves

any compact subset d
,

a CO
,

as )
.
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At this stage energy

conservation is very

useful :

H lot GI
,

PCH ) -
- It Coto

,
Po ) = : Eo

.

If 9-Ctl E d
,

a Cd
,

as )
,

then

(g. Ctl
,

PCH ) E

{ Pat : I Peel I E 7 2 m (Eo - if:&
,

VEH I )

Thus for all me IN there is a tn such that

9-CH E ( Fn I n )

for E> tn
.

as

d
,

once pt Ccomplete) :

The classical motion generated by V is called

complete at zero Cinfinity )

if there is no Cato
,

Po ) E.P = Co
,

es ) x IR

so that get) runs off to zero Cinfinity )

in a finite time
.

.

Statement :

the classical motion generated by V is

not complete at zero

if and only if Veal is bounded above

near Zero
.
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Sketch : V is not bounded above at zero

if and only if there is a sequence I 9-
n ) new

with 9- a
> d so that V Carn ) s as

.

1) Assume : V is not bounded above at zero
.

Show : V is complete

By conservation of energy

Patent' t VegasI = To'm t Veto) - : Eo

Hence HCG Cti ) E Eo
.

Thus get I can never equal of n for n

sufficiently large .

So of Ctl can never go to zero
.

Thus V is complete .

If

2) Assume : Vcq) E Ml on CO
,

s )
.

Show : V is incomplete .

Let get . ) = Go -
-

1
and choose Po s d and so that

Eo = M t 1
.

By energy
conservation

P2Ctl
Z A

2M

for all t
.

So the point particle reaches zero

in a finite time
.

Hence V is incomplete
.
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Remark : Geodesic completeness

Let

Gk,
g) be a spacetime .

A curve n M is a smooth mapping

8 : Ita IR s M
p

open

I has a coordinate system consisting of the identity

map u of I
.

At each t e IR we can picture the

coordinate vector Adult e TI IR as the unit vector

at t in the positive u -direction
.

Eoncept ( Velocity erector ) :

Let 8 : I s M be a carve
.

The velocity vector of 8 at tell is

jet ) Et D8 (adult ) e Traill .

Note that jdoe ,
not involve geometry ! "

The acceleration 8 does involve geometry :

If j
.

a d
,

then is said to be parallel .

A geodesic in a spacetime ok is a curve

r : I we

whose vector field 8 is parallel
. Equivalently

,

geodesics are the curves of vanishing acceleration
.

Statement : given any tangent vector o e'Tpd

there is a unique geodesic To in It such that

a) E lol = o

b) dlom ( to ) is the largest possible : If

a : I > M is a geodesic with Ico ) - o
,

then JCI and a = to 12 .
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Because of b) Tv is said to be maximal

.

A spacetime for which
every maximal geodesic

is defined on the entire real line is said to be

geodesically complete
.

Concept Iquantum - mechanically complete) :

21

The potential Vey is called qm - complete

if It  = Em pop t Vcq ) is essentially

self - adjoint on 815 Co
,

as )
.
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II Formal d

,
oustructions

Let (de
, g ) be a globally hyperbolic spacetime

.

Choose a time function t and a creator field v

on Il so that To t  = . 1 and the spacelike

surfaces (E)
+ ⇐ an

are Cauchy hypersurfaces .

In most cases I = I of tin ]
.

Let 8
,

CE ) be the set of instantaneous field

configurations to : M s Is c- L IR
,

E }
.

Consider ( d
,

KEI
,

Dol ) to be a formal

measure space .

23

Let I
' C 4 Cal

,
Dol ) be the Cl - vector

space

of wave functionals

IT : C: cat se

which are measurable and fool NIH ? I
'

exists
.

I
'
( di CEI

,
Dol ) is equipped with the semi norm

II HI =L fool I Econ I
'

)
"
?

In order to promote this to a norm introduce

ARCHE ! Doll

Et{ NI. c- L
'
( di CEI

,
Dol )
:

NIEof ] : d Dol - almost everywhere )
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The physical state
space is the quotient space

t Ki CEI
,

Dol ) -
- Lik :c El

,
Dol ) NK:c El

,
Dol )

.

Interpretation : Sf U is a measurable subset

of C:C El and Zu its indicator functional
,

then

xunt.EE
"

is the probability for the field configuration

on 2T to be
given by some to EU

.

28

Quantization :

1) Smeared configuration field operator OI Ef I

is just the operator for multiplication with d Ef ]
.

Its domain is characterized by demanding

E-
¥

I E EET ) = GIFT NI Elo ]
2

to be well defined
.

2) Conjugatedmomentum field operator IT EFI

is characterized by Heisenberg 's fundamental

uncertainty relation

[ E Eff
,

IT
 

[ f. I ] = i Cf
, fat

.
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HI QFT - d
,
ompeete

Concept K strongly continuous semigroup of evolution

operators )

A family felt ,
to ) : t.to e Ic Rt } of

evolution operators

Ect
. to ) : L2CCheol , Dol ) s L2CC:c El

, Dol )
,

HI
.

> II. Etf E I t.to ) IIe
.

is a strongly continuous semigroup if

CH E Cto
,

t
. ) = idle

121 Eft
,

s ) Els
,
to ) = Ect

,
to )

(3) I s L'Cd, CE )
, Dol )

,
t s Eft

,
to ) II

.

is continuous

'

for each II. E L' ( d
, CE

.

)
, Dol )

.
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A probabilistic interpretation is only possible for

a special class of evolution semigroups :

Concept ( contractive evolution semigroup I :

A contractive evolution semigroup is a strongly

continuous evolution semigroup and moreover

in f K! ¥8 : Elt
, to HI

.

E C
'

, He
.

for all II. e L' ( 4 CE
.

I
,
Doll }

for all t EI
.

We still have

El t.to) ⇐

exp I. i f.
tds HEE

,
it ;

s ] I
,

HEE
, stig ) = !die H ( E

,
Ii Ses )

.

p
generator
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Question : Is there au analogue

(unitary ,
self-adjoint ) I (contractive

,
. ) ?

Answer : Yes :

di onside r is
'

c- [ LY di CEI
,

Doll ]
*

with

$ = I ?

Formally
,

Hahn - Banach guarantees existence
.

Concept Caccretive ) : The generator It

is called accretive if

Sm ( $ CHE !) Ed

for any IIe dom CHI and for all t e I
.

(unitary ,
self-adjoint ) I (contractive

,

accretive)

29

doncept ( 9ft - complete ) :

Let Eo be a space
like geodesic boundary of

( M
, g ) located at to

.

The spacetime ( M
, g ) is called Aft - complete

if the evolution semigroup is contractive

in lol
, g ) and if

Elt
. to)

in ,

" 9 d
.
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Kernel method :

d
,
consider a bilinear functional

Kt : di CEI x d CEI se
,

Kt Elon
.
oh] It

fed ran dream of am KEY y I do 41
.

If the B Is L . conjecture holds then

Kt Crill = k CH Rx
, y )

in the vicinity of the geodesic boundary
.

Ground state :

nie Elo ] - tf See Ed ]

of = We
.

ex .

p f iz fits f.die I IT
'

Ks Col
, 43 }

Silo ] =

exp I - I ke Ed
,

do ] }

31
II Black Holes

The kernel is of BK L - type

Kt Hill = - Eyeing
, + in , ,

Sexy I t less sing .

in the vicinity of the geodesic border located

at to
.

Hence
,

NI.

= d
.

So 9ft grants no probabilistic support to

the geodesic border
.

Events cannot populate

2-
.

and therefore measurement cannot

probe the singularity .


