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Abstract

Many physical systems, e.g. plasmas, dust clouds, galaxies or galaxy clusters, con-
tain so many substituents, referred to as particles, that it is neither analytically nor
numerically possible to compute their exact time evolution. However, it is often the
case or at least a reasonable simplification that there are only a few different types of
particles, and for each species there are numerous representants. One can therefore
imagine the initial state of the system as a collection of empirical probability measures
on phase space, i.e. the system at time 0 is construed as realization of independent
random variables where for each species the particles are identically distributed with
respect to a corresponding probability measure. The latter should be thought of as
being given by a smooth probability density and depicting a smearing of the original
point particle distribution. The law of large numbers then suggests that one might
be able to approximately describe the time evolution of the true system by a suitable
time evolution of the smooth densities. This is highly desirable because it would allow
us to reduce the numerical complexity of the problem significantly. Consequently, our
main objective is to motivate and prove what is known in the literature as propagation
of chaos: If the initial distribution of every type of particles is close to some associ-
ated smooth initial probability density, then the true time evolution of the particles
typically stays close to an appropriate time evolution of the densities in a physically
meaningful measure of distance. One can also say that statistical independence of the
particles is almost conserved.

First, we will heuristically derive a coupled system of PDE’s for the time evolution of
the above-mentioned densities in a weak coupling regime, namely the so-called Viasov
equation, first introduced in similar form by A. Vlasov in 1938. Next, we prove
some basic results on existence and uniqueness of solutions in case the interaction
forces are all bounded and Lipschitz continuous. Fortunately, the proof also quickly
leads us to the result that propagation of chaos holds in a very strong sense under
these assumptions. This extends the corresponding, well-known result for one type
of particles, as, for instance, treated in Spohn’s monograph [37, p. 77-82]. We also
briefly discuss how to generalize the most important existence and uniqueness results
for the Coulomb interaction case to multiple types of particles by giving reference to
the relevant literature. Finally, we prove propagation of chaos for the Coulomb case
with a cut-off depending on the particle number, generalizing a recent paper by Pickl
and Lazarovici (J28]). En route, we increase the degree of detailedness and the level of
mathematical rigor both for the bounded Lipschitz and the Coulomb case compared
to how it is usually treated, developing the required mathematical framework in the
appendix. Most notably, we prove various generalizations of Grgnwall’s lemma, a
special high order Markov inequality and an extension of Liouville’s theorem to log-
Lipschitz interaction forces.






Acknowledgement

I want to give special thanks to Peter for his inspiring lectures and for granting me the
opportunity to select the topics contained in this thesis autonomously according to
my interests and ideas. Also, I want to particularly acknowledge my whole family for
the constant both material and mental backing throughout all the years of my studies,
and Andreas for the insightful discussions regarding both research and non-research
issues. Of course, I also owe great thanks to all other people who contributed directly
or indirectly to the final success of this work but who are not mentioned explicitly
here.

Furthermore, I want to thank the Elitenetzwerk Bayern, in particular the Max-Weber-
Programme, for the many years of support and the diversity of events I was allowed
to take part at. They were a significant enrichment both of my education and my
personal environment. Also, I highly appreciated the delightful and fertile framework
for studying in the TMP programme.

Finally, I want to express my deepest gratitude to Pia for all her love and the encour-
agement to spend additional hours on working until late at night.






Contents

1 Motivation

|2 Solutions to the Vlasov equation|

2.1 Rigorous formulation and first results| . . . . .. .. ... .00
2.2 Existence and uniqueness: the bounded Lipschitz casel . . . . . . .. ... .. ...
2.3 Existence and uniqueness: references for the Coulomb casel. . . . . . .. ... ...

|3__Propagation of chaos|

3.1 The bounded Lipschitz casel . . . . . . . . . ... ...
3.2 The Coulomb case with cut-offl . . . . . . .. ... ... ... ... ... ... .
|4 Appendix: Mathematical Resources|
4.1 Onme-sided differentiability| . . . . . . . .. . ... . o o
4.2 Some one-sided differentiable maps| . . . . . . ..o oo oL
4.3 Aspects in measure theory| . . . . . . .. oL
4.4 Bounded Lipschitz topics| . . . . . . . . ...
4.5  The empirical probability measure] . . . . . . .. ... ... L.
4.6 Convolution estimatesl . . . . . . . . . . . e
4.7 A high order Markov inequality| . . . . . . ... ... ... ... ... ...
4.8  Global existence of flows| . . . . . . . . ... oo oL
4.9 Liouwville’s theoreml . . . . . . . . . .
4.10 Miscellaneal . . . . . . . . e

[ G -

15
20

23
23
24

41
41
49
53
57
63
65
70
73
76
80

89






1 Motivation

1.1 Introduction and basic notions

The Vlasov equation is an effective description for the dynamics of physical systems consisting of
many constituents of similar type. More precisely, it is an equation for the time evolution of some
probability measures, typically given by smooth probability densities, on phase space. The solution
of this equation is meant to reflect certain properties of the physical system under consideration,
namely phase-space averages of a large class of classical observables, in an adequate way. Typical
examples where the Vlasov equation finds application are plasmas or stellar systems, the particles
being electrons and ions resp. dust particles, stars or galaxies.

We assume that the constituents, which will be called particles in the following, can be described
by point masses/charges and clustered into a comparably small number of types, each present in a
great many of representants. We will always consider the classical, non-relativistic situation with a
two-body interaction depending only on the relative coordinates of the particles. However, it turns
out that external forces can be added without any complication provided the existence theory of
solutions in chapter [2[ works out nicely.

Let n denote the number of particle types. Two particles are regarded as being of the same type
if both they have equal mass and exhibit the same interaction force with any other particle in the
system. For k € {1,...,n}, we denote by N the number of particles of type k and introduce the
sets T, := {i e N: 1+ Y17 N, <i < 32 | N;}. Then obviously || = N for all k € [n],
where we use the common notation [d] := {1,...,d} for d € N. Finally, N := >"}_, N is the total
number of particles.

We now arrange the numeration of the particles such that these of type k£ have indices in I'y, and
write the trajectory of the system on phase space via

X(t) = (Q®),P®) == (Qi(t),...,Qun(t), Pi(t), ..., Py(t)) € RN,

where for k € [n],

Qe() : = (Qr®)s- -, Q¥ () = (qminTy (£); - - - maxy () € R¥VE,
Pe(t): = (PE(t),.... PN*(t)) == (pminty(£), - - s Prmaxry (1)) € R3NE,

The vectors g;(t), pi(t) € R?, i € [N], represent the position respectively the momentum of the i-th
particle at time t. Let the particles of type k have mass my > 0. By Newton’s equations, translated
into a first order system (i.e. considered on phase space), the components of the trajectory X (¢)
satisfy the coupled system of autonomous, first-order ordinary differential equations (ODESs)

Gi(t) = =—=, pi(t) = Z Z fra(ai(t) — g;(t) = Fi(Q(t)), keln], i€l  (1.1)

m
k le[n] jel
J#i

Here, for k,1 € [n], fr,; denotes the pair interaction force between particles of type k and .
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We are interested in the case where all Ny are very large, while n is relatively small. For example,
in a plasma in a fusion reactor, there are a few grams of hydrogen, rather to be considered as a
collection of protons and electrons, leading to n = 2 and Ny, Ny ~ 10?3. Unfortunately, for N
that big it is practically impossible to solve , both analytically and numerically: An analytic
solution typically cannot be obtained even for N = 3, and the largest N-body simulation of a
gravitational system carried out by recent supercomputers yet can handle only N ~ 10'2 particles.
Therefore, we have to come up with some new concepts in order to derive an approximation to the
solution of which at least describes some of the true system’s physical properties satisfactorily.
The crucial idea is to consider the system in a probabilistic way, representing the discrete particle
distribution by smooth probability densities and replacing the pair interactions by an external field.
This allows us to apply powerful tools such as multivariable calculus or the law of large numbers
and thus leads to an approximation of the system which is accessible to numerical computation.

Let us for the moment assume that the interaction forces fj; are bounded and smooth with
fr0(0) = 0. In this case, we may include the summands fi;(g:(t) — ¢;(t)) on the r.hs. of (LI).
Since pair-interactions are usually radially symmetric, the latter hypothesis is actually not a big
additional restriction. Moreover, it is easily seen that even the case fr;(0) # 0 should not be a
problem to deal with because one can shift fi;(0) into a constant external force, i.e. replace fi
by fk,l = fri — fx,(0), which then obviously satisfies fk,l(O) = 0, and compensate for this by
adding the constant external force fy;(0), which only particles of type k are coupled to, in .
Of course, for the physically most interesting case, namely the Coulomb interaction, the maps fi
are not bounded; they are not even defined in 0 € R?. However, in the motivational part, we want
to stick to the mathematically less troublesome case in order to focus on the physical motivation.
The rigorous treatment will then enter in chapters [2f and |3} where we work our way through from
easy pair interactions, namely bounded Lipschitz forces, towards the Coulomb case.

Under the above-mentioned preliminary assumptions, it is well-known that for every initial con-
dition Z := X (0) € R®Y, there is a unique, global solution X (t) to the system (1.1)). In order to
emphasize the dependence on the initial condition, we will denote this solution by

\I’t(Z) = (\IJ%(Z%\IJ%(Z)) = (\Ij%,t(z)’"'7\Ilrlz,t(Z)’\I/%,t(Z)7"'a\Ili,t(Z))7

where for k € [n], (¥},(2), %3, ,(2)) = (Qu(t), Pu(t)) and

(T2 (2),- -, 0 (2)) = (Qh(D), ., QY (1) = W}, (2),
(W2L(2),.. U (2)) o= (PL(1), ... PN (1)) = W2 ,,(2).

For fixed initial condition Z € R®™ and k € [n], we now introduce the time-dependent empirical
probability measure for particles of type k on phase space R, namely the map

Ny
1
Z . 6 Z - E ) )
/’Lemp,k R — P(R )7 t— /’[’emp,k:,t T Fk 6(\1}};1(2)7\1/%1(Z)) (12)
i=1

Here, P(R®) denotes the space of all probability measures on RS, and for y € RS, §, is the Dirac
measure with mass at y. Let us also decompose the initial state Z = Uy(Z) accordingly, denoting
Zp = (\Il}ﬂg(Z), \Ifif)(Z)) Now, the probabilistic image enters the scene: If we imagine (Z});cn as
independent random variables distributed according to the law o for some (initial) probability
measure {0 ON RS, then for N, — oo, by the law of large numbers we expect some kind of
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convergence of the empirical probability measure, i.e.

A some sense,
Hemp,k,0 = E 6 \112 i (Z) E 6Z1 HE,0-

The precise notion of convergence is not important at this stage, however, the interested reader
might want to catch a glimpse at chapter already. To get the connection between the empirical
probability measure and the Newtonian equations of motion, note that given the solution ¥.(Z),
we can rewrite (1.1]) with initial condition X (0) = Z € R%" via the (now no more autonomous)
first-order system

0 =2 ) = NS .0, kel et (¥

where, using fj;(0) = 0 and thus including the summands for j = ¢ in the force term in (L.1)),

F(g) = 303 feala — a;(0) z szl — i (2))

le[n] jer

N
N, 1 - .
v ﬁl < /]RG fk,l(q - Q) d5(q;;)vg(z)7qzl2:g(z))((Iap)

N

B (1.3)
n Nl } o

= Z W / fk’l(q - q) dp’eZmp,l,t(qvp)
1=1 RS

= Z Q- (fk,l *q :ueZmp,l,t)(Q)'
=1

Here, for I € [n], a := % denotes the relative number of particles of type [ in the system, and

in a slight abuse of notation, f; is also regarded as a function on phase space RS in the obvious
way. More details on this and the operation #, can be found in section see particularly remark
For simplification, we will omit the superscript Z when writing down the empirical measures
from now on, having in mind that just like solutions of , they depend on the choice of initial
condition.

In order to have a shorter notion at hand for letting N, — oo for all k € [n], we introduce the
number of particles of the type with the least representants, S := min {Ny : k € [n]}, which will
be of substantial importance later on. For large S, we can imagine that the factors a; stabilize;
we regard them as the share of particles of the corresponding type in the system. Since we expect
that as S — oo, for every k € [n] the initial empirical probability measure flemp k0 converges to
k0 in some sense, there is hope that for fixed time ¢, every piemp,x,+ converges to a corresponding
probability measure pi, + in the very same sense. This in turn would imply some kind of convergence
of the true force F,f " to a mean field force F}'. Our goal in this thesis is to find the right notions for
this idea and make things rigorous. However, note that so far, the pre-factor N in (x) destroys any
hope for convergence in the sense we just described. Hence, heuristically we need a pre-factor N !
on the r.h.s. of , i.e. a dampening of the forces proportional to the total number of particles
in the system. Actually, one can readily convince oneself that a scaling of the time coordinate by
the factor N2 yields this pre-factor. That corresponds to considering the system in slow-motion,
therefore decreasing accelerations and consequently the perceived strength of forces. However, this
approach is not desirable for the following reason: As already indicated, our goal will be to prove
that in the scaled system, an appropriate time evolution of the probability measures p ¢, which
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is yet to be determined, will stay close to the true time evolution, represented by flemp,i,¢, for
finite times ¢ provided they are all close initially, i.e. in the limit S — co. However, in unscaled
(physical) time, this would then only hold for very short times, namely for N _%t, making our
results practically useless since also N — oco. Fortunately, there is another change of coordinates
yielding the pre-factor N~! which works out particularly well for a system with gravitational or
electrostatic interactions: Assume that all fj, ; are homogeneous of degree -2, i.e. f;(A-) = )szkyl
for all A > 0. This is precisely the case for the Coulomb force f(q) ~ ¢- |q|73. Then obviously
the force F; acting on any particle 4 in is homogeneous of degree —2, too. Consequently,
describing the original physical system by coordinates X (t) = (Q(t), P(t)) and making the scaling
X(t) := N~3X(t), we see by the chain rule that

L pi(t)  pi(t)

.
(t) = N"35-4;(t) = N3 ,
0 0 B

pi(t) = N75-5y(t) = N75- F(Q(t)) = N™5 - N~EF(N~3Q(t)) = N™1 Fi(Q(t)),

i.e. we obtain precisely the desired pre-factor N~!. This coordinate transform corresponds to
multiplying lengths (and also momenta) in the physical system by a factor N 3 and consequently
to enlarging spatial volumes by a factor (N3)3 = N. Hence, we can interpret the limit § — oo
with % — «y for appropriate oy € (0,1) as a macroscopic limit, increasing the size of the physical
system but leaving the number of particles of each type per unit of volume, i.e. the average particle
densities, constant. Thus, the system which we want to start our investigations from is not ,
but rather

w0 =20 50=3 XY ful@®)-0@), kel ien. (4
le[n] jely
J#i

Note once more that by our temporary working hypothesis, we may include the summands j = ¢
on the r.h.s. of . In the literature, physical systems described by a system of ODEs of
this form are usually called weakly coupled, see, for instance, [I0]. This refers to the pre-factor
N1, which at first glance seems artificial and unphysical. However, having in mind the preceding
discussion, it does physically make perfect sense for systems with gravitational and electrostatic
interactions. Sometimes, one also finds the expression weak or long range interactions in this
context, e.g. in [37]. Nevertheless, we are going to analyze also for pair interaction forces
fr, which are not homogeneous of degree —2. We do this not only because it is an interesting
problem from the mathematical perspective, but also because it is reasonable to find concepts and
explore possible theorems for easier, e.g. bounded, forces before turning to the more challenging,
physically interesting case (note that functions which are homogeneous of degree —2 are either
identically 0 or unbounded at the origin).

As already explained, we intend to find an approximation to which is accessible to numerical
computation for large S. We are going to use the above-mentioned ideas and regard the point
particle distribution as a realization of probability measures (ultimately, rather smooth probability
densities) on phase space, which in turn induce an external field, to be thought of as an approx-
imation of the true interaction forces. This, in turn will allow us to find some product structure
for what we expect to describe an approximate time evolution of the physical system, therefore
virtually reducing the phase space dimension from 6/ N to 6n. However, the price we have to pay
is that finally we get from a system of 6N coupled, autonomous first order ODEs to a system of
n coupled, first-order PDEs. But for fixed n, the complexity of the PDE will not change with the
number of particles in the system, so when S is large we clearly obtain a big gain.
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1.2 Heuristic derivation of the Vlasov equation

Looking at , it is a reasonable conjecture that in general, the force field F}" (¢) exerted on a test
particle of type k at position g and generated by an arbitrary mass (charge) distribution of particles
of type I, which is in turn represented by a probability measure v; on one-particle phase space RS,
is in the weakly coupled system given by F}"(q) = (fr,1 *q v1)(g). One can justify this also
as follows: Assume that v has a density (Radon-Nikodym derivative) v; w.r.t Lebesgue measure.
This suffices for physical considerations because by a computation analogous to the one carried
out for F,f P in 7 the statement already holds for arbitrary discrete probability measures
representing a single-type point particle system. Then the expected number AN; of particles with
position in a small subset A C R? (meaning A is contained in a ball with small radius) is in good
approximation given by

AN[ = VZ(A X Rs) = /

AXR3

w@@@@Z/

A

([, w@map)az~1] (o

where p(q) = [gs vi(q,P) dP is the spatial density of particles of type I, which for simplification
is assumed to be continuous (at least, this is true for v; continuous with compact support in the
p-variable), and ¢ € A can be chosen arbitrarily. Consequently, the force exerted on our test
particle by particles of type [ in this region is roughly given by fi (¢ — §) - AN;. Splitting position
space R? into small, disjoint sets and summing things up, one is left with a Riemann sum which
in the limit of high granularity converges to

/ hﬂq—®-m@%M=i/ hﬂq—@-w@ﬁﬁﬁ@ﬁ=/ Feald — @) (@ 5) = (i #q 1)(0):
R3 RS R6

For those readers who do not approve of this derivation of F}", the approach to the formula under
consideration by means of the marginals, as introduced in section might be more insightful.
Now, we go one step further and assume that we were given time-dependent probability measures
Vi, | € [n], representing the distribution of particles of the corresponding type at all times. Taking
into account the shares a; of the types w.r.t. the total particle number N, this would impose the
time-dependent external force

FY(a,t) = ) au (fra%q 1) (9) (1.5)
l€[n]
on a test particle of type k at position ¢ and time ¢. Hence, under the purely external force F},

the N-particle system would evolve according to

) = pi(t)

mg

it ) pi(t) = F(q:(1), 1), k€ [n], i € Tg. (1.6)

For nice regularity properties of all f; and v, also the F}/ should behave nicely, and therefore it
is reasonable to assume that (|1.6) admits a unique, global flow ®}. As for ¥;, we decompose P
into

v v,1 v,2\ v,1 v,1 v,2 v,2
o = (P, @0%) = (DY), ..., 0L, BYF, ..., 0T).

n,t

By the special structure of (1.6]), we immediately see that for k € [n],
N Ny,
v,1 _ v,1 v,2 v,2
q)k,t = Pt (I)k:,t = Pt
i=1 i=1
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where ¢y , := (cpZ’%, @Zf) denotes the one-particle flow for particles of type k, i.e. the flow for the
first order system

q(t) = —=,  pt) = Fy/(q(t),1). (1.7)

This the product structure that has been announced before. Hence, for every k € [n] we obtain a
flow ¢y ; on RS which tells us the motion of test particles of type k in the force field created by
the collection of time-dependent probability measures v;; on phase space. This, in turn, tells us
how an initial test distribution of particles of type k, represented by a probability measure p o
on phase space, should evolve in time: Heuristically, the probability measures ji, ; count particles,
i.e for every measurable A C R® and t € R, py+(A) is the expected number of particles of type k
which at time ¢ are located in the subset A of phase space. However, since the particles move in
the external field F}/, i.e. according to the flow ¢} +» these are exactly the particles which at time
0 have been in the phase-space region (cpzjt)_l(A), i.e. pp¢ is given by the pushforward or image
measure of o under the flow D 4t

Lot = Pl # k0 = o © (0,) 7", k € [n]. ()

In case the reader is not yet familiar with the concept of a pushforward measure and/or its charac-
teristic property with respect to integration, she is recommended to briefly scroll to the beginning
of section [£.3] because we will heavily rely on lemma in the sequel.

Looking for a reasonable time evolution of some given initial probability measures jix 0, we now
naturally require that for all k£ € [n], the probability measures evolve precisely according to the
force field which they generate themselves, i.e. for all k € [n], we set prt = Vg in (+x). This
already yields the Vlasov equation in integral form for n types of particles, namely

-1
Mkt = PE,0 O (90;;,5) ) k € [n]. (1.8)

This form of the Vlasov equation is yet very general, including the possibility of both discrete and
continuous parts in the probability distributions. In fact, we will see in section that the collec-
tion of empirical distributions (temp,1.t; - - - , femp,n,t) does indeed solve provided fi;(0) = 0, so
in this case, the Vlasov equation is nothing but a reformulation of in terms of the empirical
measure. In particular, does not yet seem to be more accessible to numerical computation
than . However, things change if we focus on initial probability distributions px ¢ which have
smooth probability densities ux o w.r.t. Lebesgue measure because under this additional assump-
tion, we can show that the time-evolved measures py, 4, i.e. solutions of the Vlasov equation in in-
tegral form , stay absolutely continuous w.r.t. Lebesgue measure, and determine a differential
equation for the corresponding densities uy ;: by Liouville’s theorem, sz,t preserves 6-dimensional
Lebesgue measure provided the forces F}' exhibit some quite weak regularity assumptions, for more
details on this see section It follows that for every A € B(RS),

pur e (A) = peo((eh) "1 (A) = /R6 Lgp y-1(a) - k0 dz

B As (]lA © ‘plli,t) ) (uk,o o (‘PZﬂt)i1 o ‘Pll:,t) dz (1.9)

:/ ]lA-(uk@o(gp‘k‘,t)*l)dx.
RS

Here we used (4.33]), which is basically the substitution or transformation formula for a measure
preserving change of coordinates, thus not containing a term for volume distortion. We now
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immediately see that p;; has the density uyo o (¢} )"

w.r.t. 6-dimensional Lebesgue measure.
In our notation, we will often identify the probability measures p: with their corresponding

probability densities under these circumstances and write ¢y, := o, and F = F}'.

Let us now regard the time-dependent densities uy ¢ : R* x R® — R as maps uy : R® x R* xR — R
by the obvious prescription ug(q, p,t) := ug,(¢,p). Then our above calculations show that for all
(g,p,t) € R® x R® x R, ux(q,p,t) = uk((go’,it)*l(q,p),O), or, equivalently by bijectivity of gpf;t,
uy(q,p,0) = ur(¥),(q,p),t). Expecting continuous differentiability of uj w.r.t. all arguments,
applying the chain rule we obtain that for all (¢,p,t) € R® x R3 x R,

d da . d R »
0= a uk:(q’pv O) = & uk(@k,t(va)’ t) = a ’U/k;((pq]i’t (qvp)a @Z’t (qap)v t)

= Opup (¢} 1(¢,p), 1) + Vur (@i (0, p), 1) - 0oy (a.9) + Vpur(el 1 (a,9),1) - D't (. p)
ori(a,p)

M + Vpuk(cpz,t(%p)v t) ’ Flg((p;::tl (Q>p)v t)'

(1.10)

= Oun (@ (45 p),t) + Vaur(pi (4, p), 1) -

In the last step, we used that ¢y, is the one-partice flow for the external force field induced by u
defined by . But clearly, for any (q,p,t) € R? x R? x R, we can find a flow line for cpg’t passing
through (¢,p) at time ¢, namely the one with initial condition (¢g7t)_1(q,p). Consequently, we
obtain that uy, satisfies the partial differential equation (PDE)

at”k(q;pv t) + mLk : vquk((bpv t) + Flg(qa t) : vpuk(Q1pv t) =0.

Together with the expression from (1.5)) for F{¥, we thus finally arrive at the Vlasov equation
in differential form for n types of particles, i.e. the coupled system of (quasi-linear, first-order)
PDEs which written in short form read

Orug, + mlk Vour + Fif - Vyu, =0, F = Z ap - (fr *quie), k € [n]. (1.11)
l€[n]

In the following chapter, we are going to analyze both the Vlasov equation in differential and
integral form. We will concentrate on the case where the interaction forces fi; are bounded and
Lipschitz continuous. First, we give precise definitions of being a solution to the Vlasov equation in
its different forms, establish connections between these and digress on some interesting properties of
solutions such as energy conservation. Afterwards, we prove existence and uniqueness of solutions.
We also briefly mention how to proceed in the Coulomb case, giving references to the relevant
literature. Afterwards, in chapter [3] we show that solutions of the Vlasov equation are indeed a
good approximation for the true time evolution of the (weakly coupled) system in a physically
reasonable sense. Hence, fortunately it turns out that the Vlasov equation can indeed fulfil the
purpose which we constructed it for. The proof that the Vlasov equation describes some aspects
of the system on a macroscopic scale can therefore be regarded as a rigorous derivation of the
Vlasov equation from the microscopic time evolution, however with the blemish that yet we need
a regularization of the Coulomb force at the singularity.






2 Solutions to the Vlasov equation

2.1 Rigorous formulation and first results

We now want to develop precise definitions for being a solution to the Vlasov equation resp.
(1.11). In the sequel, the parameters n, N, N and thus oy, are unless otherwise stated fixed and as
introduced in section We start with treating the Vlasov equation in integral form. In order to
make sense of the considerations presented in the heuristics from the first chapter and in particular
of , we need to ensure existence of the flows ®}' for , i.e. of the one-particle flows cpf:’t
for , which is of course closely related to the regularity of the forces F}'. From the theory of
ODEs, it is well-known that a unique, global solution of exists provided all F{ are continuous
maps which are uniformly in ¢ Lipschitz continuous in ¢, see also section where we prove a
generalization of this statement. On the other hand, from the physical perspective, the forces
should not get arbitrarily large. This suggests restricting to pair interactions fj; such that all
FI'(-,t) € BL(R3R3), where BL(R3;R?) denotes the space of bounded Lipschitz functions, which
together with a suitable norm is introduced in section [£.4} Note that the special form of equation
makes sure that a solution which is initially a collection of probability measures remains a
collection of probability measure for all times provided the flows <p’,:¢ exist and are measurable
for every t. Expecting that this quite weak hypothesis is satisfied, one can readily check that
boundedness resp. Lipschitz continuity of all fj; ensures boundedness resp. Lipschitz continuity
of the FJ'(-,t) uniformly in ¢. So, the only thing we still have to care about is continuity of
the mean field forces F}' w.r.t. time. A condition which is obviously sufficient is that for every
q € R3, the maps ¢ — (fi, *q tx,¢)(q) are continuous. Consequently, we see that weak continuity
of the measures ;4 is a good notion to guarantee continuous dependence of all F}' on t, where
we call a curve p : I — P(R®) from some subset I C R into the space of probability measures
weakly continuous if for all g € BL(R®), the map ¢ — [ps gdu(t) is continuous. We denote
by C*(I; (P(R%))"™) the set of all vector valued weakly continuous curves, i.e. every component
of u € C*(I; (P(R®))") is a weakly continuous curve into P(R®). A formal definition of weak
continuity which is slightly more general, as well as some important completeness properties for
spaces of weakly continuous curves, which we will heavily rely on in the existence and uniqueness
proof in section [2.2] can be found in chapter [f.4] Finally, let us mention that lemma basically
gives a detailed proof for those arguments above which were only sketched briefly.

We are going to concentrate on solutions of the Vlasov equation on finite time intervals [0, T] where
T > 0. If we can prove existence and uniqueness of solutions for arbitrary T' > 0, we will also have
established global existence and uniqueness: for positive times, this is clear. On the other hand,
it is physically obvious and mathematically checkable from the still due, final definitions both for
being a solution of the integral and differential form of the Vlasov equation that going back in
time is the same as going forward in time with reversed initial momenta: given initial probability
measures i o, one can introduce set functions fix o by defining fiy o(A1 X Az) 1= pg,0(A1 x (—A2))
on products, i.e. for Ay, Ay € B(R?). Employing standard measure theoretic arguments which
are also abundantly used in section one can readily show that fiz ¢ extends uniquely to a
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probability measure fir o on B(R®) = B(R?) ® B(R?), and that in case p,o has probability density
Ug,0, it holds that fig o has probability density ik 0(q,p) = uk,o0(q, —p) almost everywhere. It is
then easy to prove that a solution fi; resp. 4 on [0,7] to the Vlasov equation with initial state
fig resp. o induces a solution puy resp. uy of the Vlasov equation on [T, 0] to the initial (rather:
final) condition pg resp. ug via py := fi_¢ resp. ug := ;. The key insights in the formal proof
are the fact that F* = F and for (¢},¢7) a solution of (L.6), also (¢1,, —¢?%,) is a solution by
the chain rule. Similar arguments are applicable for the differential case, where the substitution
(¢,p,t) = (q,—p, —t) gives a total minus sign in and therefore does not change the property
of being a solution. A more sophisticated proof of the ideas sketched here might be a good exercise
at the end of the this section, when we will finally have introduced all the precise definitions.
Anyways, the moral of this short digression is that it suffices to concentrate on forward time
evolution in this work. Hopefully, the following formal definition is by now sufficiently motivated:

Definition 2.1. We say that p : [0,T] — (P(R%))" is a solution to the Viasov equation in integral
form for bounded Lipschitz pair interactions f, € BL(R?*R3) if u € C*([0,7]; (P(R%))") and

piot = mroo (9h,) " Vken], te0,T], (2.1)

where ). , is the unique, global flow to the ODE

p(t)
mk’

q(t) = p(t) = Ff(q(t),t) = Y - (fra *q pre)(q(t)). (2.2)

l€[n]

We will often write (2.1 in an aggregate way, namely via p; = g o (p}')~1 where ¢}’ is the flow
corresponding to the force field F*, to be interpreted component-wise.

Remark 2.2. Lemma[2.9] together with our results in chapter [{.8] shows that under the hypothe-
ses o1 € C*([0,T); (P(R®))™) and fx; € BL(R?;R3?), existence and uniqueness of global flows Pl s
for (2.2)) are secured, so everything is indeed well-defined.

Let us first check that as announced in the motivational part, for a large class of pair interactions
[, the empirical probability measure corresponding to a solution of the weakly coupled system
is a solution of the Vlasov equation in integral form. This shows that in fact, the Vlasov equation
in the sense of definition 2.1] can be regarded as a generalization of the Newtonian equations of
motion to not necessarily discrete particle distributions.

Lemma 2.3. Provided that fi; € BL(R?*R3) with fx;(0) = 0 for all k,l € [n], the empirical

distribution fiemp = (Hemp 1, - - - flemp,n) defined by (1.2)) and corresponding to solutions of (1.4))
is a solution of the Viasov equation in integral form in the sense of definition[2.1}

Proof. We fix an initial condition Z = (Z1, ..., Z,) € R®Y and therefore suppress Z in the notation
of the empirical distribution from now on. Let us first prove that pemp € C*([0, T]; (P(R®))™). Only
weak continuity is not obvious. However, from continuity (even continuous differentiability) of the
map t — (\Illlglt(Z), \I/ii(Z)), where U; denotes the unique flow for the weakly coupled system ,
we see that for every k € [n] and g € BL(R®) c C(RS), the map

Ny
1 i i
[0, 7] = R, t— /]RG 9 dftemp,k,t = Ny Zg(\llllc:t(z)v \I/i:t(Z))
i=1

10



2.1 RIGOROUS FORMULATION AND FIRST RESULTS

is continuous. This already proves weak continuity of flemp.

Next, recall from (1.3)) that for all k € [n], ¢ € R3 and t € [0, T],
1 .
N Z Z fk,l (C] - \I/ll;tj(Z)) = Z ap - (fk,l *q Memp,l,t)(q) = F]gemp (Q7t)'

le[n] jel le[n]
For k € [n], let ¢y.; = (¢4 ,, ¥7 ;) denote the unique global flow for the (non-autonomous) ODE
. p(t) , omp
my

with initial time 0. Note that global existence and uniqueness is again provided by remark [2.2]
Then for initial conditions from Z, = (Z},..., Z ), T/)k ¢+ coincides with the component of the
trajectory for the corresponding particle, i.e. ¢kt( 1) = (\Il,ilt(Z) \I/ilt( )) for all i € [Ng]:
Clearly, one has vy, o(Z}) = Z} = (\Ill’f(')(Z), \Ilig(Z)), and by (x),

S uha(7h) = wk;fk 2
&wi,t(zli) Fyem (yr 4 (27), Z Z Sra(Vr+(Z1) — (Z))

le[n] jely

It follows that (¥} (Z),¥2%(Z)) still satisfies if we replace the component (W;i(Z), \Ilii(Z))

by (vp(ZL), V7 t(Z’)) By uniqueness, it follows that (¥ i;(Z),\Ili;(Z)) = (w#t(Z};),wzvt(Z};)).
Consequently, for all k € [n], t € [0,T],

Ny,

1 —1 —1

Hemp,k,t = Z d \1/1 ;(Z) \112 ;(Z) Z Pt ( Nilc Z (;Z}C © %,t = Memp,k,0 © 1/’;@,,5-
k i=1

This proves that fiemp does indeed solve (2.1). O

Remark 2.4. For the case that all forces fj; are radially symmetric, solutions of conserve to-
tal energy: Under this assumption, fy; admit potentials Vj , i.e. differentiable maps Vy; : R® — R
such that —VVj; = fx;, which we can construct as follows: Let fi;(q) = gx.1(|g|) - ﬁ,
gk, [0,00) — R is also bounded and Lipschitz continuous, and for Gj; an indefinite integral of

9k, —Gr1o|-| is a potential for fy;, as an easy computation with the chain rule shows. Let us

then clearly

define the kinetic energy T(t) and the potential energy V (t) by

1 1
() : =5 S 2d
( ) 2 (6% ka A6p Mk,t(q7p)7

ké[ ]

5 Z akal/ Viea(q — @) At (g, p) dpu,e (G, D).

6 6
2, J€n xR

Then formally, using pix = pe,00 (¢} )~ and lemma@ (integration w.r.t. the image measure),

d 1 d 2
T :kg]ak-m/ 7 (P2(q.p))” duko(q, p)
1
=y ak~m—/ o (@p) - FY (¢ (@), 1) dpno(a,p)
k JRs
ken]
1 I
= > ar-— | p-Ff(q,t)durilgp)-
kem) kRS

11



2 SOLUTIONS TO THE VLASOV EQUATION

On the other hand,

Z ok /

(Via (Pl @.p) = €l (@,5) ) diawola p) dpao(. B)

k = 6 5 RG dt
2
@1t (4, p) o
72 Z O‘kal/ L (ehr (0.p) = @13 (3:9)) — o duwo(a ) dpuo(d, p)
kle
w20~
_ . %1y (@p) o
+ = Z OZkOZl/6 frpl @;ijtl(q’p) —<Pff’tl(q,p))'7m ’ dpr,0(q, p) dp,o(q, p)
xR6

k:lE [n]

=— Z akal/ frala—q)- m*kd/tk,t(q,p) dp,(G,p)

6 «R6

1
:72%’7/ Zo‘l / frei(q — @) dpae(q,p) | dpre(q,p)
keln] M Jre le[n]
1
== > o [ B o)
ke kRS

We used that —VV;,; = fi; and that fi; = fi 1 is radially symmetric and therefore in particular
antisymmetric, i.e. fr1(¢q—q4) = —f1,6(G—q), in order to see that we may simultaneously interchange
the roles of k, ¢, p and [, ¢, p at the cost of a minus-sign in the third line of the calculation. It follows
directly that - (T'(¢) + V(t)) = 0 and thus E(t) := T(t) + V(t) = T(0) + V(0) = const.

However, it remains to justify some of the previous formal computations. Of course, we assume
that the integrals occurring in 7'(0) and V' (0) exist and are finite - otherwise the whole discussion
would not make sense at all. We only sketch the relevant arguments briefly since we will not need
the result in our further investigations. Some of the mentioned arguments will probably be much
clearer after having studied section [2:2] because methods we use to derive the estimates there are in
the same spirit. In particular, it will be clear that the constant C' in the following paragraph can be
chosen as L+ f|| ., to be explained later. From the ODEs which the flows ¢} , satisfy and uniform
boundedness of all f;; and therefore of all F{/(-,¢) uniformly in ¢, by Grgnwall’s lemma, one can
prove that |<p‘,j:f(q,p)| < |p| 4+ ClJt| for all (¢q,p) € R®. Consequently, using that p € £} (R%; dps. o)
(which in turn follows from our assumption p € L£2(R® duy o) by Holder’s inequality because
fir,0 is a finite measure), we can conclude that ¢}, 2 CFE(-,t) € LY(RS;dpky) for all k € [n], ie.
T(t) is well-defined for all times. Now, a short computautlon7 using the mean value theorem of
differentiation, shows that we can bound difference quotients (with respect to ¢ and for |h| < 1)
of the integrand (@Zf)Q by 2(|p| + C(|t| + 1)) - C uniformly in (g,p), and hence by dominated
convergence (constant maps are integrable w.r.t finite measures), interchanging integration and
differentiation in the first step of the computation of % T'(t) is justified. Similar arguments apply
for V(t). The crucial observation there is that since the f;; = —VV}; are radially symmetric and
bounded, the potentials V4 ; are by construction Lipschitz continuous with [|[Vi I, < || fxull, < C,
and hence for all (¢, p), (,p) € RS, k,1 € [n],

Vi (el (a.0) — 013G D) | < [Vialg — D)+ C- (|l (a:0) — a] + |}y (@.5) — d])
< |Via(qg — §)| +2C-C(|pt| + C?).

In the last step, we used a Grgnwall type estimate for ¢} f, which one directly gets from the

bound on |gak . |. Existence of V(0) and T'(0) then guarantee that V() is well-defined for all times,
and as for T'(t), with the mean value theorem one can find an integrable (constant) majorant for

12



2.1 RIGOROUS FORMULATION AND FIRST RESULTS

difference quotients of the integrand w.r.t. time. Finally, the application of Fubini’s theorem is
justified because we have already argued that all (double) integrals exist.

Now, let us turn to the definition of a solution of the Vlasov equation in differential form. Recapping
the heuristics in section[I.2] every solution of the Vlasov equation in differential form should induce
a solution of the Vlasov equation in integral form for bounded Lipschitz pair interactions. We try
with the probably most intuitive approach:

Definition 2.5. A classical solution of the Viasov equation in differential form with bounded
Lipschitz pair interactions is a map u € C(R*xR3x[0, T7; ([0, 00))™) NCHR3xR3x (0, T); ([0, 00))™)
such that ug(-,t) € L'(R® x R3) with ||ug(-,t)||, =1 for all k € [n], t € [0,T] and the system of
coupled PDFEs

Opur + 2= Vauy + Fy - Vyu, =0, FE =" - (fra*q une), k € [n] (2.3)
l€[n]

1s satisfied.

Lemma 2.6. For bounded Lipschitz interaction forces fy;, every classical solution of the Vlasov
equation in differential form is also a solution of the Viasov equation in integral form in the
following sense: For u = (u1,...,u,) a solution of and jp = (p1,. .., pn) 2 [0,7] — (P(RS))"
where k¢ s the probability measure with probability density uy(-,t) w.r.t. Lebesgue measure for
allk € [n], t €[0,T], u solves (2.1))

Proof. We first claim that p is weakly continuous. Indeed, let k € [n], g € BL(R®) and ¢ € [0,7],

then for every x € RS and (tn)pen C [0,7] with t, 272 ¢, by continuity of ug, it holds
that limy, oo ug(z,t,) = ug(z,t). Denoting h, := ug(-,t,) and h := ug(-,t), we see that

n—oo

h,h, € LY*(R®) with ||h,|| = 1 = ||h|| for all n € N, and h,, ——> h pointwise everywhere in
RS. By theorem 1.9 in [29] with p = 1 (or a direct proof using Fatou’s lemma), we obtain that
hn, — h in L*(R®), i.e. limy oo [go [ — h| dz = 0. Consequently,

MHIL/ gduh%-/"gduht
n—o0 | Jre R6

31m1/ 19(2) -k (@, 1) — g(x) - wr(, 1) da
n—oo Jpe
< lim ||g||oo/ |hn(2) = h(z)| dz = 0.

n— oo R6

Hence, limy, o0 [pe 9 dptkt, = [ge 9 ik, which proves weak continuity of x. By lemma the
corresponding mean field forces F}! are continuous and uniformly in ¢ Lipschitz continuous in g.
From section we thus obtain that does indeed have unique, global flows ¢y , for all
k € [n] which are also homeomorphisms for fixed ¢ € [0,7]. Moreover, section shows that
these ¢y , are measure preserving w.r.t 6-dimensional Lebesgue measure. Using the chain rule and
the fact that ¢j , is the flow for (L7, for (¢,p) € RS and t € (0,T), with the short notation

uk.t(q,p) = ur(q,p,t), we obtain

d u d u
— (ur,t 0 0k )4, p) = — ur(p) (g, p), 1)

dt dt
u QOZ:?(Q,p) u w(, u,l u
= atuk(sak,t(qvp)v t) + Tk ’ vquk((pk,t(Q7p)v t) + Fk (cpk:,t (qvp)vt) : unk(sok,t(qvp)a t) = 07

13



2 SOLUTIONS TO THE VLASOV EQUATION

where in the last step we employed ([2.3]). Consequently,

(uk,i 0 @k )@ p) = (ur0° ko), p) = ukolg,p)  Vte[0,T].

Hence, for every k € [n] and A € B(R"), using that )+ is bijective and measure preserving and

thus applying (L9),
Mk,O(A) = / ]lA . ’U,k’o dLL' = / (1991? (A) [¢] (pz t) . (uk,t [¢] SOZ t) d$ = / ]lwu (A) -uk’t CL’L'
RS RS k.t ’ ) R6 k.t

= Mkt (@%,t(A)) .

Since ¢} , is invertible with continuous and therefore in particular measurable inverse, we conclude
that ugo((0) )" (A) = pre(A), ie. pre = proo (wf,) " This proves that u is a solution of the
Vlasov equation in integral form, as claimed. O

Remark 2.7. One might ask under which conditions a solution p of the Vlasov equation in integral
form yields a solution to the Vlasov equation in differential form. Imagine that py o has densities
ug,0 € CL(R®) for all k € [n] and that fi; € BL(R3;R?) N C}(R3;R3). Then for every t € [0,7],
F¥ € BL(R?;R?) N C}(R3;R?), as an easy computation in the spirit of lemma using the mean
value theorem of differentiation and the dominated convergence theorem (the derivatives of the f ;
are uniformly bounded by the Lipschitz constant for the fi ;) shows. By standard ODE theory, it
follows that ¢} ,, (¢z7t)’1 =¥kt € CH(RS;R) for all ¢ € [0,7]. Hence, continuity of ug(q,p,t)
is obvious, and the chain rule shows that the densities ux(g,p,t) = (ur0 o (¢} ,)~"))(g, p) are in
fact continuously partially differentiable on R? x R x (0,T). By the computation and the
arguments thereafter, we may conclude that u := (uy,...,u,) is a classical solution of the Vlasov
equation in differential form.

Finally, let us briefly mention how to proceed in the case where all fi; are proportional to the
Coulomb force, i.e. fri(q) = crer-k(q) where ¢, ¢; are the coupling constants (masses, charges)
and k(q) = £q- |q|73. Looking at , we see that for a gravitational system, we need the minus
sign, whereas for the electrostatic case, we need the plus sign. In the literature, for n = 1, this
system is then usually referred to as Vlasov-Poisson system, and we will adapt this term also
for n > 1 in the above-described scenario. This time, we cannot hope to find a good notion for the
Vlasov equation in integral form which includes probability measures with a discrete part because
the Coulomb force is well-defined only almost everywhere, which means that we cannot make sense
of integrating k w.r.t. a probability measure which has a discrete part in case the atom, i.e. the
support of the J-measure, sits in the singularity at some time. This is of course closely related to
the fact that there are initial conditions for which resp. do not have (global) solutions
for the Coulomb interaction case. Consequently, it suffices to define solutions for the differential
form. Unfortunately, by contrast to what we saw for bounded Lipschitz forces, it is not clear
that the force fields F'* induced by formal solutions of give rise to unique, global flows ¢}
(more details on this will be given in section [2.3). Hence, it is reasonable to take care that a
solution u will also admit a reasonable flow ¢} explicitly in the definition. However, there are
quite a few different approaches in the literature, which are also all formulated for a single type
of particles only. Thus, some research concerning the generalization to multiple particle types and
the relationship between the typical definitions remains to be done. Hopefully, the discussion on
the bounded Lipschitz case, together with the generalization of Liouville’s theorem given in section
[4.9) prepare for a rigorous and yet comprehensive discussion. In the eyes of the author of this work,
by far the best reference for the Vlasov-Poisson system is [33]. Some further remarks concerning
the Vlasov-Poisson system will be made in section [2.3

14
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2.2 Existence and uniqueness: the bounded Lipschitz case

In this section, we want to prove that in case all interaction forces are bounded Lipschitz functions,
given any initial distribution po € (P(R®))", there is a unique, global solution u for the Vlasov
equation in integral form , i.e. we can say that the IVP is well-posed. We are thus looking
for u € C*([0,T]; (P(R®))™) satisfying p; = g o (@,:)71. We can regard a solution to this TVP
as fixed point of a map G which takes a weakly continuous curve v and maps it to the curve
t — vpo (p¥)~t. Hence, one is immediately tempted to check whether the Banach Fixed Point
Theorem is applicable, since this would yield existence and uniqueness of solutions immediately.
However, we have to choose a metric wisely in order to make the space C*([0,T]; (P(R%))") com-
plete. Indeed, in section[d.4] we introduce the bounded Lipschitz distance dpy, as a metric on spaces
of finite measures and derive a quite natural family of metrics dgr, on C*([0,T; (P(R%))") which
make (C*([0,T]; (P(R%))™),dpr) a complete metric space. Hence, our first big goal is to prove
that the restriction of G to a suitable, closed subspace is in fact a contraction for an appropriate
choice dpy, in this family. On the other hand, the aim of this work is to prove that solutions of
the Vlasov equation with initial probabilities close to the initial distribution of particles stay good
approximations to the empirical distribution for finite times. Since the latter has turned out to be
a solution of as well for a large class of pair interactions (see lemma , we want to show
that if two solutions of the Vlasov equation are close initially, then also their time evolutions do not
move apart too fast. This will be the second important result of this section. The motivation for
both main statements and their proofs stems from chapter 5 in [37]. However, besides extending
the result to multiple particle types, the treatment here is more systematic and detailed.

Remark 2.8. From the discussion in remark[2.7] we know that for nice initial probability densities
and pair interaction forces, a solution of the Vlasov equation in integral form yields a classical
solution of the Vlasov equation in differential form. On the other hand, lemma [2.6] shows that
every classical solution of the Vlasov equation in differential form yields a solution to the Vlasov
equation in integral form. Thus, proving that a unique solution of the Vlasov equation in integral
form does always exist also proves that for nice initial conditions and pair interactions, there is a
unique classical solution for the Vlasov equation in differential form given by the time-dependent
probability density of the corresponding solution of the Vlasov equation in integral form. In
particular, all our results for solutions of the Vlasov equation in integral form apply to the solution
of the Vlasov equation in differential form as well.

In the remainder of this section, unless mentioned otherwise, |- | will denote the maximum norm on
R?. Moreover, we are going to use the following shorthand notations: f € BL(R3; (R3)"") means
that fi; € BL(R*R3?) for all k,I € [n], and we will write

£l == max {|frall : k.1 € [n]},
£l = = max {| frally, : k,1 € [n]},
[fllgr, = = max{|[fllo I Fll}-

Note that this is coherent with the picture of regarding f := (f1.1,..., fan) as a map R® — (R3)"2
and computing || f||, , g, in the usual sense resp. in the sense of definition when using the
maximum norm on product spaces. Likewise, we denote ¢ := (¢} ,,... ¢k ) : R® — (R®)™ and
Fro= (Ff', .. Fl) R x[0,T] = (R®)", with [l¢f || 1, pr, and [[F#(-, )] . 1, gy, being defined in
the same spirit. Last but not least, we introduce m := min {my, : k € [n]}, the mass of the lightest
particles.
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2 SOLUTIONS TO THE VLASOV EQUATION

Let us mention that one can readily check that in all of the following arguments, it is not important
that the physical dimension equals 3, i.e actually, the proof works for arbitrary dimensions d of
the underlying physical space, by contrast to the Vlasov-Poisson system, for which the relationship
between the spatial dimension and the order of the singularity is crucial.

We first collect some estimates on the external forces F}' coming from a particle distribution
pn € C*([0,T]; (P(R%))™). This, in turns, gives us estimates on the induced flows ¢. In what
follows, dgr, denotes the bounded Lipschitz distance between (vector valued) measures. A short
introduction to dgp, with a digression on its most important elementary properties is given in

section [4.4]

Lemma 2.9. Let pi,v € C*([0,T7]; (P(R®))"). Then

(i) for all t € [0,T], F*(-,t) € BL(R3; (R*)") with ||[F*(-,t)|g;, < ||l More precisely,
IEA( Dl < 1 lloe and [[F(-, 8)ll, < |[f]ly, for all't € [0, T].

(ii) F* e Cy(R? x [0, T]; (R3)™).

(iid) for all t € [0, T, [F#(-,t) = F*(- Dl < | Fllpp- dorlie, ve).

Proof. We will often use without explicit mentioning that p ¢+, V4 + are probability measures on RS
for all k € [n], ¢ € [0,T]. Moreover, note that for all three claims it suffices to prove the statement
component-wise. For (i), we compute for ¢ € [0,T], k € [n] and ¢, ¢’ € R?

|Fl(q,t)] < Zaz-/RG | fra(g — @)| dpi(g) < Zaz'/RG [ fretll o dppe < Hf||oo'zal = [[flleo »
=1 =1 =1

where we used Y ; oy = 1, and similarly
|Fi(q,t) = F (¢ t)| < Zaz . /5 | fri(a = @) = frald — @)] dpae(, D)
=1 R

< e [ 15110 =) = (o = )l et

<Ifllu-la =4

For (ii), observe that continuity of F'* in the first component ¢ € R? is clear by (i). That F* is
also continuous w.r.t. ¢ holds because all uy are weakly continuous: It is easy to check that for
g € BL(R?* R?) and ¢ € R?, the map g, : R — R3, (q,p) — g(q—q) satisfies g, € BL(R% R?) with
ll9qllgr, = llgllg- Consequently, the maps t — (fi, *q ttk,)(q) are continuous, and hence F{'(q, -)
as a finite sum of continuous maps, too. Finally,

|Fl'(q,t) — FY (q,1)] = Zal ' /]RG Sra(a— @) (dpae(q,p) — dvie (4, p))

=1

< Zal (el gy, dBL(ptaes v1e)

=1
= ||f||BL'dBL(Nt»Vt)~ O
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2.2 EXISTENCE AND UNIQUENESS: THE BOUNDED LIPSCHITZ CASE

Lemma 2.10. Under the same hypotheses, ' is Lipschitz continuous with

ot ll, < el o)t vt e fo,77

Proof. For t € (0,T), z,y € R® and k € [n], using ||[FY(-,?)|l, < ||fll. by lemma (i) and
applying corollary to the Cl-curve v(t) := O () — @l ,(y), we obtain

):
O |k (2) = o )] < |0 (ele) (@), Pt (@) = Du(ely (), 2t ()]
= max { |7 o7 (x) — 2= ot ()|, | FE (el (@), 1) — FE (el (),1) |}
< Elert (@) — et )] + [FL (ot (2),1) = Ff (o (0), 1)
Ll (@) = @l )]+ £ llL- |or (@) — ok ()]
(I - |k o (@) = @ ()]

Now, theorem (4.3 (Grgnwall’s lemma) with ¢} = idge and thus |} o(2) — ¢} o (Y)| = [z —y|
yields

IA

IA

ot (@) — o ()] < eIt oy e [0, T, O

Lemma 2.11. Again under the hypotheses of lemma

t
it = el < Wl | G day ) ds Wi € 0,7
0

Proof. Let k € [n]. Another time using corollary for t € (0,7) and z € RS,
O |k o(@) = k(@] < Zlent (@) — ot (@) + [F (o (2).8) = FY (o177 (@), 1)]
< ek (@) = @i (@) + (@)
With the triangle inequality and lemma m i), (iii),
D < |Ff (prh (@) 1) = B (o) (), )| + [ FE (o (@), 2) = FY (7 (@), 1)
< f Il @) = @7 @) + 1l dpr (e, )
< Il 198 (=) = @f (@)] + 1 f gL dB (e, 1)
Taking the maximum over all components and using lemma we arrive at
Of |t (@) — ot ()| < (5 + IfIIL) - [k (@) = ¥ (@)] + || fllpr,” dpr(pe, vi).- (2.4)

Since the Lh.s. is right-continuous (lemma [4.18]) and the r.h.s. is measurable and bounded (lemma
4.44), we may integrate on both sides and use our fundamental theorem of calculus for right-
continuous maps (lemma [4.14). With | (z) — ¢f(x)| = 0, we obtain

| (@) — ¢ (@)] < (5 + IfIIL) /0 |04 (@) — ¢l ()| ds + Hf“BL'/O dBr(ps, vs) ds.

By Grgnwall’s lemma in integral form (theorem [4.80)), it follows that for all ¢ € [0, T7,
¢
v —(+ S
[t (o) = )] < Gt [ e Grrln) (1 gy don G, ) ds

0

t
. / CCEHIT) =9 g (4 ) ds. .
0
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2 SOLUTIONS TO THE VLASOV EQUATION

We are now ready to introduce the announced map G.

Theorem 2.12. Define
G:C*([0,T]; (PR)") = C*([0,T]; (P(R®)"),  pr> poo (pf) ™"

Then for p,v € C*([0,T]; (P(R®))™), it holds that

der ((G[u))e, (GV]):) < 2e5" - |dpr (1o, v0) + ||f||BL‘/0 e 55 dpr, (s, vs) ds vt € (0,77,

where K ==L + | f||,,

Proof. Let p,v € C*([0,T]; (P(R®))™), h € BL(R®) with ||h|g, < 1, and ¢ € [0,T]. Then for any
k € [n], with lemma and the previous lemmata and we obtain

/R h(AGI)e — A(G k)

R6

— / ho gt duno - / hoo g, dugg
R6 R6

+

< /6 (howh, —howy,)duro
R

/Rs(h oy ) (dug,o — dvgo)

< /]R6 |l o (@) = 0F (@) | o () + [|P o 9 4|l 5 - dBL (111,05 v.0)
t
< Hf”BL'/ e(FHIIL) =) gt (s, 1) ds + (1 +e(%+|\f\lL)t) - (110, 10)
0
t
< 265 din G 0) + [l [ € o, G ) 03]
0

Note that we used our observation from remark @) to see that ||h o ‘pZ,tHL <1+ e(FHIFIL)E,
It follows that

der, ((G[u])e, (G[V]):) < 2e5F- [dBL(Ho,VO) + ||fHBL‘/0 e 55 dpr, (s, Vs)ds] vt € [0,T]

and hence the claim. O

One can now hope that one of the metrics dgr, from sectionwill make G a contraction. However,
despite the fact that it looks difficult to find such a metric, it is also not necessary in this generality.
What we really need in order to obtain a solution of the Vlasov equation is that for a fixed
initial condition n € (P(R%))", A4, = {v € C*([0,T];(P(R%)"):vo =n} is a closed subset of
C*([0,T7; (P(R%))™) w.r.t. the chosen dpr,, and the restriction of G onto A, is a contraction w.r.t.
this metric. Observe that in this case, the summand dpy, (10, ) in vanishes for pu,v € A,,.
Let us for a > 0 define the metric

diy, : € ([0, T]; (P(R®))") x €* ([0, T]; (P(R®))") — [0, 00),
(1, v) — sup {e~ " -dpr (s, 1) 1 0 <t < T}.
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2.2 EXISTENCE AND UNIQUENESS: THE BOUNDED LIPSCHITZ CASE

Then for n € (P(R®))", A, c C*([0,T]; (P(R®))") is indeed closed w.r.t. dpy: for an arbitrary
sequence (fn), oy C Ay With g, 222 pw.rt. dgy, by definition of dy;, 7 = fin.0 ——— pg W.I.t.
dp, so we see that uo = n and thus p € A4,,.

Let u,v € A,. By definition of dyy., for every s € [0,T], e - dpy,(ps, vs) < dpp (11, v), so we

obtain that for all s € [0,T], dpr (s, vs) < € -dpy (1, ). Using (2.5), we compute for ¢ € [0,T]
and a — K >0

e dpL((Glu]), (GV])e) < 2HfIIBL'e(K_O“”'/0 e e dpy (n,v) ds

t
= @ () 20 f / @K g

- 2|l £l ~(a—
:dBL(N»V)'ﬁ (1*6 ( K)t>

2| fllgr e
< -d :
~a-K B (14, V)
Consequently, for a« > K big enough, Llle_”}? < 1 and therefore G|4, is a contraction. We have

therefore almost proved the following theorem:

Theorem 2.13. For every n € (P(R®))", there is a unique solution u of the Vlasov equation
satisfying po = 1.

Proof. We just need to apply the Banach Fixed Point theorem (see e.g. [2, p. 350 f.]) to the
contraction G : A, — A, with the induced metric E§L|An, noting that A, is complete w.r.t. dpy :
by theorem (P(R%),dpL,) is complete, and lemma shows that C*([0, T]; P(RS)) is complete
w.r.t. dg;. Consequently, (c*([0,T7; (P(Rf‘))”)ﬂgL) is complete as a product of complete metric
spaces w.r.t. the product metric. But we have argued before that A, C C*([0,T]; (P(R%))") is
closed w.r.t. EEL, so it is itself complete w.r.t. 8%L|An as closed subset of a complete metric
space. O

There is also another very important application of lemma [2.12] which we will heavily rely on
when we prove propagation of chaos for the case of bounded Lipschitz interactions in chapter [3.1
namely the announced fact that solutions to the Vlasov equation which are initially close do
not move away from each other too quickly:

Theorem 2.14. Let pu,v € C*([0,T]; (P(R%))™) be solutions of the Viasov equation in the sense of
definition[2.1] Then for all t € [0,T],

21flpL K¢
dr(pe, vy) < 2% (1 + 2/ fllgy-te” ¢ ) -dgr. (o, 10)-
Proof. Since u, v are solutions of the Vlasov equation, by construction of the map G in theorem

2.14] G[p] = p and G[v] = v, in particular, (G[u]): = p and (G[v])y = v, for all t € [0,T].
Consequently, lemma [2.12] yields

t
dBL(,ut,l/t) < 25t dpy, (1o, vo) + 2Hf||BL-/ e (t=5) -dpr, (s, vs) ds vt € [0, T).
0

19



2 SOLUTIONS TO THE VLASOV EQUATION

By Grgnwall’s lemma in integral form (see theorem , we obtain that

t
_ t K(t-7) gy
dir(pte, 1) < 25" dpy, (10, v0) +/ 2e* - dpy, (110, 10) - 2|| fl|pr, €7 - ele 2l 7 ds
0
2| £
< (265 4+ 26572 fllgy te” ) - dir (a0, vo),

where we used that for s € [0,77],
! K(t—T) _ 1 _ K(t—s) 1 K(t—s)
e dr=—-—[1-¢ ] < = ©

and consequently

o K(t—) b iy, (s 20 fllpy, Kt
/6f52|\f\|BLe deSS/e REL KO g < o LR O
0 0

2.3 Existence and uniqueness: references for the Coulomb case

We have already briefly discussed at the end of section that for & the Coulomb interaction
force, one should only consider a differential form of the Vlasov equation. However, since the
Coulomb force is neither bounded nor Lipschitz continuous, the mean field force kx4 u; ; generated
by particles of type [ might not be well-defined if the spatial density p;, = Jgs wre (-, p)dp gets
unbounded. Moreover, even for bounded spatial densities, k *4 u;; is in general only bounded
and log-Lip-continuous in ¢ (see theorem . However, by our results from sections and
provided that also continuity of all kx4 pj', and thus of the mean field forces F}* w.r.t. time is given,
this suffices to guarantee the existence of unique, global, measure-preserving flows ¢}';, which are
not only desirable from the physical point of view but also helped us a lot in finding connections
between the different definitions of solutions to the Vlasov equation and proving existence and
uniqueness of solutions for the case of bounded Lipschitz interactions in section Hence, what
one typically does is demand that a formal solution to the Vlasov equation in differential form
has additional properties that ensure existence of unique, global, measure preserving flows
along which the components wu; ; of a solution then turn out to be constant. Using a more elaborate
version of the version of Fatou’s lemma employed in the proof of lemma [2.6] it might be possible
to deduce continuity of the F}" in time from boundedness of the p}', and continuity of w; in time,
however, this idea requires a thorough analysis an will not pursued further here.

In the literature, there have been two main approaches to local (in time) existence and uniqueness
of solutions of the Vlasov-Poisson system for one type of particles: The first approach, pursued
mainly by Illner, Neunzert and Horst (see [24],[21],[22]), first regularizes the Coulomb force k by
introducing cut-off forces f¢ with f¢ — k pointwise as € — 0. For reasonable regularizations,
namely such that f¢ is bounded and Lipschitz continuous, by our results in section [2:2] there are
unique, global solutions u® to the regularized Vlasov-Poisson system. Then, one shows that in case
the p** (and thus the mean-field forces F*") remain uniformly bounded as & — 0, the u® converge
pointwise to some limiting function v as € — 0, and v turns out to be a solution to the Vlasov-
Poisson system in the sense that it is a formal solution of (with fi; replaced by cic; k) which
induces global, measure preserving flows. However, global-in-time a-priori bounds on the spatial
density are difficult to obtain, so with these ideas only the existence of local-in-time solutions could
be established. The other approach is via an iterative scheme, introduced in [7], which one might
compare with the construction of the solution of first-order ODEs by the Euler method. However,
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2.3 EXISTENCE AND UNIQUENESS: REFERENCES FOR THE COULOMB CASE

only for spherically symmetric initial conditions, global existence could be proved in this way. In
the early 1990s, by different methods, eventually proofs for global existence under quite general
assumptions were achieved. The first one, developed by Pfaffelmoser ([32]) and refined by Schaeffer
([38]), is based on getting control on the growth of the support in the momentum component of the
densities corresponding to local in time solutions v (and thus only works for initial distributions
v which have compact support in the momentum component), obtaining control on the forces F}’
and thus allowing to extend local solutions v to global solutions (the thoughts are somehow similar
to what one does in the theory of ODEs). A different path was taken by Lions and Perthame
([30]), who obtained control on moments of the spatial densities p} corresponding to local in time
solutions to the Vlasov-Poisson system and bounded the growth of ||py||,, by Sobolev theory; then
local extension can be employed again. Finally, basing on the approach of Lions and Perthame,
uniqueness of solutions under quite general conditions could be verified by Loeper, see [31]. A
highly recommendable aggregation of this development which is also very comprehensive can be
found in the already mentioned [33].

Going through the cited literature, it should be straightforward to generalize all the results to
the case of multiple particle types. In the above-mentioned paper of Lions and Perthame ([30],
page 417 in the journal), it is even mentioned explicitly that all arguments work out for “dif-
ferent species of particles”. However, a rigorous, detailed proof would be highly desirable, in
particular since their arguments are ingenious, but often lack traceability and detailedness. Since
doing all this, in the ideal case also with comparing different definitions for solutions as we did
in section [2.1] is not the scope of this thesis for length and time issues, we will be happy with
just postulating that the results for one type of particles translate to the ones for multiple par-
ticle types, since we will need some of these in section [3.2] So, we will take for granted that if
ug,0 € C2°(R3*xR3;[0,00)) for all k € [n], a unique, global solution v to the Vlasov-Poisson systems
described before does exist, in particular, the spatial densities are uniformly bounded for finite times
in the sense that on every compact time interval [0, 7], max { supeo,r1llPR elloo + k€ [n]} < oo, and
they induce continuous force fields (which are by theorem uniformly in ¢ log-Lip-continuous
in ¢) and therefore unique, global flows 1 (which by our results in section are measure pre-
serving). We will also need that the regularized solutions induce uniformly bounded densities,
Le. Sup.¢(g,1) max { supte[O’T]Hpg; s 1k € [n]} < oo for the regularization of the Coulomb force
that we introduce in section for one type of particles this is also a consequence of [30], and
is in fact easy to prove once the solution theory for the unregularized Vlasov-Poisson system for
multiple particle types is done. Anyway, we are confident that a sophisticated analysis of the issue
for multiple particle types will confirm the statements listed here.
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3 Propagation of chaos

In this chapter, we want to prove that under appropriate assumptions and in physically reason-
able senses, propagation of chaos holds for bounded Lipschitz and gravitational/electrostatic pair
interactions. Unfortunately, for the latter case we need to cut the Coulomb force off at a certain
radius around the origin, however, this cut-off radius may be shrinked to 0 as S — co.

3.1 The bounded Lipschitz case

As the section header indicates, in this short paragraph we assume that the pair interactions fj;
occurring in the weakly coupled system are radially symmetric and bounded Lipschitz, i.e.
we make statements about solutions of the Vlasov equation in the sense of definition Note
that by lemma [2.6] we also get the conclusions of this section for solutions of the Vlasov equation
in differential form in the sense of definition Let us briefly mention that just like in section
the arguments we give here are actually independent of the (physical) dimension d, by strict
contrast to the Coulomb case which we will tackle in the next section and where the relation
between the order of the singularity and the dimension is highly relevant.

Let po == (p1,05-- -, ftn.0) € (P(R®))™ a collection of (initial) probability measures on phase space
R® and (Z} )ien i.i.d. random variables distributed to the law iy, o for every k € [n]. Recall that this
means there is some probability space (€2, A,P) and a collection of random variables Z,i Q= RS
where (k,4) € [n] xN such that for every k € [n], (Z});en are independent with Po (Z,i)f1 = g0 for
all 7 € N. From section [4.5} in particular corollary we know that the empirical distributions

1 &
Hemp k.0 = - >0z
© =1

then converge almost surely to .0 in the bounded Lipschitz distance in the sense that

Ny —o0

P Hw € Q1 dpL(Hemp k05 Hk,0) —— OH =1 Vk € [n].

Note that as S — oo, by definition of S, we have Ny — oo for all k£ € [n]. Consequently, from
the definition of dpr, on (P(R®))" (see definition and remark (d), with the notation

ugmp,o = (lu’:mp,l,O? ce 7Mgmp,n,0) € (P(R6))n’ we see that

w s w N
{w e0: dBL(/J,empyo,/JJo) S;> 0} D) n {w c€0: dBL(Memp,k,O?/‘k,O) ﬂ 0}.
ken]

Since in a finite measure space and thus in a probability space, the intersection of countably many
(and hence in particular of a finite number of) sets of full measure has again full measure (this is
an easy consequence of o-additivity by looking at complements and using De Morgan’s laws), we
obtain that

P [{w eN: dBL(,uf;mp’O,uo)} Szeo, O} =1
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3 PROPAGATION OF CHAOS

On the other hand, we have seen in theorem [2.14] that for v, n solutions of the Vlasov equation in
the sense of definition [2.1 and fixed ¢ € [0, T

der.(ve,m) < h(t) - dsr(v0,M0),

where h : [0,7] — [0,00) is a continuous (and non-decreasing) map. In particular,

sup dpr, (v, 1) < WT) - dsr(vo,m0) = 0 as dsL(v0,m0) — 0,
0<t<T

which shows that

{w € Q: sup dpr(ve,m) Szreo, O} D {w € Q: dpr(vo,m0) Szoo, O}.
0<t<T

Additionally, we have already checked in lemma that for radially symmetric pair interactions,
the empirical measure pg,,,, defined by

1

Hemp bt 3= N D (U2 @) Zw)"
=1

where U, is the (unique) global flow for , is a solution to the Vlasov equation in the sense of
definition [2.1| with initial condition p&,, o (note that ¥y = idgen ). Combining these three results,
we immediately see that for fixed T' > 0 and p a solution of the Vlasov equation in integral form
(2.1) with initial condition g, under the above-mentioned hypotheses,

P Hw € Q: sup dpL(Hemp.t» Ht) Soce, 0}] =1. (3.1)
0<t<T

Thus, we say that propagation of chaos holds almost surely. In particular, from the definition of dpr,
(cf. also remark @ in section we see that averages of bounded Lipschitz observables on
phase space w.r.t. the true time evolution of an initial state chosen according to some probability
measure o on phase space converge to the expectation value of the observable w.r.t. the solution
of the Vlasov equation with initial state pg almost surely as S — oo. Actually, we saw that
solutions to the Vlasov equation stay close deterministically, so the only thing that can go wrong
is that the initial conditions of particles are chosen in a bad way. In particular, it is not necessary
that initial conditions are chosen independently when considering different species; independence
is only important within one type of particles because this is necessary to guarantee almost sure
convergence of the initial empirical measure to the initial probability distributions. We will see
that this changes dramatically in the next chapter.

3.2 The Coulomb case with cut-off

This section is heavily motivated by and oriented at the approach in [28]. Practically all definitions
and theorems (albeit adaptions have been made to the multiple species case) are taken from there,
as are the ideas for and significant parts of the proofs. However, the extension to multiple particle
types is not obvious, so in some places we need additional arguments and ideas. Moreover, it
might have struck the reader’s eye that in the mentioned paper, at some places not all details of
the proofs are given, so in what follows we will provide a solid justification for those arguments
whose proof is only sketched or omitted in the reference.
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3.2 THE COULOMB CASE WITH CUT-OFF

One would hope that the results from the previous section can somehow be extended to a system
with Coulomb interactions. However, this case cannot be handled with the results from section
because the Coulomb kernel k it is not bounded Lipschitz (in fact, it is neither bounded
nor Lipschitz continuous). Moreover, spending some thoughts on what might possibly go wrong,
it turns out that almost sure convergence of the empirical measure to the solution of the Vlasov
equation for finite times cannot hold, mainly for the following reason: Imagine a repulsive situation
in the case n = 1 where the initial probability densitity ug is C2°, but unfortunately the initial
conditions for the empirical distribution ftemp,0 are such that the particles accumulate in balls
of very small radius, however, the distribution of the balls is such that the empirical distribution
converges to the probability measure given by the smooth probability density ug (“macroscopically,
the small balls cannot be spotted”). Then it is clear that as S — oo, the initial potential energy
goes to 0o as well, and the particles will move to infinity very quickly as time evolves. On the other
hand, the solution to the Vlasov-Poisson equation without cut-off is quite regular, more precisely,
as mentioned in section the spatial densities and thus the interaction forces are bounded
uniformly in time, and so is the situation for the regularized Vlasov-Poisson system. Hence, one
cannot expect that the empirical distribution associated with the true time evolution to with
Coulomb interactions and the solution to the Vlasov-Poisson system are still close even after very
short time. In other words, what makes the difference to the case with bounded Lipschitz pair
interactions is that the true time evolution and the solution to the Vlasov equation can drift apart
rapidly even if they are close initially, i.e. the deterministic part of the convergence gets lost.

Spending some more time on this issue, one gets the feeling that in general, the initial conditions
under which the empirical measure and the measure induced by the solution to the Vlasov-Poisson
system do not stay close even after very short time are not a subset of probability 0. However,
the painted situation is at least a conspiracy because as S — oo, the probability for an atypical
initial condition as described above goes to 0. Hence, we cannot expect a result of almost sure
convergence such as in section but rather convergence in probability, by which we mean that
for every € > 0,

P Hw €Q: sup dpL(Vanps Vi) > SH Soreo, 0,
0<i<T

at least for nice initial densities, where vg,, ; denotes the empirical measure associated with a
solution to with Coulomb forces and v; denotes the probability measure whose associated
probability density is the solution v to the Vlasov-Poisson system (and the sample for vemp o is
chosen by the law vy, of course). However, there is still a problem, namely that there is no existence
and uniqueness result for solutions of with Coulomb interactions available, and consequently
we cannot really write down the corresponding flow W;(Z(w)) resp. the empirical measures v, ;-
Moreover, the Coulomb singularity is very strong and thus difficult to deal with because if particles
get very close, the error in the mean field approximation is huge. Consequently, it might be a good
idea to make things at least a bit simpler for the start (and it seems that this is also the state
of the art regarding the Coulomb case because results concerning propagation of chaos for the
unmodified Coulomb case are apparently non-existent). Thus, we impose an S-dependent cut-off
on the Coulomb force such that in the limit S — oo, the regularized Coulomb force converges to

the true Coulomb force. More precisely, for § > 0 and S € N we define

s >80,

3.2
S30.q,  else. (3.2)

f:R3 5 R3, qH{
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3 PROPAGATION OF CHAOS

The cut-off is chosen in this way mainly because it is radially symmetric, bounded, continuous, and
in fact Lipschitz continuous (see lemma and the corollary thereafter) with minimal bounded
Lipschitz norm in the sense that every other Lipschitz continuous, radially symmetric regulariza-
tion f of the Coulomb force satisfying f = k on B¢ _;(0) has the property that [|f]|, < 1/ 1loo
I fllL < | fll.. Note that between 0 € R3 and the sphere of radius S~%, we just interpolated
linearly, and one can easily see that || f||; < C -5, see also lemma It is probably not a big
surprise that the exact form of the cut-off will not be crucial for what follows, however, there are
a few properties of the cut-off which are indeed important, which we generalize to a notion that
we will make use of frequently in the sequel, also for other orders of the singularity:

Definition 3.1. Let d € N, o, > 0, S € N. We say that a map h : R? — R? satisfies a
S5 -condition with constant ¢ > 0 if

[h(@)] < cmin {57, Jg| ™"} Vg e R

In the sense of this definition, it is obvious that the regularized Coulomb force (3.2)) satisfies a
S2-condition.

In the rest of this section, f will always denote the regularized Coulomb force, and its dependency
on S and § will be suppressed in the notation. The fact that we choose this regularization, which
is not even differentiable, might at first be charged with causing difficulties, and in fact, we see
that a few results, such as the validity of Liouville’s theorem for such interactions or computing
Lipschitz constants of convolutions because one may a priori not differentiate, require additional
effort. However, it is a modification which one can superbly do explicit calculations with, in
particular regarding integration, so it is really worth the additional effort in some areas.

Note that having in mind our scaling of the spatial coordinates from section which delivered
us the weak-coupling factor N~1, the total density (respecting particles of all types) in the scaled
system is proportional to N and therefore roughly proportional to S in case the shares oy = % of
particles of type k converge. Hence, the average distance between particles in the scaled system is
proportional to S -3, Therefore, cutting off the Coulomb force S-dependently at this distance and
proving propagation of chaos would already be a highly desirable result. Unfortunately, it turns
out that we cannot yet pass this bar, however, we can get arbitrarily close in the sense that for the
cut-off radius decreasing with S~ for 0 < § < %, we can prove that propagation of chaos holds
typically. This is the goal of the current section.

We will rely on the results sketched resp. desired in the short discussion in section Hence, we
introduce the following definition, which according to this discussion we expect to be satisfied at
least if all uy o are smooth with compact support, but also for other initial densities.

Definition 3.2. We say that ug : R® x R* — ([0,00))" satisfies hypothesis A if for every
T > 0, a unique solution v to the Vlasov-Poisson system with initial condition vy = ug exists
on R3 x R3 x [0,T], and this solution induces measure preserving, global flows k. and bounded
spatial densities in the sense that supy<;<r Supke[n]HPZ’tHoo < 00. Moreover, the unique, global
solutions u® to the regularized Vlasov-Poisson system with initial condition ug are supposed to
induce uniformly in the cut-off parameter (which corresponds to S for the cut-pff we introduced)
bounded densities for the regularized Viasov-Poisson system, which, in our setting, means that for
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3.2 THE COULOMB CASE WITH CUT-OFF

fixed T > 0,

sup sup sup [pf; e < 0.
SeN0<t<T ke[n)

We will denote by ¥ the flow to (L.4) with fi; := cxe - f, i.e. for

gt = 20, LY Y aar@n -g).  keplicl.  (33)

m
k lE [n] €l
J#i

which describes a regularized gravitational or electrostatic system, and by ftemp the corresponding
empirical measures. p; denotes the (curve of) probability measures induced by the solution u to
the Vlasov-Poisson system with regularized Coulomb force f, i.e.the solution to

8tuk —|— V qUk + Fk Vpuk = 07 F]y = Z Qp - CrCp - (ka *q ul,t), ke [n} (3.4)
l€[n]

which induces a corresponding solution to the Vlasov equation in integral form, i.e. for p . the
probability measure given by the density wuy ¢,

-1

Mkt = HE,0© ((pl];t) vk e [TL], te [OvT]v (35)
where go’,:’ ; is the unique, global flow to the ODE
o p(t) I
q(t) ===, pt) = F(q(t),t) = D> ak-crer (f *q ) (q(t)- (3.6)
Mk l€[n]

Moreover, v is supposed to be a solution to the unmodified Vlasov-Poisson system, i.e. it satisfies
(13.4),(3.5),(3.6) with the regularized force f replaced by the Coulomb kernel k. From now on, we
will leave out the S-dependence entirely in the notation unless it is explicitly necessary.

We also define the regularized resp. regularized mean field force field F resp. Fy; : R3Y — R3N
and (heuristically speaking) the associated gradients G resp. Gy : R3 — R3*YN component-wise as
follows: given a solution u for the regularized Vlasov-Poisson system, for Z € R*V, k € [n] and
1€ [Nk},

n N n
A 1 . _ _ i
Fe(2) = > > ek f(Zy =21, F(2) =) ar-ever (f g we)(Z),

1=1 j;l 1=1 (3.7)
) 1 < ; .
Gy(Z) = szckag(Zé’ —z}7), th Zal erer (9 %q ue) (200,
=1 j=1

where ¢ is defined in lemma Just like for f,g,u, we suppress the S-dependency of F,F;,G
and G;. Let us briefly mention some elementary bounds on these forces:

Lemma 3.3. Under our general hypothesis A, given T > 0 there are constants C1 234 > 0 such
that for 0 <t <T, |F|l, < C1-5%, ||Fi]loc < C2, |G|l < C5-5% and |Gy|| < Cs- (1 +1n(S)).

Proof. The claims for F, G are clear from the definitions, see and (4.24)). Note that f satisfies
a S?—Condition and g satisfies a Sg’—condition. Moreover, f*quiy = f*pj, foralll € [n], t € [0,T]
and likewise for g, and hence, recalling that by hypothesis A we get bounds on Pi't uniformly in
t € [0,T], the statements for F;, G, also directly follow from lemma O
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3 PROPAGATION OF CHAOS

In fact, under the depicted scenario, we will be able to quantify the rate of convergence, namely
that the probability for a bounded Lipschitz distance which is bigger than S~? for § € (0, %) goes
to 0 with some negative power of S. More precisely, the following is true, motivated and to be
compared with theorem 4.4. from [28§]:

Theorem 3.4 (Particle approximation of the Vlasov-Poisson system). Let ug satisfy our general
hypothesis A and assume that the r-th moments of all uy,o exist, i.e.

/ |z|" - ugo(z)de < oo Vk € [n].
R3

Moreover, let § € (0, %), ~ € (0, min {%,5}) and T > 0. Let v; be the probability measure given by
the n-tuple of densities vy where vy is the solution to unmodified the Vlasov-Poisson system with
initial state ug, and flemp,: the empirical distribution associated with and with initial state Z
such that (Z})(k,iemxn are independent and for k € [n], (Zi)ien are identically distributed with
corresponding probability density uy 0. Then there are constants c¢,C > 0 such that for S € N large
enough,

P Hw € Q: sup dBL(ugn1p7t7Vt) > Sv+136}] <C. (e,cgl—aw " Slf%> .
0<t<T

Note that r can be chosen arbitrarily large if ug has compact support, so for nice initial conditions,
the rate of convergence is determined by ~,0 and r, and for § 7 %, the bound after which
convergence starts goes to infinity. By contrast to [28], we restrict to the bounded Lipschitz
distance because all the arguments which generalize the result to the p-th Wasserstein distance
can directly be taken from [28], and it is convenient not to introduce another hurdle to get into the
topic. At the end of the introductory and motivational part of this section, let us mention that in
fact, some people think that one might be able to prove theorems concerning existence of global
solutions to by proving propagation of chaos with a better (stricter) cut-off than the one
we use in because one can then “transfer” the existence of solutions from the Vlasov-Poisson

system to (3.3]).

On the way to theorem we will concentrate mostly on the building blocks of the proof and
leave the technical, but not too insightful aggregation, which consists of tracing and adjusting the
constants, mostly to [28]. Let us make one final remark that might further enhance understanding
of what is going on here: in section 3.1, we used that solutions to the Vlasov equation with bounded
Lipschitz forces which are close initially stay close deterministically. However, at the beginning of
this section, we have given a hopefully convincing argument that this is not true for the Coulomb
interaction case, albeit things supposedly go wrong only with small probability for large S, and
that we get into trouble as soon as particles get too close. In particular, we need to ensure that
particles from different species are also independent because otherwise it might happen that the
probability densities for types k and [ are similar and all the particles of type k are picked next to a
corresponding particle of type [, which would imply large interaction forces, which make the mean
field description likely to be faulty. We will soon see where in the proof this additional assumption
enters.

From now on, the parameters n, N and thus aj resp. ci as defined in section [1.1| resp. in the

microscopic model (3.3]) will be fixed, as will S € N, § € (0, %), at least preliminarily. We also only
consider the case S > 3, which implies that also In(S) > 1 and thus makes some estimates look
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3.2 THE COULOMB CASE WITH CUT-OFF

a bit more pleasant. Constants will typically be denoted by C4,Cs,...,, but might change their
value from time to time.

Our goal consists of proving that the time evolution of the empirical distribution ftemp,: induced
by the flow ¥ of where f is given by is close to the curve of (n-tuples of) measures
1+ induced by a solution of the Vlasov-Poisson system equation u with the regularized Coulomb
force, where the initial distribution of point particles for piemp,k,0 does of course take place in an
independent manner with the law g 0. Let us give the central idea of the proof of theorem
namely to split for w € 0

dBL (Hemp,t> #t) < dBL(Hemp t+ Homp,t) T ABL (Hemp, ¢5 Ht) + dBL(fe; Vi) (3.8)

Only figy,p, + has not been explained yet; it denotes the empirical measure of the time evolution
according to the flows ¢y, i.e. associated to the flow

n n n Ng n Ng
D7) i (H otz 1] @i,t<zk>> - (H etz T soi,AZi)) R
k=1 k=1 k=11=1 k=1 k=1

where the ¢y, := @} , are from (3.5). Let us start with discussing the second summand in (3.8).
One would hope that we can apply the methods of section because by definition of fg,,,, both
flemp and p evolve according to the same flow: for k € [n], Hemp it = Femp,k,0 © (or.e)~ " and
[kt = fir,0 © (@r,¢) "), so for any h € BL(R®)

/RG h (d(/u'emp,k,o ° 80;;1) —d(pro0 0 @;;71)) ’

= ’/]Rﬁ (h’ © @k,t) (dﬂemp,k,O - d/*bk,O)

< Hh © kaﬁtHBL : dBL(ﬁemp,k,O?ﬁemp,O)'

/ h (dﬁemp,k,t - d,uk,t)
R6

(3.10)

Consequently, we only need a bound on ||¢g¢||r, by remark @) Fortunately, the mean field
interaction coming from the regularized Coulomb interaction is indeed Lipschitz continuous because
from our general assumption A, we know that the spatial densities are uniformly in S bounded,
and hence by corollary |f * pr.tll;, and thus the Fk,t = cCp - Eln:l ayer - (f *q pi,¢) are Lipschitz
continuous with ||Fy ||, < C- (1 + In(S)) uniformly in ¢ on any fixed [0, T]. In lemma we saw
that for time-independent forces, we can bound ||¢g [/, by an exponential bound with exponential
growth proportional to the Lipschitz constant of the force, which in case of generalization to
time-dependent forces would amount approximately to In(S). Unfortunately, it turns out that
this growth is too fast to obtain good estimates as S — oo, so we need to improve. The crucial

idea is to punish deviations in space, which are rather easy to control, harder than deviations in
momentum. Thus, we introduce the auxiliary flows ¢y, ; := (qﬁ}e . gb% t), where

(/)llc,t = /In(S5)- ‘Pllc,tv (bi,t = ‘Pi,t-

Then clearly, ||kl < ||ék.tl|L, i-e. we can try to control ||¢y ¢ instead. Indeed, this works out
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3 PROPAGATION OF CHAOS

very well: For 2,y € RS, k € [n] and t € (0,7),
a;r |¢k7t($) - ¢k,t(y)| < ’aJr( ¢k t )’ + ‘a;r (‘/5215(33) - ¢2t(y))’
8+(‘Pkt ‘Pllct(i‘/))| + laj(goit(x ‘Pkt )|

m|90kt r) — Spkt }+|Ft(<pkt ) Ft(‘Pkt )|
1
k

IN

IN

Je (@) = ok )|+ 1Fe|, [k (@) — ks ()]

‘d)k 1(z) = drs(y)| + CIn(S) - v/In(S) : | Pk (2) — dre(y)]
( ) Wk () — Pt (y)|-

By Gregnwall’s lemma, we obtain, using ¢y o = idgs and thus ¢y 0(2) — éx.0(y)| < /In(S) - |z — yl,

|6k.4(2) — Dr(y)] < /I(S) - eGEFOWVBEL 5y

S\H

)

IN

S\H

s
s
s
"
i

IN

showing that ||¢r.llL < /In(S)- OVt 4ng consequently the same bound holds for
|0k,¢ll;,- Thus, for h € BL(R®) with [|h||5;, < 1, we have by remark @ that

1h o rillpy < (1+,/ ) w2 C)V/In(S)t.
Inserting this in (3.10) and assuming S > 3 shows that

dpr ('uemp s 'ut < O\/i +C In(S) L. dpL (Nemp,O: ,UO)'

We have therefore shown the following result:

Lemma 3.5. Under our general notation, it holds that
dBL(luemp t?/u’t < C+/In m+C A/In(S) ¢, dBL(,uemp,o,,UfO)

Remark 3.6. This result is the first building block on the way to theorem It is of entirely
deterministic nature and corresponds to proposition 9.2 in [28]. Note that by this estimate, the
bounded Lipschitz distance between the empirical measure evolving according to the regularized
mean field force and the solution to the regularized Vlasov-Poisson system grows slower than any
positive power of S.

Now, let us turn to the more involved control on the first term in . To get an estimate on
dBL (Hemp.t> Hemp.¢); 1t suffices to show that typically, the trajectories W;(Z) of the true system and
the trajectories of a system evolving to the mean field flow ®; defined by stay close. We will
prove this by the following theorem:

Theorem 3.7. Let T > 0, ¢ € (0, 1) and assume that ug satisfies hypothesis A. Then for every
v > 0, there is some Cy, > 0 such that provided (Z, ) ki)em]xN are independent and for k € [n],
(Z )ien are identically distributed by the law uy o for all k € [n],

P [{w €0 swp | (Z(w) - B(Z(w))] > sﬁH <05,

0<t<T

Indeed, this directly yields an estimate for the bounded Lipschitz distance of the corresponding
empirical measures:
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3.2 THE COULOMB CASE WITH CUT-OFF

Corollary 3.8. Under the hypotheses of theorem[3.7],

P {{w €Q: sup dpL(Homp.tsPomp.t) = S‘S}} <C,-S77.
0<t<T

Proof. Recall that for u,v € (P(R®))", dpp (i, v) = max {dpr(px, k) : k € [n]}. Hence it suffices
to prove that for every N € N and X = (Xy,...,Xyn), Y = (Y1,...,Yy) € RN defining
poi= 5 Ef\il 6x, and v = Ef\il dy,, dpL(u,v) < |X =Y (as before, we use the maximum
norm on R? unless otherwise stated). Note that for every i € [N], dpr(dx,,dy;) = |X; — Yil.
Indeed, for any g € BL(R®) with ||g|lg, = 1,

|9 (@0, = dbi)| = 19(X0) = 90| < Ll 1 = ¥i| = X, = Vi

Consequently, by the triangle inequality,

1 N

N

it (1 ) s}v;dmax“ayi)s SPILE R 0
So, we have to estimate the deviation between trajectories which evolve according to the flow W,
for and trajectories which evolve according to the mean field flow ®; induced by the solution
u to the Vlasov equation with cut-off Coulomb interactions (3.6). By hypothesis, (Z@(k,i)e[n]xN
are independent random variables such that for every k € [n], (Z}]):en are identically distributed
with corresponding probability densities ug o on phase space RS. Then for k € [n] and i € [Ng],
the random variables defined by the stochastic process Zi(w,t) := ¢ +(Zi(w)) are measurable
(continuous) functions of Z}. In particular, (Z}(-,t))k :emxn are still independent (see [19, p.
71]), and the law corresponding to Z!(w,t) has the probability density given by the solution wuy
of the Vlasov equation: For B € B(R®) and i € [Ny], by (3.5),

]P’({w €0: Zi(w,t) € B}) = ]P’({w €N:Zi(w) e (gpk,t)_l(B)}) = Uk,0 ((S@k,t>_1(B)) = g (B)

= / Up ¢ de.
B

Thus, we are in a setting to apply various forms of the law of large numbers, which in fact we will
soon do.

Recall that we want to bound the probability that |¥;(Z(w) — ®,(Z(w))] is large. As for obtaining
the estimate on the second term in [3.8] it turns out that deviations in space are much easier
to control than deviations in the momentum component. Hence, we again use the anisotropic
scaling which punishes deviations in position much more than these in momentum here as well.
Consequently, the quantity which we intend to get some control on is

P ({w €Q: sup A(w,t)} > S‘s> ,
0<t<T

where the stochastic process A is defined via
A:Qx[0,T] =R,
(w,) = VIn(S) - [0 (Z(w)) — @1 (Z(w))] + |VF(Z(w)) — P (Z(w))]-

For fixed w € Q, by corollary and remark (), it follows that the map A, : [0,7] — R,
t — A(w, t) is continuous and right-sided differentiable on (0,7") with right-continuous right-sided

(3.11)
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3 PROPAGATION OF CHAOS

derivative because t — U, (Z(w)), t — ®(Z(w)) are continuously differentiable. On the other hand,
Ay Q= R, w— A(w,t) is measurable for every ¢ € [0,7] as a composition of measurable and
continuous maps (recall from lemmathat Uy, @, are even Lipschitz continuous). Consequently,
A is Carathéodory in the sense of definition

Our first idea might be to directly find a Grgnwall-type estimate for P (SUPogth Aw, t) > S*‘s)
because for t = 0 it actually takes the value 0 (¥ = ®f = idgen). However, since expectation
values are in general better-behaved (“smoother”) than probabilities, we take an approach via the
expectation value of another, associated stochastic process: We define

J:Qx0,T] =R,  (wt) Hmin{l, sup [eA In(8) (7). (sé.A<w,s>+sé—é)}},
0<s<t

where A\ > 0. Later, A\ will be chosen appropriately to optimize our result. In order to keep the
arguments in the sequel comprehensive, we introduce even more stochastic processes Qx [0, 7] — R,
namely

Iw,t) : = VIS T0 (0 Aw, 1) + 577F)

R(w,t) : = Os<u12t I(w, s).

With this notation, obviously J = min {1, R}. The following observations are crucial:

Remark 3.9.
(1) Since A(w,t) >0 for all (w,t) € Q x [0,T], we see that I > 0 and therefore 0 < J < 1.

(2) S >1,s01n(S) > 0 and therefore eV (T=5) > 1 for all s € [0, 7] (note that A > 0). Thus,
J(w,t) < 1 implies that A(w,s) < S~ for all 0 < s < t.

(3) The map J, : [0,T] = R, ¢t — J(w,t) is obviously non-decreasing for every w € €.

(4) J is Carathéodory, and J, is right-continuously right-sided differentiable on (0,T") for all
w € Q: We have already seen that A is Carathéodory and A, is continuous and right-sided
differentiable with right-continuous right-sided derivative for every w € ). Combining this
with remark ([ (right-sided differentiation rules) and lemma (right-sided derivative
of the supremum), we obtain continuity and right-continuous right-sided differentiability for
1, and R,. With corollary (right-sided derivative of the minimum), we see that J, is
continuous and right-sided differentiable on (0,7) with right-continuous right-sided derivative.
On the other hand, for t € [0,T], A, I; : Q — R are measurable as compositions of continuous
maps with the measurable map Z. In particular, I is Carathéodory. Using lemma we see
that R; is measurable, and therefore J; is measurable.

For fixed time ¢ € [0, T}, let us define A; C  as the subset of initial states which have the property
that the trajectories of the microscopic and the mean field flow stay close for all times between 0
and t:

A ={w e Q: |J(w,t)] < 1}. (3.12)

Note that A; = J; '((—00,1)) C Q is measurable by (4). By in our above remark, w € A;
guarantees that A(w,s) < S79 for all s € [0,#], so the description is indeed suitable. However,
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3.2 THE COULOMB CASE WITH CUT-OFF

it turns out that being in A; is not sufficient to give good bounds on the the growth of A; and
hence of J;. Actually, in order to obtain sufficient control, we also need that the microscopic and
mean field force and the respective gradients are close on mean field trajectories. We define the
corresponding sets

Bii={weQ: [F(2)(2w) ~Fu(®}(Z(w))] <574},

_ (3.13)
Co:={weQ:|G(P}(Z(w))) —Gi(®{(Z(w)))] < 1},

where F,F;,G,G; : R — R3V are defined in (3.7). That B¢,C; C Q are measurable for ev-
ery t € [0,7] follows directly from measurability of Z and (Lipschitz-) continuity of the maps
FF;,G,Gy,®; : RN = R3N and || : R*N — R (for F,G this is clear, for F;,G; it follows from
lemma, and for ®; from applying lemma component-wise).

We first show that as S — oo, both P [B{] and P[C§] decay faster than any negative power of S
uniformly in ¢ € [0, 77, i.e. for any v > 0, there is some C, > 0 independent of S such that

max {P[B{],P[C;] } < C -5 vt € [0,T).
This implies that
PB:NC]=1-P[B;UC]>1—(P[Bf]+P[C;]) >1—-2C,-5S7".

In other words, initial conditions in B; N C; are typical provided that each particle type occurs
in a sufficiently large number (and all particles are independently chosen initially). In order to
prove this, we use a version of the law of large numbers (basically a high order Markov inequality,
stated and proved in section which fits exactly our purposes. The following theorem will
find immediate application: By our discussion in section for every k € [n] and i € [Ng], the
probability density corresponding to Z,"(w,t) = o (Z4) = mi(eri(Z;)) is given by pit . Hence,
the Y}/ in the following theorem should be regarded as ¢y, , o Zj.

Theorem 3.10. Let (2, A,P) a probability space and (Yki)(k’i)e[n]xN be independent random vec-
tors Y+ Q — R3 such that for fized k € [n], (Yy)ien are identically distributed with associated
probability density p, € L>®(R®). Moreover, for a € {2,3} and k,l € [n], let hi, € BL(R3; R3)
satisfy a S$-condition with constant |cp;| > 0. Let § € (0,%), B € R and define
1 n N;
D:=(weN:max max |— ("Yiw—Yjw — (h§, * Yiw)>5_5
rel] ieina | N ;7; k,z( i (W) l (w)) = ( Kl p)(Ye(w)) )| =

Provided that B < 12;5 in case a =2 and B < 1;—35 in case a = 3, the probability of D goes to 0

with an arbitrary negative power of S, i.e. for all v > 0, there is some C > 0 only depending on
Y, @, MaXpein) [Pkl and maxy ;e |cr,i| such that

P[D]<C, S VSEN. (3.14)

Proof. For k,l € [n] and i € [Ng] let

N,
Diyi= fwe s |3 (M) = Y7 @) = 0« ) (i) 2 w7572
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3 PROPAGATION OF CHAOS

Since hy;; is by assumption Lipschitz-continuous, so is hy ; * p; for k, 1 € [n] by lemma and thus
these maps are in particular measurable. As measurability is preserved under taking finite linear
combinations and countable suprema and therefore in particular finite maxima, measurability of
D,D,i’l C Q is shown.

If we regard hj , as a pair interaction, we interpret DL ; as the subset of initial conditions for which
the microscopic and the mean field force on the i-th particle of type k£ coming from particles of

Dy = U U Di,l-

ke[n] i€[Ng]

type [ are not close. Let

Then D; contains all initial conditions for which the microscopic and the mean field force created by
particles of type [ differ strongly on at least one particle. Since (Y}’);en are identically distributed,
we obtain

n Ng Ny,

P[D] < I;;P (D) < - max 2Pl bl < nmax (N -P[D])

Next, we claim that D C Uze[n] D;: Heuristically, the deviation between the true interaction and
the mean field force can only be large if the share generated by at least one type of particles does
so. Indeed, assume that w & Uiy Dt = Uiepn Urepn Uievg Di. Then for all k,I € [n] and
i €[Ny, wé¢ Di,l’ i.e.

N,
%Z ( RV (W) = Y] (W) = (hfy, * pz)(Y;.f(w))) <nt.§7F.

It follows that for all k € [n], i € [Ng],

n N ‘ '
&g&A(mmw>nmmwmmmmwm
1< ) . _

Sw%ﬁNZXKMﬂ@*WWH%WﬂMMﬂMD

i.e. w ¢ D. To estimate P[Dy, |, we check that the assumptions of our high order Markov inequality
(theorem [4.57) are satisfied. For fixed k,! € [n] and ¢ € [Ng], let us define

X| QR we b (VW) = Y () — (e + p) (Vi ().

We have already argued that the X i)l are measurable, and as measurable functions of the i.i.d
variables (Ylj)jeN, (X,]C 1)jen are also i.i.d. By boundedness of hy, also hy; * pj, are bounded, and

thus clearly || X7 ||o < oc. Note that by construction,

N
1 .
Di,=qwe: EE X{ | =nts 0 (3.15)
j=1
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3.2 THE COULOMB CASE WITH CUT-OFF

Since Y;! and Ylj are independent with associated probability densities py resp. p;, for every m € N,
B[()"] = [ (i =) = (= @) " n(0) o) d
R3 xR3
In particular, for m = 1, with Fubini’s theorem,
B[x]] = [ (=)~ 08 @) pele) m(y) dedy
R3 xR3
= [ ([ e = mtay = [ (2500 ) ay) - puto) o
R3 R3 R3
= [ @) = (= p) (@) - o) o

:/ 0dx = 0.
RB

Moreover, using lemma there are constants C,C, > 0 depending only on maxy jc(n k.1,
maXyen] [l okllo such that for m > 2 and a € {2,3},

Bl < [
= /R ‘((h?,z — (hg * p) (@)™ % pyr) (w)\ - pr(x) dz
< sup (R = (gt = p0) (@)™ pul|
< C-CmSEm=3 (1 45, 3In(S))™
=CS™ . (Co 8™+ (1 + 6a,3In(5))"

This shows that we can apply theorem in order to estimate (3.15)), and using S < Ny, for all
k € [n], we obtain for a = 2 and S large enough

[, 0o =) = (0@ 1)y | (o)

P[Di,l] < M2M+1C”«22M(SZB)ZM(HSB)2MN;2M (Nl CS—ga)M < c. SM(46+2/3—36)NZ7M
< 5SM(45+2573571+ﬁ)Nl—1 —C. SfM(lféfwfﬁ)Nl—l
because for M > 1, NZ_M'H < §~M+1 gnd N; §730 > §1-39 Szeo, 00, i.e. for § < % and S big

enough, N; CS~3% > 1 and hence max{l, (N CS’35} = N; CS~3 . Consequently, for o = 2, we
finally arrive at

n
P[D] <Y P[D)] < n? max {N, P[D},]} < C-§~M1-0-20=77),
= ken] ’
Since for g < %, €:=1—9—28 >0 and hence we see that

. 1 .
A}gan(l—é—Qﬂ—ﬁ)Z lim M- § = +o0,

M—o0

we must only choose M large enough to guarantee M (1 —§ — 25 — ﬁ) > v in order to prove (3.14])
with C, = C for S large enough. Clearly, this proves the claim for all S € N with a modified
constant C.

For a = 3, we obtain from an analogous calculation that

P[D},] < C-(1+1n(8))2M. g~ MA=30-26=57) -1
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3 PROPAGATION OF CHAOS

and consequently

] < ZIP’ [D)] < n? max {N;-P[D},]} <C- (1 +1n(S))*M. §—M(1-35-28—4;
=1

Since for g < 15 3‘5 — 30 — 28 :=4e > 0, for M large enough, 1 — 3§ — 23 — ﬁ > 3¢ and hence
by lemma [£.76]
lim §M(1-36-26-57) . (1+1n(9)*" < lim S§73M=.(1 + In(S))*M

M —o00 M —oc0
2M
o SM€.<1+ln(S)>
M —o0 Se
S S—ME

for S large enough. Consequently, choosing M > Z, the claim follows for S large enough, and
hence again for all S € N with a modified constant. O

Lemma 3.11. For ug, (Z]i)(k,i)e[n]XN as in theorem T > 0 and v > 0 arbitrary, there is
Cy > 0 such that for all 0 <t <T and S € N,

PIBI<C,-S7,  PGI<C, ST,
where By, Cy were defined in (3.13)
Proof. Let f € BL(R3;R?) the regularized Coulomb force and g € BL(R3;R3) the local Lipschitz

field to f defined in lemma Then f satisfies a S3-condition, and g satisfies a S3-condition by
lemma Observe that for w € €,

|F(<I>%(Z(w)) —F’t(q)%(Z( )’ = max max

ke[n] i€ [Ny] Fio(®3(Z(w))) = Fys (‘I’%(Z(W)))‘

n N n
1 . , ,
= max max |— Z chcl f(Z,i’z(w,t) — le’j (w,t)) — Zal ceper (f #4 ul,t)(Z;’Z(w,t))

ke[n] i€[Ny) | N =1 j=1 =

n N n N
1 1, 1, 1 1,
= ax max |- ;_1 j§:1 ek f(Zy " (wit) = Z)7 (w, 1)) — N > D erar (f xq ) (2 (w, 1))

ke[n] i€[Nk] =1 j=1

n Ng
1 4 ;
= Imax max | ;Z (ckcl f ’ (w,t) — le,J (wﬂf)) — (exer f g upy) (Z; (w,t)) ,

ke[n] i€[Ng]

where we used that a; = % = % . Z;\ll 1. Note that by our general hypothesis A, the spatial
densities [|p}; ;|lcc are bounded uniformly in S € N, ¢ € [0,7] by a constant only depending on T'

15% = %, by theoremwith a=2 0= % and hy; = ek f,
P[B] =P [{we Q: [F(2}(Zw) - Fi(®}(Z(w)| = $74}| <y -57,

and ug. Consequently, si

where C, does depend only on ug and 7. By almost the same calculation, replacing f by g, since
1_235 >0, with & = 3 and § = 0 we obtain P[C;] < C,-S77. L

Now let us turn to the proof of the main theorem. Note that for every w € €,

J(w,0) = min {1, V(ST (55 04 55—%)} Szee g (3.16)
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3.2 THE COULOMB CASE WITH CUT-OFF

is deterministically small because § — % < 0 and S is large (see also lemma . Consequently,
E[Jo] is also bounded by the r.h.s. of . Our method is to control the right-sided time
derivative of the map [0,7] — R, ¢ — E[J] in order to obtain that E[J;] stays small. If this is
the case, then since J; > 0, we get that P[J; > 1] is small, which in turn shows that P [At > S“S]
is small for every 0 <t < T, i.e. the true and mean field trajectories typically stay close.

Proof of theorem[3.7. Let us compute the right-sided derivative of E [.J;]. We will split € into three
parts determined by the sets A;, B; and C; such that we can get control either on the size of the
sets or the rate of change of J; on these sets:

O E[J;) = 0 (/Q J(w,t) dIP(w)) = /Qajj(w,t) dP(w) = E [9; J]

=E[0f J| A +E [0} J| (A \ (B:NC))] +E [0 T | (A NB.NC)].

However, we need to justify the interchange of integration and right-sided differentiation (we have
already discussed that for every w € Q, J(w, -) is right-continuously right-sided differentiable).
Taking a closer look at the calculations in the following proof, we see that we can bound |8t+ J(w, t)|
uniformly in w (and even uniformly in ¢ € [0,7]) by some constant (which grows with S, however,
this is not a problem here): from , by Grgnwall’s lemma (theorem we obtain a bound
on A which does not depend on w € 2. Again using (3.18)), this yields a bound on 0 A(w, t), and
from (3.17), we finally obtain a uniform bound on 8; I(w,t) and therefore on 8;".J(w,t). Clearly,
the bound can be chosen to be uniform in, say, ¢t € [0,7 + 1]. Since P is a probability measure,
we may apply theorem [4.10} and hence interchanging integration and right-sided differentiation is
justified.

Now, we can start with the detailed estimates. Fix ¢t € (0,T).
(a) For w € A{, it holds that J(w,t) = 1. We have already observed that J(w,t) is non-decreasing
in ¢, however, J(w, ) is already maximal, showing that 9, .J(w,t) = 0 and consequently
E [0 J] Af] = 0.
(b) This time, let w € A, \ (B;NC;). By corollary - 7| and lemma [1.21] together with the right-

sided differentiation rules mentioned in remark 4.2 @) we obtain 0 < 9, J(w,t) < 9; I(w,t)
with

0 1(w,t) = AVIE IO (N /In(8) (8 Alw, ) +8°7F) + 87 0F Aw, 1)) . (3.17)
Moreover,
oF Aw, ) W |92 (Z(w)) — B2(Z())) | + [F(U1(Z(w))) — Fu(0X(Z(w)))]
In(S) - A(w, t) + ||F||oo +||1Fel.

Since w € Ay \ (B:NC), A(w,t) < S79 (see remark ), with lemma [3.3| we can conclude
that

(3.18)

O A(w,t) < /In(S)-S7° 4+ C18% + Cy < C3- 5%

for S > 1 and C3 > 0 large enough because the map /In(S)- S~ is bounded on [1,00) (see
lemma [4.76)). Therefore,

Of I(w,t) < VIS (T=t), (A (S)- (8% 570 +5973) + 5% 03525)

< 6)\ In(S)T | (04 .535) ,
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3 PROPAGATION OF CHAOS

where we used that also the map S — Ay/In(S) - (S~39 +5~39) is bounded on [1, c0) (this is
a direct consequence of lemma |4.76]).

Now, let v > 0 be arbitrary, choose ¢ > 0 and define 4 := v 4 36 + €. According to lemma
3.11, we can find C5 > 0 such that P[BfUCf] < C5-S7, and with the observation that
A\ (BeNCy) CQ\ (BeNCy) = Bf UCy, it follows that

E [0 | (A \ (BN Cy))] < VRT3 05877737 < 5. 577

because S — VST, §=¢ ig hounded for S € [0, 00), also by 1emmaM

Finally, let w € A; N B; NC;. We want to proceed as in (b), however, this time we need to get
much better estimates for 9;" A(w,t) because we expect that initial conditions in A; N By N Cy
are typical. The part in (b) where our estimate was bad was the difference between the true
force and the mean field force (last step of ) Let us try to do better here, using that
w € B; NC;. By the triangle inequality,

[F (V3 (Z(w))) = Fu(®(Z(w)]

1 1 1 T (Pl (3.19)
< |F(2;(Z(w))) = F(®; (Z(w)))| + [F(21(Z(w))) = Fu(21(Z(w)))]-

The second summand is bounded by S ~3 because w € B, see definition and lemma
On the other hand, for the first summand, we compute for every k € [n], i € [Ng]

| Fi (W1 (Z () = Fi 1 (9 (Z(w)))]

< ZZ leral | (U1 (Z(w) = 0 (Z(w) = (8 (Z(w) = &, (Z(w)))].

=1 j=1

Now, we observe that by definition of A (see ,

(U1 (Z(w) = 9,7 (Z(w))) — (P4 (Z(w)) — B (Z(w)))]

< |0 (Z(W)) — @14 (Z(W))| + |8 (Z(w)) — 87 (Z(w))]

< cA(w, t).

In(S)
Since w € Ay, by remark we know that A(w,t) < 879, and for S large enough
(S > €'9), [(V,,(Z(w) = ¥,/ (Z(w)) = (23(Z(w) = 9,7 (Z(w)))] < $57°. With lemma
and lemma again, this time for C,

(W} (Z()) ~ Fi (#)(2()]
vaggcwl (7)) - ¥} (2() - s - Al
< At (L |95 ) (B14(Z())
< 7o A0 (14 lgll) €~ A t): (C- (1 +1n(S))
< - Alw, ) - /In(9)
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3.2 THE COULOMB CASE WITH CUT-OFF

for S > 3, where we used w € C; in the second step and lemma [3.3]in the third step. Putting
everything together, we arrive at

O 1w, 1) < MV T=0). [(*AM) ~ (55 A(w, t) + S‘L%)
+5° ( (S) - A(w, ) + 575 + CrA(w, 1) 1n(5))]

= MVIET0 . 59 /In(s) - [(—A 140 Al t) + (A + ) 'Sé} :

Choosing A > C7 + 1 and S big enough, wee see that d;" I(w,t) < 0 and therefore

E [0} J| A nB,NC] =0.

Consequently, only (b) gives a positive contribution, and aggregating all results we get
OfE[J])<C,-S77.
for all ¢ € [0, T] and arbitrary v > 0. In particular, by Grgnwall’s lemma
E[Jr] —E[J] <TC,-S77.
Since ¥y = ®¢ = idgen, A(w,0) =0 for all w € Q and hence
I(w,0) = MVIE) T | go-% _ AT gy +9-4 nooo,

S—o0

by lemma We could now directly apply Grgnwall’s lemma and get that E[J;] —— 0 and
therefore P(At > S*‘S) < PlJ>1] < E[J] Szeo, 0, where we applied the common Markov
inequality. However, note that the bound which we obtained for the growth of E[J;] is much
better than the one for E[Jy], so we try to get even more: Choose S large enough such that
E(JO) — AVIOIT, S§0-3 < %; this is possible by lemma By the Markov inequality, this time
applied to the non-negative random variable Jr — Jy, it follows that

P[{weQ: Jr(w)— Jo(w) > 1} <2E[Jr — Jo] <2TC,-S77.

1
2

On the other hand, for Jr(w) — Jo(w) < 3, with Jo(w) < 3, we obtain Jr(w) < 1 and consequently

Jr(w) — Jo(w) > eMVREOT .60 sup Aw,t) > 8% sup A(w,t),

0<t<T 0<t<T

ie. supgc;<r Aw,t) < £57°. Consequently, supyc;<p A(w,t) can only be larger than S0 if
Jr(w) — Jo(w) > %, and consequently for S large enough,

P[{wéﬂ: sup A(w,t)ZS‘sH <2C-577. O
0<t<T
This, together with corollary constitutes the second, hardest building block. There are still
two other, smaller building blocks. One of them is only an application of theorem with €
chosen as a suitable function of S, which together with the first building block gives corollary 9.4
in [28] and the proof of which can almost literally be taken from the paper because we can reduce
everything to components. Moreover, as in proposition 9.1 in [28], we can estimate the difference
between solutions of the Vlasov-Poisson system and corresponding solutions to the Vlasov-Poisson
equation with cut-off, i.e. (3.4]) with f replaced by the Coulomb kernel resp. without modification,
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3 PROPAGATION OF CHAOS

for the same initial conditions. Note that is is there where the measure preserving property of the
flow of a solution to the Vlasov-Poisson equation, i.e. the results of section [4.9] are crucial. The
computation is in fact similar to the one executed for building block 1 and can be taken from [2§]
without noteworthy modification. We just state the result here, which of course again relies on the
validity of our assumptions stated in section 2.3}

Theorem 3.12. Let T > 0 and up = (u1,0,...,Un0) Satisfy our general assumptions A from
definition[3.3 Then there is some C > 0 such that for S > 3,

dpr (e, 1) < 870 ¢ In(5)-t vt € [0, 7).
Note that this is again an entirely deterministic result.

Consequently, we have collected all the building blocks for theorem Actually, since for all the
terms occurring in , we have shown convergence in probability as announced in the beginning
of the section, it follows that solutions of with regularized Coulomb interactions converge
in probability to the solution of the Vlasov-Poisson system, measured in the bounded Lipschitz
distance. As already mentioned in the beginning of this chapter, a more precise analysis for the
rate of convergence can be obtained by following the proof of corollary 9.4 and the proof of theorem
4.4. thereafter in [28] almost literally because the results we got in the building blocks are virtually
the same for n particles (provided the initial conditions for all particles are given by realizations of
independent random variables) as they are for n = 1. In summary, propagation of chaos holds in
probability, more precisely with the rate of convergence as stated in theorem [3:4] This is certainly
an interesting result, and the techniques used for obtaining it are rather new and thus maybe not
yet exhausted, so we might hope that in future, cutoffs and estimates can be improved further.
This is also highly desirable because yet, the physical significance of the results is rather low
because still the average particle distance in the system is such that they “feel” the cut-off, i.e. the
regularized microscopic model deviates too heavily from the true microscopic model. Nevertheless,
the results are a milestone on the hopefully successful way to extend the yet achieved results to
cut-offs which converge to the true interaction at a much faster rate and therefore finally give a
complete and convincing derivation of the Vlasov equation from the microscopic time evolution,
therefore theoretically justifying the application of the Vlasov equation in the scenarios in which
it is already used.
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4 Appendix: Mathematical Resources

4.1 One-sided differentiability

In the course of the main text, we have frequently encountered situations with a need for bounds on
various time-dependent quantities. However, in these cases, the quantity of interest is in general not
differentiable, which a priori prevents us from applying useful results from single-variable calculus
such as the well-known Grgnwall’s lemma in differential form (see e.g. [I4], p. 708 f.]) or the mean
value theorem of differentiation (cf. [3} p. 169]). Hence, we seek for a notion slightly more general
than differentiability for which important results from the theory of differentiable functions of one
variable are - possibly in a weaker form - still valid. It turns out that one-sided differentiability
provides a convenient generalization of differentiability to tackle this task. Therefore, in this
section, we want to derive some auxiliary results on one-sided differentiable functions. The main
results will be a remarkable generalization of the above-mentioned Grgnwall’s lemma and a weak
version of the mean value theorem of differentiation, leading to a result concerning the interchange
of one-sided differentiation and integration.

In the following section, we will sometimes talk about differentiability of maps defined on non-
open subsets of R. In this case, we follow the convention from definition [£.59] which defines
differentiability on an arbitrary subset of R by existence of a differentiable extension on an open
subset of R.

Definition 4.1. We call a subset I C R right-open if for every t € I, there is some § > 0 such
that [t,t + 8] C I. Let I C R right-open and f : I — R% a map.

(i) We say that f is right-continuous in t € I if for all (hy), oy C RT such that t + hy, € I
for alln € N and lim,,_, o, hy, =0,

lm f(t+ hy) = f(1).

n—oo
In short form, we will also write limy, o0 f(tn) = f(t) YV (tn),en Nt
(ii) We call f right-sided differentiable in t € I if there is some a € R? such that for all
(hn)pen C RY satisfying t + hy, € I for alln € N and lim, o h,, = 0,

lim hi(f(t+hn) —F(t) — hn-a) =0

n—oo n

In this case, we call f"*(t) :== 9} f(t) :== 1 f(t) := a the right-sided derivative of f in
tel.

If f is right-continuous in all t € I, we say that f is right-continuous. Analogously, we call f
right-sided differentiable if this property holds for all t € I.

In the sequel, unless specified otherwise, I will always denote a right-open subset of R.
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Remark 4.2.

(a)

(b)

By the definition of a right-open set, we see that the conditions for right-continuity and right-
sided differentiability are always non-empty.

It is straightforward to check that I C R is a right-open interval if and only if there are a,b € R
with a < b such that

I'e {Rv (—007 b)u [av b)v (av b)» [av OO), (av OO)}

Obviously, every continuous function on [ is right-continuous, and by our notion of differentia-
bility on I (definition and remark every differentiable function on I is right-sided
differentiable, with its right-sided derivative coinciding with the (classical) derivative. More-
over, it is readily checked that the right-sided derivative is unique provided it exists.

Just as it is the case for continuous functions from I to R%, we can characterize right-continuity
by an appropriate e-d-criterion: f is right-continuous on [ if and only if

Ve>0 Vtel 36>0: se[t,t+0NnI = |f(s)— f(t)] <e.

The proof can almost literally be taken from the corresponding proof for (classical) continuity
in any elementary calculus textbook.

Let us define a right-sided analogue for the little-o-notation: For § > 0 and g : (0,d) — R, we
say g € o(h™)if for all (hy,),, o C (0,8) with lim,,_,s hy, = 0, it holds that g(hL:) 2729 0. Note
that this definition can be regarded as being independent of § because convergence is only deter-
mined by the backmost elements of a sequence. Now, we observe that f : I — R? is right-sided
differentiable in ¢ € I iff there is some (then unique) a € R? such that for § > 0 small enough
(namely such that [t,t 4+ 6) C I) and r defined by 7 : (0,§) = R, h — f(t+h) — f(t) — h-a,
we have r € o(h').

The common limit theorems for sums and products of sequences directly imply that sums
and products of right-continuous resp. right-sided differentiable functions f,g : I — R are
right-continuous resp. right-sided differentiable, and in the latter case, the corresponding
differentiation rules hold. In particular, the right-sided derivative is a linear operator. However,
note that in general, the analogue to the chain rule for compositions of right-sided differentiable
functions fails to hold: one can easily convince oneself that it is necessary that the inner function
is non-decreasing in order to ensure bare existence of the considered limit. On the other hand,
for g right-sided differentiable at ¢ and f differentiable at g(t), it is clear from the proof of
the classical result (see e.g. [2, p. 305 f.]) that f o g is right-sided differentiable at ¢, with

(fog) ()= f'(g(t)-g"* ().

All the definitions can easily be modified with “left” replacing “right”, and usually the results in
the following remain valid when formulated accordingly, which can be seen either by adapting
the definition/proof in the obvious way or applying our results to f(—-): —I — R, which is
obviously right-continuous resp. right-sided differentiable iff f is left-continuous resp. left-sided
differentiable.

Directly from the first definitions, we can prove the announced generalization of Grgnwall’s lemma:

42



4.1 ONE-SIDED DIFFERENTIABILITY

Theorem 4.3 (Grgnwall’s lemma, generalized differential form). Let to,T € R, T > tg, and
I [to, T] = R a continuous map which is right-sided differentiable on (to,T). Moreover, assume
that g, h : [to, T] = R are continuous functions such that

@) <g(t)-f(t) +n(t)  Vte (to,T).

Then for all t € [to, T,

sy e ([ :g<s> as) |7+ [ e (- :gm ar)ens) s (4.1)

Corollary 4.4. Under the hypotheses of theorem[{.3 with the additional assumption that g, h > 0,

F(t) < exp (/t:g(s) ds> : (f(to) +/th(s) ds> Yt € [to, T). (4.2)

to
Proof. Clear. O

Proof of theorem[[.3 Let u(t) denote the r.h.s. of for t € [to,T], which is well-defined
because all involved integrands are continuous and thus bounded on the compact interval [to, T];
in particular, they are integrable on any sub-interval of [tg, T]. Using continuity of g and h and
the (classical) fundamental theorem of calculus, one can readily check that w is differentiable and
the (unique) solution to the initial value problem

u'(t) = g(t)- f(t) + h(t),  ulto) = f(to) (4.3)

on [tg,T] in the sense of definition It remains to prove that f(t) < wu(t) for all ¢t € (to,T),
since there is nothing to prove for ¢t = ¢y, and the case t = T follows from continuity of f and u
(conservation of weak inequalities under taking limits, an argument that will abundantly and often
hiddenly be used in the sequel). For e > 0, let h : [to,T] — R, ¢ — h(t) + ¢, and u. denote the
solution of with f(to) replaced by f(tg) + ¢ and h replaced by h.. By looking at u., namely
the r.h.s of with the said substitutions, we immediately deduce from continuity of all involved
functions that for fixed ¢ € [to, T,

u(t) = il\r% ue ().
Hence we need only prove that for all e > 0 and ¢ € (¢o,T), f(t) < u.(t). Assume for contradiction
that for some € > 0, there exists ¢ € (to,T') such that f(t) > u.(t). Define

Ti=inf {t € (to,T) : f(t) > u(t)} € [to,T).

Note that actually 7 > to because f(to) < f(to) +¢& = uc(to) and f,u. are continuous. Now, the
crucial observation is that continuity of f,u. also implies that f(7) = u-(7): on the one hand, by
definition of 7, f(f) < u.(t) for all t < 7, so f(7) < us(7). On the other hand, we can rule out
that f(7) > u.(7) because otherwise due to continuity of f,u. we could find some § > 0 such that
f(s) > uc(s) for all s € (7 — 6,7 4+ §), contradicting the infimum property of 7. Consequently,
f(7) = uc(7), and thus by definition of the infimum there is a sequence (t,,), .y C (7, 7)) such that
t, \¢ 7 and f(t,) > uc(t,) for all n € N. For n € N, define a,, := t,, — 7 > 0. Then clearly
tn =T+ a, € (1,T) for all n € N, and a, \ 0 as n — co. We use (an), oy as a tester for the
right-sided derivative of f at 7:
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>g(7)- f(7) + h(7),
yielding the desired contradiction. O

Note that the initial condition u.(ty) = fo + € allowed us to dispense with the requirement of
right-sided differentiability in tg with the corresponding bound on the right-sided derivative there.
The method which we used in the proof of Grgnwall’s lemma suggests that we can even show a
more general result, which will be very useful for estimating the growth of functions with other
bounds on their right-sided derivatives:

Theorem 4.5. Let tyg € R, a,b > 0, pg € R and F € C([po — b,po + b] X [to,to + a]). Define
o :=min {a,b ||F||O_O1 } > 0. Consider the IVP

ul(t) = F(u(t)’t)? u(tO) = Do- (*)

By Peano’s existence theorem (see e.g. [20, p. 10]), there exists a solution of (%) (in the sense
of definition [{.61)) defined on [to,to + o]. Even more is true: By [20, p. 25], () has a mazimal
solution u® on [ty,to+a] in the sense that every other solution u(t) of () defined on [ty,d] for some
§ > 0 satisfies u(t) < u®(t) for all t € [to,to + min {a,d}]. Now, assume that v : [to,to +a] — R is
a continuous map which is right-sided differentiable on (to,to + @) satisfying v(tg) = po and

VT (t) < F(o(t),t) Yt € (Lo, to + ).
Under these hypotheses, it holds that

v(t) <ul(t) Yt € [to,to + .

Proof. W.lo.g. let F £ 0 (we could handle this easily with the previous Grgnwall’s lemma). By
continuity of v, u°, it suffices to prove the claim for every 0 < o’/ < a. Consequently, let 0 < o’ <
and N € N such that

14+ao
N> —— —
T b ||Fl]

which is well-defined because o < b HFH;Q1 and therefore b > a||F||, > o ||F| . Then for any
n > N, the IVP

ul, (t) = F(un(t),t) + %, un(to) = po + % ()

has a solution u,, on [tg,to +’]: Let to := to, Po := po + %, a:=a,b:=b— % In our notation, we
omit the n-dependence of the parameters for the sake of readability. We also define F}, := F + %
on [tg,tg + a] X [po — b, po + b] (for the corresponding n, of course). Observe that b > 0 because

1 _b=d|Fll _ b o || Fllo
N — 1+ao Y 1+ o

< b,

and that [fo, fo +a] x [po — b, fo +b] = [to, to +a] x [po — b+ 2, pg +b] C [to,to+a] x [po — b, po +b].
Consequently, F), is well-defined and continuous with || F,,||lsc < ||F||,+2. Using o/ < o < b||F||;o1
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and therefore b= ||F||__ < (/)”", we obtain

A Rt S b - b+a'b—b+ao||F]., ,
Nl = > — = =o'
Mo T F+ 2 7 F L + e Fl + & TP, + b — o [FlL

This finally shows that o/ < min {a, b- | Follst}- Since (##) is nothing but the IVP
u;z(t) = Fn(un(t)vt)a un(EO) = Do,

Peano’s existence theorem does indeed provide us a solution w,, on [tg,tg + '] for n > N.

By theorem 1.2.4 in [20 p. 4] (which is itself basically a consequence of the Arzela-Ascoli theorem,
to be found on the very same page), there is a subsequence (ny)ken of (n),>n and a solution u of
(%) such that

k—o0

sup { [un, (t) —1(t)| : t € [to, to + ]} — 0.

k—oo

In particular, for all ¢ € [to, to + o], up, (t) —— w(t).

Recall that we want to prove v(t) < u®(t) for all t € (tg,a’). Since u(t) < u°(t), it suffices to
show that v(t) < @(t) for all ¢t € (to,to + ), which in turn is true provided v(t) < u,(t) for all
n > N and all t € ({g,to + ). Assume for contradiction that there is some n > N and some
t € (to,to + ') such that v(t) > u,(t). Let

T :=inf {t € (to,to + ') 1 v(t) > un(t)} € [to, to + ).

By proceeding as in the proof of theorem we may conclude that 7 > ¢ty and

V() 2 () = Flun(r),7) + 5 = Flu(r), 1)+ 2 > F(u(r),7),

which yields the desired contradiction. O

Remark 4.6.

(a) Going through the proof of the previous theorem with v := u°, one obtains that u° < u, i.e.

U = % as pointwise (even uniform) limit of the
subsequence u,, in the proof. Moreover, we could apply the theorem to see that actually the

in fact we constructed the maximal solution u
whole sequence (uy,)n>n is non-increasing and therefore converges pointwise (even uniformly)
to u’ = .

(b) Grgnwall’s lemma is indeed a special case of theorem with F(z,t) := g(t) - z+ h(t) defined
on [—C,C] x [to,T] for C > 0 large enough, since the unique (F' is Lipschitz continuous in z)
and therefore maximal solution u(t) to the IVP

u'(t) = g(t) - u(t) + h(t) = Fu(t),t),  ulto) = uo
on [to, T] is given by the r.h.s. of (4.1)).

(¢) A less general version of this theorem, which requires right-sided differentiability of v with the
corresponding bound on v *0 also in tg and uniqueness of the solution for (), can be found
in [38, p. 425 f.]. We are going to adapt the nomenclature and sometimes call theorem
comparison theorem from now on.
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Let us finally mention one small adaption of theorem 1.5}

Corollary 4.7. Under the hypotheses of theorem[{.5], let us slightly change the assumptions in the
sense that we do not require u® to be a mazimal solution anymore, and instead assume that v is
right-sided differentiable also in to, with

vV (t) < F(u(t),t)  VtE [to,to+ ).

Then the conclusions of theorem [{.5 remain true.

Proof. Again, we assume for contradiction that for some solution w of the IVP (x) and some
t € (to,to + ), v(t) > u(t). Defining 7 accordingly, this time we only get T € [to, to + «), and we
arrive at the contradiction

v (r) > u" (1) = Fu(r),7) = F(v(7), 7). O

The following theorem provides an analogue for the mean value theorem of differentiation for right-
sided differentiable functions. One can actually prove it from scratch (see e.g. [27]), however, with
our general version of Grgnwall’s lemma at hand, the proof can be given in a much shorter way:

Theorem 4.8. Let g : [a,b] — R be continuous and right-sided differentiable on (a,b), then there
are ,&' € (a,b) such that

9"t <
In particular, for all s,t € [a,b] with s > t,

(s) —g(t)

inf {g"*(7): 7 € (t,5)} < J o <sup{g"T(7): 7€ (t,5)}.

Proof. We first claim that if g satisfies g(a) = g(b) = 0, then there is some £ € (a,b) with
g" (&) > 0. Indeed, assume for contradiction that ¢"*(¢) < 0 for all ¢ € (a,b). Applying corollary
with ¢ = h = 0, we obtain g(t) < g(a) = 0 for all ¢ € [a,b]. However, g = 0 on [a,b] yields
g"T(t) = 0 for all t € (a,b) and hence cannot be the case. Thus, we find some ¢ € (a,b) with
9(&) < 0. Using Corollaryagain, this time on the interval [¢, b], now shows that g(b) < g(£) <0,
yielding the desired contradiction. Note that by considering —g instead, we see that there is also
some ¢ € (a,b) with g"T(&") > 0.

Inspired by the proof of the mean value theorem for differentiable functions, we now define

g(b) —g(CL) (t—a)

n:le,b] =R, teg(t) - gla) - = —

Then obviously n(a) = n(b) = 0, and 7 is continuous and right-sided differentiable on (a,b)
with 0" (t) = ¢"*(t) — % (see the discussion in remark ). Hence, from the initial
claim we obtain existence of some £ € (a,b) such that 77 (£) < 0, which shows the inequality
g T (€) < w. Likewise for the other inequality. O

From this version of the mean value theorem (or, alternatively, from theorem |4.5), we can prove
the (intuitively clear) statement that maps with smaller right-sided derivative do not outrun maps
with larger right-sided derivative:
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Corollary 4.9. Let f,g : [a,b] = R be continuous and right-sided differentiable on (a,b) with
f(a) < g(a) and T (t) < ¢g"*(t) for allt € (a,b). Then f(t) < g(t) for allt € [a,b].

Proof. Define h(t) := f(t) — g(t) on [a, ], then h is continuous, right-sided differentiable on (a,b),
and

W) =) —g" () <0 Ve (a,b).
By theorem for all s,t € [a,b] with s > t,
h(s) — h(t) < (s —t)-sup {R"*(7): 7 € (t,5)} <0.

Hence, h is non-increasing, and with h(a) = f(a) — g(a) < 0, we obtain h < 0, which yields
f<g O

Another important application of theorem [{.8|is that it allows us to prove interchangeability of
right-sided differentiation and integration under quite general assumptions:

Theorem 4.10. Let (2, A, 1) be a measure space, I C R right-open and f: Q x I — R such that
(i) f(-,t) € LYQ,du) for every t € I,
(ii) f(w,-): I — R is right-sided differentiable for all w € 2, and

(iii) there is some g € LY (2, du) such that for all w € ), there exists §,, > 0 with

sup {|9F f(w,s)| :s e [t,t+d,] NI} < g(w).

Then the map I — R, t — / fw,t) du(w) is right-sided differentiable with
Q

o ([ seau) = [ of flwndu)  weer

Proof. Let t € I and fix w € Q. W.l.o.g. we may assume that [t,t + d,] C I (I is right-open!). Let
(hn)yen C (0,0,] with hy, N\ 0. By theorem for every n € N,

hi (f(w,tJrhn) f(w,t))’ < sup{|8jf(w,s)‘ 15 € [t,t+hn]}

n

< sup {|0f f(w,s)|:s€[t,t+0,]NT}
<gw).
It follows that g is an integrable majorant for the sequence of measurable functions (g, ),, oy, Where
Jn = i (f(-,t+hn) — f(-,t)). By linearity of the integral and the dominated convergence
theorem (cf. [29, p. 19]), it follows that
. 1
o ([ ste.tyau)) = tim [ 5L (fnt 4 ) = 1) dute)

n—oo Q n

:/ingroloi(f(w,t—i—hn)—f(w,t)) dp(w)

n

=A@Wwoww» 0
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Finally in this section, we prove that a version of the fundamental theorem of calculus still holds
for one-sided differentiable funtioos. However, in advance we must ensure that integrating a right-
continuous function makes sense:

Lemma 4.11. Let f : R — R be right-continuous. Then f is (Borel-) measurable.

Proof. From measure theory, we know that it suffices to find a sequence of simple functions ( f,,)
which converges to f pointwise (see e.g. [8, p. 106]). Let us define

neN

n2+1

fn = Z f(%)']l[%7i+l), n € N.

n

i=—n2—1

Then (fy),cy is obviously a sequence of simple functions. Note that for all z € R and n € N,

x € [%, %) because of the obvious inequality [y| <y < [y|+1fory € R, ie. z € [L, )
for i = |nxz|. Hence for n > |z|, ||nz]| < n? + 1 (distinguish the cases x > 0 and x < 0), and thus
fal@) = f@)] = | £ (2252 = f(@)] 2= 0
by right-continuity because % \( T as n — oo. O

For a right-continuous map f defined on an interval, it is easy to extend f to a right-continuous and
hence measurable map f defined on R, and hence f is measurable as restriction of a measurable
function to a measurable set. Consequently, the following makes sense:

Lemma 4.12 (Fundamental theorem of calculus analogue for right-sided differentiable maps). Let
a,beR and f : [a,b] — R be bounded and right-continuous on [a,b). Define

t
F:la,b] =R, tH/ f(s)ds:= f(s)ds.
a la,t]

Then F is continuous and right-sided differentiable on [a,b) with right-sided derivative F""* = f.

Proof. The expression on the r.h.s is well-defined because f is bounded and right-continuous and
therefore measurable by the previous discussion; in particular, it is integrable on bounded intervals
contained in [a,b]. Let us first prove continuity of F: for ¢ € [a,b] and (h,),cy C R such that
(hn)ypeny — 0 and t + h,, € [a,b] for all n € N, define f,, := f -1 44p,), then fp 272 ) pointwise
almost everywhere and |f,,| < [f[- 1[4 for all n € N, therefore (f is integrable!) showing that
|f|- 1[4, is an integrable majorant. It follows by dominated convergence that

t+h, t
lim F(t+ hy,) = lim f(s)ds = lim (/ f(s)ds + / fn(s) ds)
a R

n—oo n—oo a n—oo
= F(t) +/ 0ds = F(t).
R

Note that we used that integrals over singletons are zero because {t} is a Lebesgue null set for every
t € R. Now, let t € (a,b) and € > 0. Choose ¢ > 0 such that for all s € [¢t,t+ 48], |f(s) — f(¥)| <¢;
this is possible by right-continuity of f (see remark (iii)). Then for all 0 < h < 4,

t+h
- ( | ue- f(t))ds>

Since € > 0 was arbitrary, this yields the claim. O

t+h
() = F@) = e 0)] = < [ I - s as <
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Remark 4.13. Right-continuity alone does not imply boundedness and/or integrability, as can
be seen from considering the function

n’ n+l

1,1 =R, tHin-ﬂ[ili 1 )(t)7
n=1

which is obviously right-continuous on (—1,1), but not bounded/integrable on any neighbourhood
of 0 € R.

Lemma 4.14. Let a,b € R and f : [a,b] = R be continuous and right-sided differentiable on (a,b)
with right-continuous and bounded right-sided derivative. Then for t € [a,b],

£(t) = f(a) + / fH(s) ds. (4.4)

Proof. Let g : [a,b] — R denote the r.h.s. of . Then f and g are continuous (for g this
follows from lemma and obviously agree for t = a. Again by lemma g is also right-sided
differentiable on (a,b) with ¢ = f"* i.e. for h:= f — g, we have h’"* = 0 on (a,b). By applying
Grgnwall’s theorem or the weak mean value theorem to both A and —h, we find that ~ = 0 and
consequently f = g on [a, b]. O

4.2 Some one-sided differentiable maps

In this section, we want to prove that for a large class of curves v, the maps ¢t — |y(¢)| and
t — Sup,«s<; ¥(8) are right-sided differentiable. Moreover, we calculate bounds on the right-sided
derivatives in terms of the right-sided derivative of . This makes the results from the previous
section applicable to many proofs in the main text.

Lemma 4.15. Let I C R be right-open and f,g : I — R continuous and right-sided differentiable
with right-continuous right-sided derivatives. Define

h:I—R, t— max {f(t),g(t)}.

Then h is also continuous and right-sided differentiable with right-continuous right-sided derivative,
and

@), f(t) > g(t)
R (t) = 9" (1), ft) < g(t) Vtel
max {f"*(t),g"" (1)}, f(t) =g(t)

Proof. Let t € I. We need to distinguish 3 cases:

(i) If f(t) # g(t) we may assume w.lo.g. that f(f) < ¢g(¢). Then by right-openness of I and
continuity of f and g, there is some § > 0 such that f(s) < g(s) for all s € [t,t+ ] C I.
Hence, for all these s, h(s) = g(s) and therefore (locality of the right-sided derivative) clearly
h'*(t) = g"T(t). Note that this reasoning also shows that k""" (s) = ¢ (s) for all s € [t, t+5),
so we also obtain right-continuity of A" in t.

(i) Next, consider the case f(t) = g(¢) and f"*(¢) # ¢ (t). W.lo.g. let f"*(t) < ¢""(¢). By
right-continuity of the right-sided derivatives, there is some ¢ > 0 such that f"*(s) < g"*(s)
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for all s € [t,t + 6] C I. From corollary [4.9] we deduce that f(s) < g(s) for all s € [t,t + 4],
i.e. h(s) = g(s) for these s. Again, it follows that T (¢) = ¢"*(t) and b (s) = g"T(s) for
s € [t,t +0), i.e. h"T is right-continuous in t.

(iii) Finally, suppose that f(t) = g(t) and f"*(¢) = ¢"T(t). Then for s > t,
F&)=FO+ 1) (s—t) +ri(s — 1),
g9(s) = g(t) +g" () (s = t) +ra(s —t) = f(t) + ["F(1) - (s — ) + (s — 1),
where 71,72 € o(h™) (see remark ) This shows that for every s > t,
h(s) = f(t)+ "7 (t) (s —t) +7(s — 1),

where 7(s — t) := max {ri(s —t),r2(s — t)}. It follows that 7 € o(h™), so by uniqueness of
the right-sided derivative we obtain that h"*(t) = f"(t) = ¢"(t). But we have already
seen that b (s) € {f"T(s),g"T(s)} for all s € I (in any of the three distinguished cases), so
it follows from right-continuity of f"* and ¢"t that A% is right-continuous in ¢. O

Lemma 4.16. Let I C R be right-open and fi1,...,fn : I — R be right-sided differentiable with
right-continuous right-sided derivatives. Then

h:I—R, t — max {f;(t) : i € [n]}
1s right-sided differentiable with right-continuous right-sided derivative, and

R (t) = max{f{*(t) i€ [n], filt)=h(t)} vVt el

Proof. For n = 1, there is nothing to prove, and for n = 2, the assertion is precisely the state-
ment of lemma written in an aggregate form. Hence we only need to execute the induction
step n — n + 1. Let us assume that we have shown the assumption for n > 2. Then since
max {f; : 7 € [n]} and f,41 are right-sided differentiable with right-continuous right-sided deriva-
tives, we can again apply lemma and obtain

R (t) = 0 max { max {fi(t) : i € [n]}, fat1(t)}

0 max {f;(t) : i € [n]}, max {fi(t) : i € [n]} > fus1(t)
= fih (@), max {fi(t) 14 € [n]} < fata(t)
max {0 max {fi(t) i € [n]}, £y 5, (1)}, max{fi(t) :i € []} = fara(t)

— max { £/ (1) : £it) = (D)} 0

Corollary 4.17. Under the hypotheses of lemmal[].16, define
h:1—R, t — min{f;(t) : i € [n]}.
Then h is right-sided differentiable with right-continuous right-sided derivative, and
R (t) =min {f{7(t) :i € [n], fi(t)=h(t)} Vtel.

Proof. By lemma using the identity inf A = —sup(—A) for A C R, we obtain that for ¢ € I,
B () = 0 min { f5(t) 1 € [n]} = 0 (— max {~f;(¢) : 4 € [n]})
= —max {—f"(t) i € [n], —fi(t) = max {—f{"(t) :i € [n]}}
=min {f7(t) 24 € [n], fi(t) = h(t)}- m
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We want to apply all that we have seen yet to the maximum norm on R%:
Lemma 4.18. Let I C R be right-open and f1, ..., fq: I — R be right-sided differentiable functions
with right-continuous right-sided derivatives. Define f := (f1,..., fa) : I — R, Then
h:I—R, t— | f(t)] = max{|f;(t)]| : ¢ € [d]}
1s right-sided differentiable with right-continuous right-sided derivative, and

[ (1)) < max {[ 77 (1)] : |fi(t)] = A(t)}.

Proof. Apply lemma to fi1,..., foa, where fgi;:= —f; for i € [d]. O

We will typically need this lemma in the following form:

Corollary 4.19. Let I C R be open and 7y : (a,b) — R% a C'-curve. Then

G I <IF®)| Ve (a).
Proof. Clear. O

Remark 4.20. The corollary can also be found in [38, p. 424], without requiring as much pre-
liminary work for the proof as we did here. However, in the course of the main text we also need
the more general version of lemma for right-sided differentiable curves with right-continuous
right-sided derivatives, namely for the stochastic process J,, appearing in section [3.2] so it makes
sense to use the approach we pursued here.

Finally, let us check right-sided differentiability for one further class of functions:
Lemma 4.21. Let I := [a,b] C R a closed interval and g : I — R continuous and right-sided
differentiable on [a,b) with right-continuous right-sided derivative. Let
h:la,b] >R, t—sup{g(s):a<s <t}
Then h is continuous. Moreover, it is right-sided differentiable on [a,b) with

L () — 0, g(t) < h(¢)
B0 = (00}, ) = het

In particular,

0 < A" (t) <max{0,¢""(t)} vt € [a,b).

Proof. Note that h is well-defined (finite) and the supremum is actually a maximum since g is
continuous and [a,?] C R is compact and non-empty for all ¢ € [a,b]. We also observe that h is
non-decreasing with h(t) > g(t) for all t € [a, b].

First, we show left-continuity of h on (a, b]. Afterwards, we prove that h is right-sided differentiable

on [a,b); since this implies that h is right-continuous on [a, b), we also obtain continuity. For the
left-continuity of h, let ¢t € (a,b]. We distinguish between two cases:
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(1) If g(t) = h(t), given € > 0 choose § > 0 such that for all s € I with [t — s| < 9, [g(t) — g(s)] < e.
Then for all s € [t — §,¢t] N1,

Since h is non-decreasing, also h(s) < h(t) holds, so altogether |h(t) —h(s)| < e for all
set—46,tnlI.

(2) In case g(t) < h(t), we can find some & > 0 such that for all s € I with |t —s| < 4,
l9(t) — g(s)] < 3(A(t) — g(t)). Consequently,

sup {g(s) 1t — 0 < s <t} < g(t) + 5(h(t) — g(t)) = h(t) — 5(h(t) — g(t)) < h(?).
Therefore,
h(t) = max {h(t — 8),sup{g(s) : t — 6 < s < t}} = h(t —9).

But A is non-decreasing, so h(s) = h(t — ) for all s € [t — §,t] N I; in particular, h is left-
continuous in t.

Now, let us show that h is right-sided differentiable on the right-open interval [a, b). This time, we
distinguish between four cases:

(i) For the case g(t) < h(t), by right-openness of [a,b) and continuity of g there is some § > 0
such that g(7) < h(t) for all 7 € [t,t+ 6] C [a,b). Consequently, sup {g(s) : t < s <7} < h(t)
and therefore

(1) = max {h(t),sup{g(s) : t < s < 7}} = h(t) VT € [t,t+ 0].
This also implies that A" =0 on [t,t + 0).

(ii) If g(t) = h(t) and ¢"*(t) < 0, by right-continuity of ¢"~*, there is some § > 0 such that for
all s € [t,t+ 6] C [a,b), g"F(s) < 0. Hence, by corollary [1.9] g(s) < g(t) for all s € [t,t + 4],
showing that sup {g(s) : t < s <t + ]} < g(t) = h(t) and thus

h(t) = max {h(t),sup {g(s) : t < s < 7}} = h(?) VT e [t,t+ ).
It follows that A"t =0 on [t,t + §).

(iii) For g(t) = h(t) and ¢g"*(¢) > 0, by right-continuity of ¢"* there are some 7, > 0 such that
gt >mnon [t t+d] C [a,b). With theorem it follows that g is strictly increasing on [t, t+4],
showing that sup {g(s) : t < s < 7} = ¢g(7) and thus h(r) = g(7) for all 7 € [t,t + ] C [a,b) .
This proves that A" = ¢"* on [t,t + §).

(iv) Finally, assume that g(t) = h(¢t) and gt (¢t) = 0. Then for s € I with s > t, we have
g(s) =g(t) + 9" (t) - (s —t) +r(s —t) = g(t) + (s — 1),

where r € o(h™). Let ¢ > 0 be arbitrary and choose § > 0 such that [t,¢ + ] C [a,b) and

T(g t) < ¢ for all s € (t,t+ d]. Then for 7 € (¢,t + 6],

sup{g(s):t<s§7‘}Ssup{g(t)—i—(s—t)- t<s<7}§h(t)—|—5(7'—t).
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Consequently
h(t) < h(1) = max {h(t),sup{g(s) : t < s <7}} <h(t)+e(r —1t) VT e [t t+ 4.
It follows that for every a € (0, 4],

L (hit 4+ a) — na))| <

- -(ea) = ¢,

Q| =

which proves that b (t) = 0 = ¢" " (t) since ¢ > 0 was arbitrary and the right-sided derivative
is unique. But we have seen in all four cases that b+ (1) € {0,¢" % (7)} for all T € [a,b), which
by right-continuity of ¢"* proves that ¢’*T is right-continuous in ¢ in this case as well. [

4.3 Aspects in measure theory

In this section, we collect and derive concepts and results related to measure theory which put
methods from the main text into a more general or abstract setting and thus turn out to be useful
there because it gives some structure to the involved thoughts.

Definition 4.22 (Pushforward measure). Let (21,41, 1) a measure space, (22, A2) a measurable
space and f: Q1 — Qo a measurable map. We define the pushforward or image measure of p
under [ as

fHu=pofT i A = [0,00),  Am p(fTH(A)).

Lemma 4.23. Under the hypotheses of lemma f#u is indeed a measure on (2, As). More-
over, for every g : Qo — R measurable, g € L1 (Qq; d(f#p)) if and only if go f € LY(Qq;dp), and
in this case,

= o f = o
| s = [ gatee s = [ gordn (45)
Proof. See [8, p. 190 £.]. O

Definition 4.24. Let (2, A,P) a probability space and X : Q — R? a random variable. We
say that X has probability density u (w.r.t. Lebesque measure) if and only if the pushforward

measure X#P has probability density u w.r.t. Lebesque measure, i.e. if u € L'(R?) and for any
B € B(RY),

Px(B) = (X#P)(B) = / u(z) da.

B

From measure theory, it is well-known that for p a measure on R? which has a density u w.r.t.
Lebesgue measure and g : R? — R measurable, g € £1(R%;dy) if and only if g-u € L'(R?), and in

this case,
/ gdu:/ g-udz.
Rd Rd

The proof is a standard argument, called algebraic induction: first observe that by definition
this is true for indicator functions, then generalize to simple functions by linearity, and finally use
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monotone convergence and splitting into positive and negative part to show the claim for integrable
functions. We will often use this result without further mentioning in the sequel.

Our first important observation is a tight relationship between the expectation value of functions
of translates of a random variable and convolutions. In case the reader is not yet familiar with
convolutions or the notation, she should consider having a close look at definition |4.49

Lemma 4.25. Let (2, A, P) be a probability space, X : @ — R? a random variable and h : R — R
measurable. Fory € R?, define
hy :R* = R, x = h(y — ).

Then the random variable hy o X has an expectation value if and only if h, € L*(Q; d(X#P)), and
in this case,

E[hy o X] = (hx (X#P))(y)- (4.6)

In particular, if X has probability density u, then
E[hy o X] = (h*u)(y). (4.7
Proof. Note that h, o X is indeed measurable because we can write it as composition of the two
measurable maps h, X and a (continuous and therefore measurable) euclidean motion. With lemma

we conclude that the Lh.s. of (4.6) is defined if and only if h, € £1(Q;d(X#P)), and under

these circumstances,
E[hy o X] = /th o XdP = /Rd hy A(X#P) = /]Rd hy — ) A(X#P)(x) = (h* (X#P))(y).

This clearly implies (4.7)), too. O

Next, we want to consider marginals, which we need to formalize the operation #*, occurring in the
main text.

Definition 4.26. Let (Q, A, u) be a measure space and assume that there are measurable spaces
(Q,A;), i € {1,2} such that @ = Qq x Qg and A = A; ® As, where

A1 ® Ay = 0 ({B1 X By : By € Ay, By € Ay})
1s the o-algebra generated by measurable rectangles, called product-o-algebra. Then
mi(p) 1 Q — [0,00], B p(B1 X Q2), ma(p) : Qo — [0,00], Bg — p( X Ba)
are easily checked to be measures on Qy resp. Qo. We call them first resp. second marginals
of .
Lemma 4.27. Under the hypotheses of deﬁnition let f € LY(Q;d(m1 (1)) and define
f:Q:leQQ—HR, (w1, wsz) — f(wr).

Then f € £Y(Q;du), and

| Fan=[ ram).
Q Q1
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Proof. First note that f is A-measurable because for any B C R measurable,
f_l(B) = f_l(B) x Qo e A1 x Ay C A1 ® As.
For B € Ay and f = 1 an indicator function on 21, we have

flwi,w2) = 1p(w1) = Lpxa,(Wi,w:) V(wi,ws) € Q1 x Qy =Q

and hence
/Qfdu = (B x Q) = (m(n))(B) = /Q 1p(wr) d(mi(p))(wr) = ; fd(m ().
By algebraic induction, the claim follows. O

Lemma 4.28. Let d = dy + dy and pu be a finite measure on R = R% @ R% which has Lebesgue
density u € L*(RY). Then w1 (1) has Lebesgue density p € L*(R%), where

p(q) = /]Rd2 u(g,p)dp for a.e. g € R4, (4.8)

Proof. By Fubini’s theorem (cf. [8, p. 185]), p € L*(R%) is finite a.e., and for B € B(R™),

(m)(B) = (5 7) = [ pusuwite = [ ([ Gpmntan) utan ) da

- /Rdl (/ u(g, p dp) dg = /BP(Q) dg. L)

We will mainly need the previous results in the context of random variables:

Corollary 4.29. Let (Q, A,P) a measure space and X : Q — R? a random variable with probability
density u. Let d = dy + do as above and define the random variable

moX: Q= R, w = m (X (W),

where 7 : R = R% x R% — R4 (q,p) — q. Then m(X) is distributed by the law w1 (X#P). In
particular, it has probability density p w.r.t. Lebesque measure, where p is defined by (4.8).

Proof. For B € B(R™),

(w10 X)#P)(B) = (Bo (m1 0 X)")(B) = (Po X ") o )(B) = (X#P)(B x R%)
— (m(X4P))(B).

The second claim now immediately follows from lemma 4.28 O

To conclude the discussion of marginals, let us introduce a shorthand notation which we heavily
make use of in chapters 1-3:

Remark 4.30. On phase space RS = R? x R3, for u a finite measure on R% and f : R3 — R?
measurable, we will often write f x, = f * 71 (1), i.e. if f*m(p) : R? — R? exists, then

(f #q 1)(g /fq—q (M@ = [ Fla=a.5) duta.),
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where we used the notation and statement of lemma [£:27] In particular, if ;1 has Lebesgue density
u € LY(RS), by lemmam

(f *4 1)(a / fla—a)-p(@di = (f * ) a).

Our next measure theoretic topic is a short introduction to measure preserving maps, which we
will depend on when discussing our generalization of Liouville’s theorem in section

Definition 4.31. Let (2, A, 1) a measure space. A measurable map @ : Q@ — Q is called measure
preserving (w.r.t. u) if ;1 agrees with its pushforward under ®, i.e. if

(®#u)(B) = w(B) VB e A

Remark 4.32. In case ® is an invertible map with ®~! measurable, too, then ® is measure
preserving if and only if ®~' is measure preserving: Assume that ® is measure preserving, then
for every B € A,

(@7 #u)(B) = p((@71)7H(B)) = w(®(B)) = (2#u)(2(B)) = (uo @~ 1)(®(B)) = u(B).
By interchanging the roles of ® and ®!, the other direction follows, too.

Lemma 4.33. A measurable map ® on a o-finite measure space (2, A, u) is measure preserving
if and only if for every f € LY(Q;dp), fo® € LY(Q;du) with

| rowydu= [ rau (49)

Proof. The crucial observation is the identity 1¢ o ® = 1g-1(¢) for all C' C Q, which is readily
checked.

,<"“ For B € A with u(B) < oo, clearly 15 € £1(Q;du), and by (4.9) and our observation,

(®#p)(B) = u(®~Y(B)) = /Q]lq),l(B) dp = /Q(]IB o®)dy = /Q]IB du = pu(B). (%)

In case p(B) = oo, let (Sy), ey C A with pu(S,) < oo for all n € N and S,,  Q (existence of such
a sequence is precisely provided by the assumption of o-finiteness), then also BN S, * B, and
from continuity of a measure from below, we conclude

(®#p)(B) = lim (®#p)(BNSy) = lim (BN S,) = u(B).

»=": Note that for ® measure preserving w.r.t. u, by the computation (x . holds for indicator
functions. Then apply algebraic induction. O

The final part of this section introduces a definition which aggregates some important properties
of the stochastic processes A, J, I introduced in chapter

Definition 4.34. Let (2,.A) a measurable space and X,Y topological spaces. We equip X,Y with
their Borel-o-algebras, which makes them measurable spaces as well. A map ¢ : Q x X — Y is
called Carathéodory function if
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(i) co: X =Y, xw— c(w,x) is continuous for allw € Q, and

(i) cz : Q2 =Y, ww c(w,z) is measurable for all x € X.

Lemma 4.35. Under the hypotheses of definition assume additionally that X is separable
and Y =R. Then the map

f:Q—R, w +— sup ¢(w, )
reX

is measurable. In particular, this holds if X C R is an interval (and X is equipped with the subspace
topology induced by the standard topology on R, of course).

Proof. Let C C X a countable, dense subset. We first claim that

S 1= sup ¢(w,x) = sup c(w, x) Yw € Q.
zeX zeC
Indeed, fix w € Q. Since X D C, “>” is clear. On the other hand, if s, < oo, let € > 0 be
arbitrary, then by definition of the supremum there is some y € X such that c(w,y) > s, — €.
By continuity of the map c(w, - ), ((c(w, -)) " ((sw — &, 8, +€)) C X is open, and it is non-empty
because it contains y. Since C' C X is dense, there is some z € ((c(w, -)) ™" (50 — &, 50 +€)) N C.
Consequently, sup,cq c(w,z) > c(w,z) > s, —e. But € > 0 was arbitrary, so we also obtain
Sy < supgee c(w, ). For s, = 0o, one can argue in a similar fashion.

Since C' C X is countable, we can write C' = | J,,c {#} for an appropriate sequence (x,), .y C X
and for n € N define the map ¢, : @ - R, w — ¢(w,x,). Then by hypothesis, ¢, is measurable
for all n € N, and

f(w) = sup ¢(w, z) = sup ¢(w, ) = sup ¢(w, x,) = sup ¢, (w).
zeX zeC neN neN

By [15, p. 17], f is measurable as the pointwise supremum of measurable functions X — R. O

4.4 Bounded Lipschitz topics

Let d,d’ € N and denote by M(R9) be the space of finite, signed measures on R?. This means
that any o € M(R?) can be written via o = u — v where u,v € M*(R?) are finite (classical /non-
negative) measures. We are going to need the following definitions:

Definition 4.36. We call a map f : R* — RY Lipschitz continuous if
|f(z) = f(y)l

Iflly == sup “—F—="2 < oo (*)
L z,yeR? |$ - y|
T#Y

The class of bounded Lipschitz functions is then defined by
BL(RGRY) :={f:R* > R 1 ||f|l, < oo, ||l < oo}

As usual, we write BL(R?) in case d’ = 1.
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Remark 4.37.

(a)

Since all norms on R? and R? are equivalent, the definition of BL(R%; Rd') does not depend on
the choice of norms on R? resp. R?. Unless mentioned otherwise, we will use the maximum
norm both on R? and R? in the sequel because it blends particularly well with treating product
spaces.

In the literature, there are different conventions regarding the definition of Lipschitz continuity;
what we call Lipschitz continuity is sometimes also considered as global Lipschitz continuity,
by contrast to local Lipschitz continuity where (x) is computed for fixed 2 and the bound on
the r.h.s. of (x) may depend on z € R9.

Note that by construction, |f(z)— f(y)| < ||fly-|z —y| for all z,y € RY. From this, we
see that every Lipschitz continuous map f is uniformly continuous (“6 = - ||f|l{ ') and in
particular continuous. Consequently, BL(R?; R%) c C,(R%; RY).

For d” € N, f € BL(R%:R%) and g € BL(R?;R%"), one has g o f € BL(R% R%"), with
lg o fllgr, < max {[lgll . I/l lgll.}-

Indeed, it is clear that ||g o f]|, <lgll,, and for 2,y € RY,

(g0 f)(@) = (g0 NI = lg(f(x)) = g(f DI < llgllL - 1f (@) = FWI < lglle - Iflle - = =yl
which proves that [[g o fll, < |[flly, - [lglly-

Be aware that unlike one might expect from the notation, actually || - ||, is only a seminorm on
{f € Abb(R% RYY: |1 £l,, < oo}, since for every ¢ € R? | the map g.(z) := ¢ obviously satisfies
gelly, = 0

However, one can easily convince oneself that BL(R?; Rd/) becomes a complete normed space

w.r.t. the norm |||, = max{]-|| I} and therefore with all the equivalent norms

oo’”

|- llgr == (I llo s I - [I,)] . where |-|_ is any norm on R?: that | - ||, satisfies all require-
ments for a norm is obvious. Since || ||y, is obviously stronger than || - ||, it is well-known
that any Cauchy sequence (fy),cy C BL(R%:RY) € Cp(RHRY) wor.t. ||-||g, converges uni-
formly to some f € Cy(R%; Rdl). The only thing that remains to prove is that f is Lipschitz-
continuous with ||f — fn|l;, —— 0. Indeed, for every ¢ > 0, we can choose N € N such that
| fm — fall, < € for all m,n > N. By uniform convergence and continuity of |- |, we obtain

that for all z,y € R? with = # y and all n > N,

|(f - fn)(x> - (f - fn)(y)‘ — lim |(fm - fn)(m> _ (fm - fn)(y)‘

|z — m—00 |z — vy

< lim Hfm_fn”LSE'
m—00

This proves that

If = fall, = sup <e
z,yeR? |JU - y|
T#y
Hence, we have indeed shown that ||f — f.|l;, "% 0. Moreover, for, say, ¢ = 1 and

n € N large enough such that || f — f.|l;, < 1, we deduce from the triangle inequality that
Il < I1f = Fall, + 1l £ 1+ fnlle, Le [If]l < oo, as claimed. H
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Definition 4.38. For o € M(R?), we define the bounded Lipschitz norm

llollgy, == sup fdo. (4.10)
fEBL(RY) JR4
1£llpr=1
Remark 4.39.
(a) Note that |- |, is well-defined: denoting by |o| the total variation measure of o (i.e. for

o = pu— v where p,v € MH(R?), |o| = p+ v) and using that |o| is a finite, non-negative
measure, for every f € BL(R?) with || f||z;, = 1 we have

/ £l dlo] < / 1]l dlo] = |o](R%),

which shows that |[|o]|g; | < |o|(RY) < co. Since it is readily checked that f € BL(R?) if and

only if —f € BL(R?), with || f||g, = |- fllgp, it follows that
ol = swp | [ fdol. (1)
FEBL(RY) |/R4
I llsr=1
in particular, || -|g;, > 0. Moreover, it is clear that we could equivalently take the supremum
over all f € BL(R?) with | f||g;, <1 in (£10).
As the name suggests, || - ||z, actually defines a norm on M(R?): We have already shown that

|l : M(R?) — [0,00). Absolute homogenicity and the triangle inequality are obvious using
(4.11). The only non-trivial task is to prove that ||o|gz;, = 0 implies ¢ = 0. Let us briefly
sketch this: For C € R? a closed set and n € N, define

gn R4S R, 1. max{0,1—n-dist(z,C)}.

One can then check that [|g,||, = 1 and ||g,|l;, =1 for all n € N; for the latter equality, use
that |z — y| > |dist(x, C') — dist(y, C)|, which is itself a consequence of the triangle inequality
for the metric d. This shows that f,, € BL(R?) with || f,,|lg;, = 1 for all n € N. Moreover, since

C C R%is closed, n- g, ~== 1¢ pointwise on R%. Now, let us assume that ||o||g;, = 0, then

by (1D,

/ nogndazn/ gndo =0 vn € N.
Rd Rd

Since 1q is an integrable majorant for (n- g, )nen (recall that |o| is finite), dominated conver-
gence yields

0= lim n-gndaz/ lim(n~gn)dU:/ 1cdo =0o(C).
n—oo Rd ]Rd n—oo Rd

But the closed sets are a M-stable generator of B(R?), and the zero measure and o coincide

on closed sets, so we may conclude (see [12, p. 39]) that ¢ = 0 (actually, we may only use this

directly for o € M*(R?), however, using the Hahn decomposition (which precisely corresponds

to writing o = p — v for u,v € M (R?)), we can easily generalize this statement to arbitrary

signed measures).
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()

Note that for f € BL(R?), g := :l:||f||};iof satisfies ¢ € BL(R?) with ||g||z;, = 1, and hence
for every o € M(R?),
/ gdo
Rd

Consequently, by absolute homogenicity,

‘/ fdo /gdo
Rd Rd

We can generalize || - ||z, in a straightforward way to product spaces using the product metric:
for n € N and o € (M(R9))",

< sup fdo = |o|lgy-
f€~BL(Rd) R4
I fllBL=1

< | fllsr llollsr Vf € BL(RY). (4.12)

= ||f||BL'

lollpr, := max {{loillgy, : @ € [n]}-

Let (€2, A,P) a probability space and (Xy,), oy, X : 2 — R? be random variables distributed
by the laws (itn),cn TeSP. p, i.6. Xp#P = pn, X#P = p. Let f € BL(R?), then by the
observation we just made, for ||u, — p||g;, = 0, we obtain

E[f(Xu)] = E[f(X)] +E[f(Xn) = fF(X)] = E[f(X)] + g f d(pn = p) 2 ELF(X)]

since
n— oo
[ e = 10| < 18l e = iy, 2= 0,
Consequently, || - ||y, induces a metric on (signed) finite measures which is highly relevant from

the physical point of view because convergence of (probability) measures in || - ||, characterizes
convergence of expectation values of classical observables, e.g. on phase space. From the
mathematical point of view, the Portemanteau theorem (see e.g. [26] p. 254]) states that
for ||pn — pll gL, 27200, pn — p, i.e p, converges to u weakly in the sense of probability
measures.

Unfortunately, (M(R?), || - ||lzp,) is not complete: It is well-known (see e.g. [12, p. 119]) that
(M(RY), ||+ |l,0) is complete, where || - ||, denotes the total variation norm, i.e. for o = p—v
with p, v € MT(R?),

o]l = lol(RT) = u(R) + w(RY).

Moreover, || - |, and || -||,; are not equivalent: We have already seen that |- |5 < |0
(this is hidden in remark @) On the other hand, consider the sequence of Dirac measures
(81 )nen C M(R?), then clearly

1
n

162 = ol =01 (RY) +6o(RY) =2  VneN.
Moreover, for f € BL(R?) with ||f||z;, = 1, ||fll; < 1, and hence we obtain that for all
neN, [f(+) = f(0)] < |: -0 = L. Consequently, |61 — dol|sr. < £ “—> 0. This already

implies that (M(R?), |- |5;) is not complete: Assume for contradiction it was, then since
id : (MR, | lyr) = (M@, |- [lg,) is bounded and surjective (in fact, bijective), it
would be an easy consequence of the open mapping theorem, also known as Banach-Schauder
theorem (see e.g. [1I, p. 83]) that id is invertible with bounded inverse, which leads to the
desired contradiction because this would mean that || - ||, || - ||, Were equivalent.
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Definition 4.40. On the subspace of probability measures P(R?Y) C M(R?) on R?, || - ||y, induces
a metric dgy, via

dpr, : P(RY) x P(RY) — [0, 00), (,v) = dpr(p,v) == ||p — v|lgy.-

We call dgy, the bounded Lipschitz distance or bounded Lipschitz metric.

In the light of items (ED and @ in the preceding remarks, the following result, which is highly
important for our purposes, comes as quite a big surprise:

Theorem 4.41. The topological space P(R?) of probability measures with the topology stemming
from weak convergence is metrizable by || - ||y, i.e. for p € P(RY), (ptn),en C P(R?),

n—oo

pn —>p & dn(pe, p) T 0.

Moreover, (P(R?),dgy,) is complete.

Proof. Observe first that R? is a complete, separable, metric space (w.r.t. the metric induced
by ||, which we always use). Then, for the first statement, see [9, p. 193, thm. 8.3.2], noting
that by [9, p. 13, corollary 6.3.5], the Borel-o-algebra and the Baire-o-algebra on R coincide and
hence M (R?) = M*(R?) in the notation of the book. For the second part, see [J, p. 232-233,
thm. 8.10.43], using that by [9, p. 70, thm. 7.1.7], every Borel measure on R? is Radon, i.e.
P, (R?) = P(RY). O

Remark 4.42. The only reason why the counterexample from @ in remark does not work
when we replace M(R%) by P(R?) is that P(R?) is not a vector space anymore, and hence the
open mapping theorem does not apply. It might be enlightening to find a Cauchy sequence w.r.t.
| 1lgg, in M(R?) which does not converge; unfortunately, the author of this thesis was not able to
find any. Another good reference for theorem is [39, p. 73].

We have just seen that we can test weak convergence of (probability) measures by bounded Lip-
schitz functions. This suggests that one might use BL(R?) also as test space for other weak
properties.

Definition 4.43. For I C R, consider a curve ju: I — M(R?), t +— u(t) =: u;. We say that u is
weakly continuous if for all f € BL(RY), the map

I — R, t— / f d/.Lt
Rd
18 continuous.

One would wish that the bounded Lipschitz norm of a weakly continuous curve is a continuous
map, however, it is not obvious whether this is true. At least, one can show the following:

Lemma 4.44. Let p: I — M(R?) be weakly continuous. Then the map I — R, t — |||y, is
lower semi-continuous. In particular, for p,v € C*([0,T]; (P(R®))™), t — dpw(p, v¢) is measurable
and bounded.
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Proof. Let p: I — M(R?) a weakly continuous curve, t € I and € > 0. By definition of |- |4,
there is some g € BL(R?) with ||g||;, = 1 such that

9
bl < [ gdme+ 5.
Rd

By weak continuity of u, there is some 6 > 0 such that for all s € I with |s —¢] < 9,

/ngt_/ gdps
R4 R4

3
lislon = [ gdim= [ gdim =5l
Rd R4

€
< —.
2

Consequently, for these s,

This already shows that t — ||, is lower semi-continuous. However, every lower semi-
continuous map is measurable (one can readily show that the preimage of sets of the form (a, c0)
is open for every a € R). Moreover, the computation

dpL(pe, ve) = e — vellgr, < [l — Villior < Nlbellior + 12l =2 VE€[0,T]

shows that [0,7] — R, t — dpr (14, 1) is also bounded. The claim now follows since the maximum
of several measurable, bounded maps is again measurable and bounded. O

The following lemma will be crucial for our existence and uniqueness proof in section [2.2

Lemma 4.45. Let dgy, be the bounded Lipschitz metric on M(R?) and A ¢ M(R?) a closed subset
w.r.t. this metric, i.e. (A,dpy|a) is itself a complete metric space. Moreover, let f : I — R a
continuous map. Then

C*(L; A) :={p: I — A: p weakly continuous}
18 complete w.r.t. the metric

dpr(p,v) :=sup { f(t) - dpL(p(t),v(t)) : t € I}.

m,n—oo

Proof. Let (pn),cn be a Cauchy sequence in C*(I; A), i.e. dL(ttm,ptn) ——— 0. Then for

every fixed t € I, f(t) - dpr(ttm(t), pn(t)) ———=>% 0. Since f(t) # 0, we conclude that (tin (t))nen
is a Cauchy sequence in A. By closedness of A w.r.t. dpy, there is some u(t) € A such that

n—oo

pn (t) —— p(t). Consequently, we define the expected limit curve i : I - R, t— pu(t). All we

need to prove is that p is weakly continuous and dgr,(p, fin) ——— 0.

Let € > 0 be arbitrary and choose N € N such that for all m,n > N, dpr,(jm, itn) < . It follows
by continuity of the metric dgy, that for all t € I,

F0) oL () (1) = F(8)- it do(on (8),1a(8)) = lim_ F(0) - s (o (8), (1)) < <.
which shows that dgr, (i, i1, ) < €. This already proves that s, noee, pw.r.t. dgy.

Now, let g € BL(R?) and t € I. By an easy distinction of cases, one can show that there is some
61 > 0 such that

[t — 61, t+8) NI e {{t},[t —b1,t],[t,t+ 1], [t — 01, ¢+ 6]}
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In any case, m :=inf {f(s) : s € [t — 01,t + 1] N I} > 0 since the continuous function f attains its
minimum on any non-empty, compact interval contained in I. Let us choose N € N such that for
all n > N, dpr (i, pn) < 2. In particular, for s € [t — &1,t+ 01] N1, f(s) - dpr(u(s), pn(s)) < 2=,
It follows that

1 1 me me ¢

dBr(11(8), pin(s)) < m 'EBL(,U,Hn) < m . =5 < 3 _ 3

By weak continuity of p,, we can find some d2 > 0 such that for all s € I with |s —¢| < da,

/Rdgdun(s%/wgdun(t)' <

Let § := min {d1,02} > 0. Then for all s € I with |s —¢t| <9,

/Rdgdu(t) - /Rdgdu('o’)

/Rdgdu(t) —/Rdgdun(t)’ + ‘/Rdgdun(t) —/Rdgd'un(s)

< dpn (p(8), 1 (1) + 5 + don (u(s) pn(s) < S + S+ 5 =

w| ™

< +

[ gt = [ aduts

This proves weak continuity of p. O

4.5 The empirical probability measure

Let (Q, A, P) be a probability space and X, (X,,),,cx : € = R? be i.i.d. random variables distributed
by the law 1 =Po X~ 1. Let F : R? — [0, 1] be the distribution function of X, i.e. for x € R%,

Fx(z):=P[X <2] =P{we Q: X(w) <z}] = p((—o0,2]),

where for a,b € R? we write a < b iff a; <b; for all j € [d]. Then for any N € N, a fixed w € Q
determines a unique element (X;(w),...,Xy(w)) € (R?)Y, which we call sample of length N.
Our interpretation is that w.r.t. the distribution of the random variable X, N vectors in R? are

randomly chosen. For w € §, the empirical distribution function of the sample, F v, is

defined via
1N
Fewmp,N : Rd - [03 1]7 T N Z ]l(—oo,w] (Xl(w))
i=1

Then Fg, v is the distribution function belonging to the random variable whose law is given by

N
1
w . md
:u‘emp,N'R —>R, MHN;(S)Q(M),

which we call empirical (probability) measure. We observe that for f : R? — R bounded and
measurable and w € €2,

w 1 &
[ i = 5 D),
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and since fo X, (foX;)en : @ — R are also i.i.d. bounded random variables, we obtain from the
strong law of large numbers (see e.g. [19, 295]) that

PHwegz/RsfdugmpwMEUOX}:/WMMH =1

N—o0

In particular, [pu fdugy,, n —— [ga fdp almost surely for all f € BL(R?). However, the subset
of © where this convergence does not happen might in general depend on f € BL(R?). Conse-
quently, having in mind that a countable union of null sets is still a null set, the following, quite
surprising statement can be interpreted in the sense that the set of bounded Lipschitz functions is
almost separable (in fact, BL(C) where C C R? is totally bounded is separable).

Theorem 4.46 (Varadarajan). The empirical measures flemp, N converge weakly to p almost surely
in the following sense:

P[{weQzug’mp)Nﬁ)u}zl}.
Proof. See [13, p. 399]. O

We have already seen in theorem that weak convergence on R? is metrizable by the bounded
Lipschitz distance, i.e. as N — oo,

IU/Zmp,N L> woo= dBL(p“:mp,N7 ,u) — 0.

Hence, theorem states that the bounded Lipschitz distance between a probability measure
and its empirical measure with sample length N converges to 0 almost surely as N — oo:

Corollary 4.47. It holds that

P [{w € Q : dpL(Hemp, N> 1) Moo, 0}] =1

Recall from probability theory that almost sure convergence of random variables does imply con-
vergence in probability. In the context of empirical measures, one might thus expect results which
give bounds on the probability that the bounded Lipschitz distance between a probability measure
and its empirical measure is bigger than a certain constant, i.e. which tell us the rate of convergence
of the empirical measures for typical initial conditions. In fact, we are going to use the following
statement, which, heuristically speaking, shows that the rate of convergence gets faster as the tails
of the distribution get smaller, measured in terms of moments:

Theorem 4.48. Let p a probability measure on R and assume that for some q > 2, the q-th
moment My := [o.|z|* du(x) is finite. Then there are some ¢,C > 0 such that for all N > 1 and
e €(0,1),

P[{w e Q:dpr(pénp ) i) > €}] <c-exp (—chmaX {d=2}> +CN - (Ne)e1,
In particular, for every e € (0,1),

N—o0

P [{w e Q:dpL(pnp N 1) > e}] — 0.
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Proof. If we replace dpy, by the first Wasserstein distance, then everything follows immediately
from [I7]. Hence, the only thing which needs clarification is that the bounded Lipschitz distance is
bounded by the first Wasserstein distance W;. However, this is a direct consequence of [9], p. 234],
observing that in the notation of the book, Wy (u,v) = W(p,v) = ||ju — v|lg > ||p — v|ly = dBL (1, v)
since for | - ||y, the supremum over all Lipschitz-continuous functions f with ||f||; < 1 is taken,
whereas in || -, one only allows f where both || f|| ., ||f]l, < 1. Often, this or similar results on
the connection between the first Wasserstein distance, which is defined in terms of measures and
marginals, and metrics on measures defined by comparing these in terms of integration against
suitable test functions, are called Kantorovic-Rubinshtein duality. O

4.6 Convolution estimates

This section mainly serves for finding estimates on the supremum norm and the Lipschitz semi-
norm of convolutions of the Coulomb force and functions which satisfy Sg'-conditions (see definition
3.1)) with bounded probability densities in R3.

Definition 4.49. Let 0 € M(R?) be a signed measure on R and f : R? — R a measurable
function such that for all z € R, f, = f(z—-) € LY(R% do). Then the map

x o : RY rdo = —y)d
f*xo:R* >R, xl—>/Rdf o /Rdf(x y) do(y)

is well-defined and called convolution of f and yu. For u € L'(R?), let o, denote the signed
measure which has Lebesgue-density u, i.e. for all B € B(RY), 0,(B) := [pu(y)dy. Then we
define the convolution of f and u via fxu:= f *x oy, i.e.

(e = [ 1e=ndow) = [ fe=9)-uay.

Remark 4.50. Of course, for f : R? — R? with |f,| € £}(R% do) for all z € R%, we see that
every component (f,); € L1(R%; do) for all z € R?, and consequently we can define the convolution
f * o component-wise, i.e. (fx0); = f;xo for all i € [d].

Lemma 4.51. Let h: R® — R satisfy a S$-condition for o € [2,3], and p € L'(R3) N L>(R3).
Define

llplll := max {1, {|pll; + llollo}
Then there exists some C, > 0 such that

175 pllog < Calplll - (1 + b3 In(S)),

where § denotes the Kronecker delta. Moreover, there is some ¢ > 0 such that for any « € [2,3]
and m > 2,

[ 5 pll . < 8™ ol - S,
In particular, there are Cy,C' > 0 such that form > 2 and x € R3,

(= (e p) @)™ 5], < C-Co ST (14 b5 In(S)™
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Proof. Recall from definition @ that since h satisfies a S§'-condition, it holds that there is some
¢ > 0 such that

|h(g)] < c-min {9, ¢ "}  VgeR”

< 8% for |q| < S7% and |h(q)| < clg|™® for |g| > S7°. Let y € R® be
3) we compute

In particular, |h(q)]
arbitrary. For a € [2,

(h* 0)(»)] s/

|h(y — )| - [p(q)] dg + / |h(y —q)| - [p(g)] dg
Bi(y)

L Bf(y)
< |pll.. -4 / =+ dr 4 el

< Callll,

where C,, = c-max{;fﬂCw 1} > c¢. Note that as one might expect, C, /" o0 as a 3. On the
other hand, for a = 3, we have

(b ) (9) s/

Bg—5(y)
41
3

\h(y—q)l-lp(Q)ldq+/ +/
B1(y)\Bg-s(v) Bs(y)

1
—5\3 _
(57%)" 5™ ol + Nl dme | rtar+ el

IN

A

47
3 clipllse +dmelipll -5 1n(S) + cllpll,

< Csllpll- (1 +In(S5)) ,
where C3 = c-max{%”,élw& 1} > ¢. Moreover, for a € [2,3] and m > 2, we have that am > 4

and therefore

|(H™ % p)(w) =/ Iy — )™ - |o(g)| dq+/

By_s() B ()
1 [
<Amc™ |pll o - {3 (57%)% (5°9) +/ pomet? dr]
S5

<ane ol (34 g ) S

< 8™ [|pf| - S22,

Since y € R? was arbitrary, this already proves the desired bounds on ||h™ x p|| _ for m > 1. By
the binomial theorem, using that |(1 % p)(2)| = ||pll; < l[pll for all z € R3, it follows that for all
z,y €ER3, m>2,

[((h= (b p) (@)™ *p) ()] < (T) |(hx ) (@)™ - |(W % p) ()]

7=0
< Co lll™ (1 + Sa s (S)™ llpll +mCa = o™ (1 4 ba,3n(S))™ - Ca ol

m

m iy _ i
wsmloll- 3 ()€ ™ (14 oy cistes 2

j=2
m m G m am—
<8O ™ (14 Sa )y 3 () st
=0

< 8- 2" CF lpll|™ - (14 daz In(S)™ - S =D°

=C.Cm8em=3 (1 46,3In(S))",
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where C,, := 2C, ||p|| and C := 87 |||p||. Note that we used S > 1, a > 2 and § > 0. O

In the following two lemmata, for once |-| := ||, denotes the euclidean norm on R? and |-|_
denotes the maximum norm on R? (note that this does not make a difference for d = 1). Recall
the elementary inequality

2 <|el, <Vd-|z|,  VzeR%
We denote

A N R
q

the Coulomb potential resp. the Coulomb force.

Lemma 4.52. Let p € L'(R?) N L>°(R3). Then V % p and k x p are bounded for all i € [3].

Proof. For every y € R3,

1 1
|<V*p)<y>|g/ )l g4, < ||p|\oo-/ —dy+/ ()] dy < 47 ollo - = + [l
R Biy) 12—Vl BS(y) 2

s lg =yl
Likewise, for i € [3] and y € R3,

o))l < [ L2 ay < am ol + ol 0
R? |q — Y|

Remark 4.53. One can optimize the estimates by choosing a radius R dependent on ||p|| ., |2,

instead of the radius 1 for the splitting, however, we will not need this here.

The following theorem shows that convolutions of bounded densities with the Coulomb potential
are well-behaved in the sense that they allow for an interchange of integration (convolution) and
differentiation. Moreover, it states that a convolution of the Coulomb force with a bounded density,
i.e. the mean field Coulomb force coming from a reasonable solution to the Vlasov-Poisson system,
is log-Lip-continuous in the sense of definition

Theorem 4.54. Let p € LY(R?) N L>®(R3). Then V x p € C1(R3) with
V(Vxp)=(VV)xp=kxp,

and (k % p) is log-Lip-continuous.

Proof. We basically follow the proof in [I8, pp. 74-81]. For h € R\ {0} and ¢ € [3], let us define

I(h) : = 2((V % p)(q + hes) = (V % 9)(@)) = (ks * 0)(a)

1 / p(y) / p(y) } / p(y) (@ — yi)
= T dy — dy| + | B2 Ty
h [ R |q + hei —y| rs [q =yl gy’
1 1 qi — Yi
Bajn(9) lg + he; =yl Ban(9) lg =yl Ban(9) |q_y|

1 1 1 9 — Yi
+ / p(y) -+ - + dy
By @ h\lathei—yl la—yljg—yf
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First, we prove that I(h) € o(|h|). The following computations also show that I; 2 34(h) are
well-defined, the deeper reason being |-|~',|-| 7 € L}(R?) + L*°(R?). We estimate

1 ()] Arflpllo 1 2
[La(P)] < = dy < =5 (2[h))7 =8 Ipllo - [Pl

[\

1 lp(y)] dmllpllye 1 2
Jhg—/ dy < — e = (3|h])2 = 187 ||p|l. - A/,
|11 (R)| 71 oo 14— o1 y o2 (31n]) ol - B

where we used that Byjs|(q+ he;) C Bgjp(q). Next, since “f;_‘;‘g‘ < ‘qu__;"lg, = |q—1y|2 for all ¢,y € R3
with ¢ # y,

lp(W) 4 — vil

[I3(h)| < / — 3 dy <d4r|pl - 2[h] =87 ol - Al
Ban|(q) |qu|

This already proves that Iy, Is, I3 € o(|h]). It remains to show the same for Iy. We aim to apply

a version of the mean value theorem for differentiation. Note that for y € By, (q), [¢ —y| = 2|h|

and hence by the reverse triangle inequality, for every 6 € [0, 1],

g + Ohei —y| > |g — y| — |Ohe;| > 2|h| — || = |h].

Hence, the line joining ¢ and g + he; has a safety distance |h| from the singularity. Applying
corollary with f = V and consequently 0;f = k;, y = e;, we obtain that there is some
6 € (0,1) such that

1( 1 L >+Qi—yi h 3(gi+ 0he; — yi)* — |q + Ohe; — y/*
h\lg+hei—yl la—yl) |qg—y°

2 \q + Ohe; — y|°
| 4

T2 g+ 6he; —y*

=

For |¢ — y| > 2|h|, one has
|q+0he; —y| = lg —yl = |0hei] = lg—y| = || 2 lg =yl — 3 la—yl=3lg—yl VO €[0,1].
Consequently, for k] < 3,
|h| 4

nol< [ el dy
BS ) 2 (3la—yl)

1
< 161h|- <||p|oo'/ 73dQ+/ lp(y)] dy)
B1(y)\Ban (v) |4 — ¥ Bt(q)

1
< 16Jh] - (=02 1) - ol + ).
Since t-In(t) — 0 as h \, 0 (L'Hospital’s rule), we see that |I4(h)| — 0 as h — 0. Altogether, this
shows I € o(h) and therefore existence of 9; (V * p) with 0; (V % p) = 0;V % p = k; * p.

Let us now prove that k * p is log-Lip-continuous. Let i € [3] and ¢,§ € R? with ¢ # G, then for
&€= |q - glv

ks % )(8) — (ks % _ [ rai—yi) o [ PG~y

(o )@ o) = [ POy | PR gy

_ P — i) 4 PW)@ —yi) .<Qi_yi G-y ) q
/325<q> - /B%m) 7 -yl y+/B;5(q> S P g R

= J1+ Jo + J3.
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Zi
|2

< |2|7? for all z € R3\ {0} and Bs.(q) C Bs.(§), we obtain

Again using that
[Nl <Amlplly 26, |2 < 4ol - 3e.
Moreover, for |¢ — y| > 2e = 2|q — §|, we have
a—yl>la—yl—le—dl >la-yl-5la—yl=35la—yl,
and therefore

4 — Yi qi — Yi

3 ~ 3
la—yl”  lad—yl

G — Yi G — Yi

3 3
lg—yl”  la—yl

G — Yi qi — i

3 ~ 3
lg—yI”  1qd—yl

1 o 1 1
< —— e — @l + 16 — il - s — ——
lg — vl lg—yl” 13—yl
“e—yf la—ylla—yl \lg—y* le—vwlla—yl |G-y
PR ,m_m+ﬂw—y%—m—yﬂ, r o 1
T g -yl lg =yl -y Lla—y> Llg—y
1 3 3 1 )
=——=(l¢g=q+7lq¢—q) = ———=-8l¢g—4ql,
lg — vl lg —y

were we used that for a,b € R\ {0},
1 1 B¥-a> (Bb-a)¥®+ab+a?) b—a b*+ab+a® b-a [1 1 1
- - == (st )-

a3 b a3k a3b3 ab a2b? T oab

ab
Hence, for ¢ < %,

———fdy+8mfﬂ~/ lp(y)| dy

T3 < 8ol I — dl /
B{(q)

By (@N\Bac(a) |9 — yI°
<8 (47 [|pllo - (—I(2e)) + lIplly) - lg — dl -
Putting everything together and re-substituting ¢ = |¢ — ¢|, we finally arrive at

| (i # p)(q) — (ki  p)(@)| < 527 - max{lpll . llplli}-la = al - (1 + n(lg — a)])
=Clg—ql - (1 +[n(lg — g[)])
for all |¢ —¢| < % Since k; * p is also bounded (see lemma [4.52)), k;  p is log-Lip-continuous for
every i € [3] by remark O

Corollary 4.55. Let p € L*(R?) N L>(R3) and f the regularized Coulomb force defined in (3.2)
Then f * p is bounded and Lipschitz-continuous, with

1f*plle <C-lells W * el < Cllpll- (1 +1In(S))

for some C > 0.

Proof. The first assertion follows directly from lemma because f satisfies a Sg— condition. For
the second claim, note that it suffices to prove

(% p)@) = (F* )@ < Cllpll- (1 +n(S))-lg—al  VYg.qdeR®:|g—q| <35
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because for |q —¢q| > %S*‘S, one can join g and ¢ by a straight line, split it into segments of
length at most %S —9 use the triangle inequality to apply () on every segment and finally put
everything together again. However, from lemma we know that for |¢ — ¢| < %S —9. one has
If(q) — f(@)| < g(q)-|g— q| where g satisfies a S3- condition. Consequently, for ¢,§ € R3 with
lg—q| < 2579, one has [(g—y) — (G—y)| = |lg— 4| < 3579 for all y € R® and thus

|(f *p)(q) = (f *p)(q /Ip —y)—flG—y |dy</ p(y) —y)-lg—ql dy

(/ pla =) -9) y)-|q—q|=<<g*|p|><q>>~|q—q~|
<Cl+1n(S)):|lqg—4ql,

where again we used lemma |4.51 O

Remark 4.56. Heuristically, the factor of 1 4 In(S) in the Lipschitz constant for the mean field
coming from the regularized Coulomb force is in the limit S — oo converted to the log-Lip-
regularity of mean field induced by the true Coulomb interaction.

4.7 A high order Markov inequality

In this section, we prove an upper bound for the probability of deviations of the sample mean from
the expectation value that decays with arbitrary power of the sample length:

Theorem 4.57. Let (X)), cy be i.i.d. bounded random variables on a probability space (2, A,P)
satisfying E[X1] = 0 and

EX7]|<Ci-C Vm >2 (4.13)

for some constants C1 2 > 0. For N € N, we define the sample mean of length N,

| X
=52 X
i=1
Then for every e >0 and M € N,
P[|X|>e] < Cpry-e 2MN2M, (4.14)

where Cppn := MM HIC3M . max {1, (NCy )M }.

Remark 4.58. Since we suppose that X; is bounded, the moments of arbitrary order m exist and
are bounded by || X1 | 2. Thus, equation gives us the chance to use better estimates for the
moments, which we utilize in the main text. Note also that no matter how large C; is, P[|X]| > €]
decays at least as fast as N~M for N — oo.

Proof. The map R — R, x — 2?M is strictly increasing for all M € N. Therefore, the Markov
inequality (cf. [I9 p. 138 £.]) yields for any € > 0

1 N 2M N 2M
—2M 2M71 _ _—2M , _ —2M nf—2M )
PlX|>e] <eM.E[X*M] =e2M.E (NZ)Q) = 2MpN E (;Xz>



4.7 A HIGH ORDER MARKOV INEQUALITY

By the multinomial theorem,

(Sx) = [ de] = () )

aGNé\] i=1 aENé\]
la|=2M la|=2M
2M)! g .
where for a € NYY, (224) = 2 L_, (multiindex-notation).
i=1 T

Since (X;);e[n are independent, also (X" );c(n) are independent random variables for every a € NY

(cf. [19, p. 71]), and hence we obtain that for all a € NYY,

N N N
:E[HX?} =[[EX"] =T]EMX"], (4.15)
i=1 i=1 i=1

where in the last step we used that the X; are identically distributed.

Let G := {a € N}/ : |[a| =2M}. For a € G and i € [N], we define s,s; : G — Ny by
1, a; =1 L .
si(a) := { 0 else s(a) :== ;sl(a)

Therefore, s counts the number of indices i € [N] where a; = 1. Similarly, we set ¢,¢; : G — Ny,

v ={ o U0 =Y.

We see that t counts the number of indices where a; > 1. Note that it is always true that
si(a) < t;(a), so s(a) < t(a) for all a € NY. Let us split

G=s5"1Ng)=s"1({0}) Us ™ (N)=:GUGy.

For a € Gy, s(a) > 0, i.e. there is some ig € [N] such that s;,(a) = 1, which shows that a;, = 1
and therefore, using (4.15) with E[X;] =0,

N N
E[X =E[X;°] - [[EX{]=E[X1] - [[E[X{] = (4.16)
ii;ilo 1;20

Next, note that Go D {a € G : t(a) > M}: Assume for contradiction that a € G, t(a) > M and
a & Gp. Then s(a) =0, so s;(a) = 0 for all ¢, which implies a; € Ng \ {1} for all ¢ € [N]. It follows
that

N N N
ol =) ai=> a;i> ) 2=2t(a) > 2M,
=1 =1 =1
ai;éO ai;aéU

which yields the desired contradiction. Using that ¢(a) > 1 for all a € G, we conclude

é:G\GocG\{aeG:t()>M}—U{aeGt l}—UAl

=1
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Now, for arbitrary a € G, we estimate, using (4.13) and E [XO] =E[1] =1,

N
|E[X]| = H |E[Xx{]] <

i=1

H C1-Cg = 0. ol = o). oM,
aﬁéO

Combining (4.15) and (4.16)), we therefore arrive at
N oM oM oM
a a t(a) ~2M
(;_lXi) <13 <a )]E[X} +1> (a )E[X] < §G< . >cl .C2

a€Go acG

M M M
S5 (M etep—epny ey ) ()

=1 acA; =1 beB;

M
M CINSPM < MC3M max {1, (NCy)M Y - MM,
=1

There are several nontrivial arguments which we used in this computation:
(i) Forl € N, consider the map
={aeN) :|a| =2M, t(a) =1} - {beNj: |b| =2M, b; #0 Vi€ [I]} =By,
(a1,...,an) = (Giy,y- .-, a4,),

where {i1,..., 4} ={i € [N]:a; #0} and 41 < ... <. Let a € 4 and a;;, < ... < a;, such
that a;, # 0 for all k € [I]. Then

N l

l
Haz' = H ai! = H @i, ! H = (n(a))!

k=1 k=1
aﬁéO
and thus <2M) = <2M )
a Yi(a)

(ii) For l € N and b € By, |fyl_1(b)| < N! because the map

{(i1,....0) C[N]' iy < ... <@y} =97 (b), (i1,...,i1) — (a1,...,an)
where

P br, j =i for some (and therefore a unique) k € [I]
7o 0, else

is obviously well-defined and surjective (even bijective) and thus
N' =[N > [{Gr,....0) C [N sin <. <] > |yt ()]
(iii) By the multinomial theorem,

(£) -2 (O e)- £ (=20

beEN) beN
|b|=2M |b|=2M

Putting everything together, we finally arrive at

9

PX|>e] <e ?MN2M MO max {1, (NC)M} - MM = Oy y e 2V N2M

as claimed. |
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4.8 Global existence of flows

In this section, we prove a useful result which grants global existence (and also uniqueness) of
flows for a large class of ODEs. Let us first agree on some terminological issues, mainly concerning
differentiability and therefore the property of being a solution at the boundary of an interval:

Definition 4.59. Let d,d’ € N. We call a map f :RY > U — RY (continuously) differentiable if
there is some U D U open and a (continuously) differentiable f : U — R? such that flu=f. In
this case, we define f':= (f)|u.

Remark 4.60. Let I C R be right-open and f : I — R? (continuously) differentiable in the
sense of the previous definition. Then f is (right-continuously) right-sided differentiable on I, with
f"t = (f)|u. The proof is straightforward, requiring only the definitions and and thus
left to the reader as an easy exercise.

Definition 4.61. Let (z0,ty) € R x R and U C R? a neighbourhood of zo, I C R an interval
containing to. Let F € C(U x I;RY). We call a map x : I > J — U a (local) solution to the
initial value problem

z(t) = F(z(¢),1t), x(to) = xo (4.17)
ifto € J, x(ty) = wg and x € C1(J;U) in the sense of deﬁnition with &(t) = F(x(t),t) for all
te J. It is called global solution if J = 1.

Definition 4.62. Let F € C(R?Y x R;R?). A map ® : R? x R x R — R? is called the global flow
associated with the ODE @(t) = F(z(t),t) if
(i) for every tog € R, ®(-,tg,t9) = idga and

(ii) for every (zo,to) € RY x R, the map @y : R — R, t > ®(20,t,t0) is continuously
differentiable with

4
dt
i.e. @y, 15 a global solution to the IVP (4.17).

P to (t) = F((I)Io,to (t)v t)v (4'18)

Definition 4.63. Let d,d € N and G : RY - R ¢ map. We say that G is log-Lip-continuous
if there is some C' > 0 such that for all x,y € R? with = # y,

[G(z) = Gl

o — ] <C-(1+ (e —yD]). (4.19)

In this case, we sometimes say that C is a (uniform) log-Lip-bound for G.

Remark 4.64.

(a) As for Lipschitz-continuity, the definition of log-Lip-continuity does not depend on the choice
of norms on R? and R¥ (however, the property of being a log-Lip-bound for G certainly does!),
and taking the maximum norm on Rd/, we see that G is log-Lip-continuous if and only if every
component G; : R? — R, i € [d'], is log-Lip-continuous.
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(b) Every Lipschitz-continuous map is clearly log-Lip-continuous. However, it is immediate that
in general, the reverse direction fails to hold.

(¢) Obviously, (x) is equivalent to the statement
G(z) ~G(y)| <C-0(|lx —yl)  Va,y eRY,

where 6 is defined in lemma Using that 6(¢) N\, 0 as ¢t ~\, 0 (which is proved in the
very same lemma), we see that every log-Lip-continuous function is in particular continuous,
therefore justifying the nomenclature.

(d) If G is bounded, an equivalent definition of log-Lip-continuity is given by existence of some
C’ > 0 such that for all z,y € R? with, say, 0 < |z —y| < 3,

G(z) = G(y)| < C"-0(|z — y)). (%)
Indeed, log-Lip-continuity of G certainly implies (). On the other hand, assuming boundedness
of G and the validity of (x) for 0 < |z — y| < %, then for all z,y € R? with |z —y| > 1,

r—y
G(e) - Gl < 21Gll. <206l - 279 —a)Gl e~y

2
<4|Gllog e =yl - (1 + [ (lz = y[)])

=4[Gll - 0(lz = yl)-

In the literature, one usually finds that for ' € C(R? x R;R?) with F(-,t) Lipschitz continuous
for every t, local solutions to exist and are unique, and if the Lipschitz constant can be
chosen uniformly in ¢, the solutions can be shown to exist globally, see e.g. [34, p. 113] (note that
Lipschitz continuity implies linear boundedness by a computation which in similar form will be
given below for the log-Lip case). Thus, patching these solutions together in the way suggested
by , one obtains existence and uniqueness of a global flow ®. We want to show that this is
also true when F € C(R? x R;R?) is only log-Lip-continuous uniformly in ¢, which in the light of
remark is clearly a generalization. The reason why we aim for this result is the following:
it turns out that in general, the mean field Coulomb force generated by bounded spatial densities is
only log-Lip-continuous in the spatial argument, see also theorem [£:54] Consequently, the following
theorem, together with the corresponding generalization of Liouville’s theorem in the next section,
a posteriori provides the basis of all the heuristics in chapter [I|and prepares for a thorough analysis
of the Vlasov-Poisson system as suggested in section 2.3

Theorem 4.65. Let F € C(R? x R;RY) such that F is - uniformly in the second variable - log-
Lip-continuous in the first variable, i.e. there is some C > 0 such that for all z,y € R? and
teR,

[F(x,t) = F(y,t)] < C-0(|x — yl).

Then there exists a unique, global flow ® associated with the ODE
z(t) = F(x(t),t). (4.20)
Proof. We first prove local existence and uniqueness of solutions to the IVP (4.17) and then argue
that in fact, the local solutions extend to global solutions. By local uniqueness, one can then

aggregate these to a global flow with standard ODE arguments (actually, (4.18) already suggests
how to do this).
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(1)

Let (x0,t9) € R? x R. By Peano’s existence theorem, for § > 0 small enough there is
at least one solution x : [tg — &,tg + 8] — R? of the IVP @(t) = F(x(t),t), z(ty) = zo.
On the other hand, letting w := C'-6, our assumption of uniform log-Lip-continuity reads
|F(z,t) — F(y,t)| < w(|z —y|) for all 2,y € R and ¢t € R. Now, 1emmam shows that w
and thus C'-w satisfies all the hypotheses of Osgood’s condition, cf. [40, p. 146-147]. Hence,
we also obtain that there is at most one local solution of the IVP, i.e. altogether we get local
existence and uniqueness.

Next, we want to prove that the local solutions from (1) are in fact global. In any introductory
course on ordinary differential equations, one proves that provided there is local uniqueness of
solutions, one can define maximal intervals of existence for a solution x(t) where z(tg) = zo,
which are open and denoted by Iax(7o,t0) := (a(xo,to), B(wo,t0)) satisfy a, 8 : RE x R — R
with a(xg,to) < to — 3 < to + 6 < B(zo,tp). Since F is continuous and defined on all of
R? x R, one can employ a standard argument (basically local extension using Peano’s existence
theorem) which shows that provided S(xo,ty) < 00, |z(t)] = oo as t 7 B(xo,t9). Therefore, if
we could show that |z(t)| actually stays bounded as t * B(xo, to) for every (zo,t0) € R, then
we would see that S(xg,t9) = +00. So, let us assume for contradiction that S(xg, %) < oo,
then |z(t)| — oo as t 7 S(zo,t0). Choose T € [to, B(zo,t0)) such that for all ¢ € [, B(xo, t0)),
|z(t)| > 1 and consequently 6(|z(t)]) > 1. Let C := SUDye(ty,B(x0,t)] |1 (051)] + C, then C < o
by continuity of F (the set 0 x [7, 8(z0,t0) C R? x R is compact!). Consequently, for every
t € [, B(xo,t0)), with corollary and the triangle inequality, we obtain

of la(t)| < |2(t)] = [F(x(t), )] < [F(x(t),t) — F(0,£)| + |F(0,1)|
< C-6(z(t) — 0]) +|F(0, )] < C-0(|z(1)])-

Now, on [, 5(z0o,to)] consider the IVP
a(t) = C-0(u(t),  u(r)=|a(r)]. (%)

By our comparison theorem |z(t)] < u(t) for all ¢t € [r, B(x0,t0)). But from lemma
we can easily deduce that the unique solution to (x) is

u(t) = exp (exp (C’(t —7)+h(l1+In (|x(7’)|))> - 1) Yt € [1, B(zo, to)).

In particular, u(t) and thus |z(¢)| remains bounded as t 7 B(xo,to), which gives the desired
contradiction.

By similar arguments, we can show that in fact, a(zo,tp) = —oo. Hence, we see that the
solution z(t) exists globally, as claimed.

O

Remark 4.66. From local uniqueness, one can easily prove that ®(-,t¢,¢y) is bijective for all

t,to € R, and that (®(-,¢,t9)” " = ®(-,to, ), a result which will frequently be used in the following

section. This relation does also show that ® and ® ' have the same regularity properties. In
general, the regularity of ® in z € R? is only as good as the regularity of ' in x € R?, i.e. under
the hypotheses of the previous theorem, ® depends continuously on z € R%. If F is continuously
differentiable w.r.t. = € R?, then so is ®, a fact which will be needed in section The proof of
these statements can be found, for instance, in chapter V of [20].
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4 APPENDIX: MATHEMATICAL RESOURCES

4.9 Liouville’s theorem

Liouville’s theorem states that in the sense of definition the flows associated to a large class of
ODEs, including the typical evolution equations in classical mechanics, are measure preserving (see
deﬁnition w.r.t. Lebesgue measure on phase space. One can find various versions of Liouville’s
theorem in textbooks on (mathematical) physics, see e.g. [0l p. 68f.] for a “classical derivation”
and [I6, p. 343] for a derivation within the formalism of symplectic manifolds. However, in the
proofs which one usually encounters, it is required that the ODE is autonomous and the r.h.s.
is at least continuously differentiable, which is in general not the case for the forces we typically
encounter in this thesis. Note that the latter assumption is often hidden in the requirement that
the Hamiltonian of the corresponding physical system be smooth or at least a C?-function. In
order to make Liouville’s theorem applicable to a system where the pair interaction is a Coulomb
force with cut-off as introduced in section [3.2] which is only Lipschitz-continuous, or a mean field
Coulomb force, which is time-dependent and in general not even Lipschitz continuous, we need to
prove the statement in a more general setting.

So, let us consider a physical system governed by the evolution equations

q(t) = Fu(p(t), 1), p(t) = Fa(q(t), 1),

where F o : R? x R — R? As usual, we combine these equations to an ODE on phase space
R24 = R x R?, letting x(t) := (q(t), p(t)) and obtaining #(t) = F(x(t),t) with

F:R¥ xR — R*, (¢, p.t) = (Fi(p,t), Fa(q,t)).

Observe that typically, F; is smooth and linearly bounded in p uniformly in ¢ because it has the
form Fi(p1,...,p4,t) = (fn—ll, R fn—i) where m;, i € [d], are the particle masses. On the other
hand, the forces which are relevant in the main text are, as already discussed above, continuous,
bounded and (log-) Lipschitz continuous in ¢ uniformly in ¢. Let us take the weakest of all these
conditions, namely that Fy, F> and hence F are continuous with Fy(-,t), F»(-,t) and therefore
F(-,t) satisfying a log-Lip-condition uniformly in ¢. From our results in section we already
know that also under this quite weak assumption, the ODE #(t) = F(z(t),t) admits a unique,
global flow. Now, the crucial observation is that by construction of F, for all j € [2d], the j-th
component (F(-,t)); of F is independent of ;. With this in mind, we are ready to formulate the
desired generalization of Liouville’s theorem. Note that the dimension d in the theorem corresponds
to 2d in the preceding discussion.

Theorem 4.67. Let d € N and F € C(R? x R;RY) such that F satisfies a log-Lip-condition uni-
formly in t. Moreover, assume that for all j € [d] and t € R, the j-th component F;(-,t) : R? = R
of F(-,t) does not depend on the j-th coordinate, i.e. for all y € R¥™! the map

Fj,t,y : R%R7 S (F(y17"‘7yj71a87yj7"'ayd717t))j

is constant. Let ® : R x R x R — R? denote the unique global flow associated with the ODE
i(t) = F(x(t),t), the existence of which is guaranteed by theorem[{.65, Then for everyt,t, € R,
the map @, : RY — R,z s &(x,t,t) is measure preserving w.r.t. d-dimensional Lebesgue
measure.

Proof. The proof is divided into two steps: First, we show the claim in case we additionally have
F € CY(R? x R;R?) for all t € R, and second we relax these assumptions to match our hypotheses.
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4.9 LIOUVILLE’S THEOREM

For the whole proof, ¢ty € R will be fixed, so in the following, we will omit the ¢y-dependence of ®
in our notation.

(1)

As announced, suppose that F € C'(R? x R;R?). Then by [20, p. 95-98], the formal compu-
tation

0i(Dp® (1)) = Dy(8,8(x, 1)) = Do(F(B(a,t),t)) = Dy F(®(x,1),t) - Dp®(w,t)  (4.21)

is justified in the sense that the mixed partial derivatives 0;0,, ®(x,t) and 0,,0;®(z,t) exist
and agree for all ¢ € [d]. Now, fix t € R, then as we have already discussed in remark
m ®; : RY — R x v ®(z,t) is bijective and continuous with continuous inverse and
consequently a diffeomorphism on R?. By comparing the substitution rule (also known as
transformation formula)

fde/ (f 0 @,) - [det(DD)| dx:/ (f 0 @) - det(D®,)]| da,
Rd o1 (RY) R4

where f € L'(R9), see e.g. [4, p. 195], with the characterization of measure-preserving
maps, we see that we need only show that |det(D®;(z))| = 1 for all x € RY. Since ®;, = ida,
we have det(D®;, (7)) = det(19%?) = 1 for all x € RY, so it suffices to prove that for all
z € R, the map s +— det(D®,(z)) is differentiable with & det(D®,(z)) = 0. Indeed, since
®, is a diffeomorphism, D®,(z) € GL(d,R) for all x € R? s € R. Moreover, we just saw
in that for fixed z € R?, the map s — D®,(x) = D,®(x,s) is differentiable with
derivative 0,D®4(x) = D F(P4(x), s) - DPs(x) Using Jacobi’s formula (theorem for the
time derivative of a determinant, we obtain

L et(D, (1)) = det( D, (2)) - tr (2(D, (x)) - (D, () )
= det(DP(x)) - tr (D, F(Ps(x),s))

d
= det(D®,(x)) - > _ 0, Fi(®s(x),5) =0,
i=1

where in the last step we finally used that by assumption, F; is independent of ;.

Now, let F' € C(R? x R; RY) satisfy a log-Lip-condition uniformly in ¢, i.e. there is some C' > 0,
which w.l.o.g. may be assumed to satisfy C' > 1, such that

|F(z,t) = F(y,t)]| <C-0(lz —y)|  Va,y e R teR,

where f : R — R is defined in The following proof is inspired by [6, p. 61-66], but the
fact that we do not even have Lipschitz continuity of F(-,t) requires some major adjustments.
However, the central idea of the proof, namely to approximate F' by smooth maps F", apply
step (1) to the flows corresponding to the smooth maps and show that the property of being
measure preserving survives in the limit n — oo because the flows associated with F™ converge
to the flows associated with F' in an adequate sense as n — 0o, remains unchanged.

Let us again fix ¢ € R. First, we need to argue that ®; is measurable. In fact, ¢, is even
continuous: This follows from the discussion in remark with continuity of F' w.r.t. the
x-component, however, it yields some insights to prove this by hand here: For z,y, € R? with

x # y, one has (corollary
07 |®4(x) — ®4(y)| < |[F(@i(2),t) — F(R4(y),1)| < C-0(|Po(x) — @i(y)|)  VEER.
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By the comparison theorem and lemma noting that the solution x(t) of the IVP
(t) = C-0(x(t)), z(to) = |z —y| = |Py,(x) — Py, (y)| given in the lemma is the unique and
therefore also the maximal solution, it follows that |®:(z) — ®¢(y)| < z(t) — 0 as |z — y| — 0.

We want to prove that ®, preserves d-dimensional Lebesgue measure A\%. Since it is common
knowledge that £ := {E C R : E compact} is a N-stable generator of B(R?), by [12] p. 39] it
suffices to prove that \%|g = A% o ®;!|¢. Moreover, again from remark we know that @
is invertible with continuous and therefore measurable inverse. With remark we conclude
that we may prove A\4(E) = \4(®;(E)) for all E € £ instead.

For this, let £ C R? be compact, then E is bounded by the Heine-Borel theorem, i.e. there
is some r > 0 such that E C B,(0) := {z € R?: |z| <r} (as usual, we equip R? with the
maximum norm |- |). We claim that there is some R > 0 such that for all G € C'(R? x R; R9)
with ||F — G|, <1, there is a unique global flow ¥ associated to the ODE &(t) = G(x(t),t)
satisfying W(B,(0) x [to,t]) C Br(0). Indeed, there is always a unique local solution (G is
continuous and continuously differentiable and in particular locally Lipschitz w.r.t. the first
variable, so the Picard-Lindel6f theorem applies), and for s € [tg, t] and v a local solution with

¥(s) € Bi(0),

IG(Y(s),8)| < |G(h(s),s) = F((s), )| + [F(1h(s), s) — F(0, )| + [F(0,1)]
<S1+C-0(y(s))) + sup [F(0,5)] < C-0(]¢(s))] -
s€[to,t
Thus, it is easy to see from the same argument as in the second part of the proof of theorem .65
that 1 does in fact exist globally, and from the same estimate, one can deduce that for

R :=exp (exp (6(1? —to)+In(1+ r)) — 1) ,

¥(s) € Bgr(0) for all s € [to,t] (it certainly suffices to consider the parts of the trajectories which
are contained in Bf(0)). We conclude that a unique, global flow ¥ for the ODE &(t) = G(z(1), 1)
does indeed exist. However, reviewing the argumentation which we just applied shows that
actually, the behaviour of G on B%(0) x [to, t] is not relevant for trajectories starting in B,.(0),
so the conclusions hold for any G € C'(R? x R) which allows for a global flow and satisfies
sup {|G(z,s) — F(x,s) : (x,5) € BR(0) x [to,t]|} < 1. We will need this later on.

Let i € [d]. Since Bgr(0) x [to,t] C R4! is compact and F; : R? x R = R4l — R is by
assumption continuous and does not depend on the i + 15¢ coordinate, lemma m guarantees
for all n € N the existence of smooth functions (even polynomials) F* : R x R — R not
depending on x; such that

sup{|Fi(;v,s) - FZn(CE,S)| : (z,5) € BR(0) x [to, 1]} < Vi € [d].
Define F™ := (FJ*,..., F?) : RY x R — R?, then F" is by construction smooth and
sup{|F($, s) — F"(2,5)| : (x,5) € Br(0) x [to,t]} <1

However, a global flow to the ODE with r.h.s. F" only exists if F”* does not grow to fast at
infinity; we ensure this by making F"™ compactly supported in the z-component as follows: Let
n € C*(R% [0, 1]) such that

Moe) =L M(Fani)) =0-
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4.9 LIOUVILLE’S THEOREM

Existence of such a map is a standard exercise in various lectures. For (z,s) € R? x R, let
F™(z,s) := n(zx)- F™(z,s), then by construction, F™(-,s) and F"(-,s) coincide on Br(0)
for all s € R and n € N. F"™ is by construction smooth and compactly supported in the
first argument, in particular, the derivatives w.r.t the first argument are bounded uniformly
in s € [tg,t]. Therefore, F™ is Lipschitz-continuous in z uniformly in ¢ and thus satisfies the
hypotheses of theorem [£.65] It follows that the ODE @(t) = F"(z(t), t) admits a unique, global
flow ®™. Moreover, it is clear that

sup{|F"(x,s) —F(x,5)| : (x,5) € Br(0) x [to,t]} < % <1.

From our above discussion, we deduce that ®7(B,.(0)) C Bg(0) for all s € [tg,t], n € N. We
now claim that ®7 is close to ®; in the sense that

sup {|®;(z) — ®}(2)| : @ € B,(0)} = 0. (4.22)

Indeed, for any = € B,.(0) and n € N, we have already argued that ®7(z), ®,(x) € Br(0) for
all s € [tg, ], and for these s,

0F |7 (x) — @ ()| < [F™(@](x).5) —~ F(@,(x).5)]
|[F™(®7(2), 5) — F(®2(), )| + [F(@(2), 5) ~ F(®4(2),5)]

IN

IN

L 0|9 (@) — (2.

Also, we have that |®7 () — ®y,(z)| = |z — 2| = 0. Using theorem we may conclude that
|7 (z) — Pi(z)| < up(t) were u,(t) is the unique and therefore maximal solution to the IVP

Un () = C-O(un(t)) + % u,(0) = 0.

By lemma lim;, 00w, (t) = 0. In particular, given § > 0 arbitrary, there is some N € N

such that for all n > N, 0 < u,(t) < J. Consequently, for n > N, |®}(z) — P(x)| < 6, i.e.
indeed,

sup {|®}'(z) — ®4(z)| 12 € B, (0)} <6 Vn > N,

which proves (4.22)).

It remains to transfer the property of being measure preserving from the ®} to ®;. In the
following, we will write |E| := A4(E). For § > 0 and U C R%, let

B;(U) = {x e R? : dist(z,U) :== 1I€1fU|x —u| < 5}.

Then Bs(U) \, U as § N\, 0: for 0 < &6 < 63, Bs, (U) C By, (U) and 50 Bs(U) = U.
Since E is compact, so is ®;(F), and thus in particular, ®+(E) is closed and bounded. Hence,
Bs(®+(F)) is also bounded for every § > 0, and it is easily checked to be open and hence
measurable. This implies that |Bs(®(E))| < oo for any ¢ > 0, and continuity of the measure
from above implies that |Bs(®¢(E))| N\ |P¢(E)| as 6 N\, 0. In particular, we can find some
§ > 0 such that |Bs(®(E))| < |®¢(E)| + ¢. By (4.22), we may find some N € N such that for
alln > N,

sup{|(1>t(z) — @f(z)} cx€E} < sup{|<1>t(x) — @?(:E)| :x € Br(0)} <é.
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This shows that for all n > N, ®}(E) C Bs(®:(F)). Consequently, using that ®} is measure
preserving,

[@4(E)| +& > |Bs (®:(E))| > |0 (E)| = [E].

Since € > 0 was arbitrary, we obtain |®,(E)| > |E|. However, all arguments that we have used
yet do also to (®(-,t,t))~L = ®(-,tg,t), too, so we may also conclude that

|E| = |2, (2¢(E))| > |2(E)|.

This finally proves that |®,(E)| = |E|, i.e. ®; is indeed measure preserving.

4.10 Miscellanea

In this section, we collect various auxiliary results which do not really fit into one of the previous
sections. We start with proving Cramer’s rule:

Lemma 4.68 (Cramer’s rule). Let A € GL(d,R) and b € R%. Then fori € [d], the i-th component
x; of the unique solution x € R% to the equation A-x = b is given by

€Tr; = r t A -det aq A;—1 b Ai+1 aq 5
€

where A has the columns ai, . ..,aq € R?.

Proof. Let i € [d]. Writing out the equation A -z = b, we obtain x1-ay + ...+ x4 -aq =, i.e.
x1a1+ ...+ xi—1-ai—1+ (i-a; —b)+xip1 a1+ ...+ 2400 =0.

This shows that the d vectors ay,...,a;—1,2;-a; — b,a;4+1,...,aq € R are linearly dependent.
In particular, the d x d matrix containing these vectors as columns has zero determinant. By
multilinearity of det, we obtain

0 = det ay - A;—1 Xi-A; — b (07 Qaq
=T;" det a1 cee aq — det ap e A;—1 b ai+1 e Qaq 5
which after solving for z; yields the desired result. O

With Cramer’s rule at hand, we get a useful expression, sometimes called Jacobi’s formula, for the
time derivative of the determinant map composed with a smooth curve in the space of invertible
square matrices:

Theorem 4.69. Let I C R open and A : I — GL(d,R) a C'-curve. Then
% det(A(t)) = det(A(t)) - tr (A(t) - (A(t))_l)7 (4.23)
where A(t) == (éij (t))ij and tr denotes the trace operator.
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Proof. Using multilinearity of the determinant map, we compute (cf. [3 p. 178])

d d
T det(A(t)) = T det a1|(t) ad|(t)

d | | | | ‘
= det | ai(t) - aia(t) di(t) am(t) - ag(t)

= det(A Z det det [ ay(t) -+ ai_1(t) di(t) aiqa(t) - aq(t)

d
= det(A(t))- Y wii(t)
i=1

In the last step, we used Cramer’s rule (lemma , with z;;(¢) denoting the i-th component
of the unique vector x;(t) € R? which satisfies A(t)-z;(t) = d;(t). Writing the d equations
A(t) - z;(t) = a;(t) as matrix equation, we get that x;,(¢) is the (i,7)-th component of the (by
invertibility of A(t) unique) solution X (t) to the equation A(t)- X (t) = A(t). Therefore,

d
d 1. P
5 det(A() = det(A() - Y [(A(t)) 1 ~A(t)L = det(A(t)) - tr ((A() - At)).
i=1 "’
The claim now follows from the invariance of tr under cyclic permutations. O

Next, we prove that the familiar Stone-Weierstrafl theorem “preserves” the number of relevant
variables in the following sense:

Lemma 4.70. Let C C R? be compact, i € [d] and f : C — R, x> f(x) a continuous map which
does not depend on the i-th component x; of x € C. Let ¢ > 0. Then there is some polynomial
p: R — R which also does not depend on x; such that sup,cc |f(z) — p(z)| < e.

Proof. If C' = (), there is nothing to show. Let z € C and consider the map
7 RY - R (@1, oy @d) = (X1 ey T, T 1y e vy Td)-
Then 7; is obviously continuous, and therefore 7;(C') C R4~! is compact. Define
fi: T (C) = R, W1y s Yda1) = FYLs oo Yim1, Zis Yiy e oy Ydo1)-

Note that by assumption, f; does not depend on the choice of z € C. Then ﬁ is clearly continuous,
and by the Stone-Weierstrass theorem, cf. [2, p. 394 f.], we can find a polynomial p; : R¥~! — R
such that

sup |fi(y) —Di(y)| <e.
yem; (C)

Let us finally set
p:RT 5 R, (1, Tq) P D@1y e Tty T 1y e -+, Td)-

Then p is obviously a polynomial which does not depend on z;, and it is clear by construction that

sup |f(z) —p(z)| = sup |fily) —Bi(y)| < e O
z€C yeTi (C)
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Let us now briefly digress on properties of the Coulomb potential with and without cut-off which
are important in section [3.2} We want to prove that away from the singularity, the Coulomb force
is Lipschitz continuous, and find good bounds on the local Lipschitz constants. By rotational
symmetry of the Coulomb force, it is convenient to use |- | := |- |, with |z, := (2} + 23 + 22)? the
euclidean norm for once in the following two lemmata.

Lemma 4.71. Let

ki R3\ {0} — R?, qH%
q
the Coulomb force. Then there is some C > 0 such that for all ¢, € R? with q,G # 0,

C
(min {lq|,[g1}) max {|ql, |4/}

[k(q) = K(9)] < lg—ql.

Proof. For i,j € [3] and ¢ # 0,

3 2 4
0ij -lal” —aj-3lal” 1 65+ 1a* = Baigs

4
&-kj(q) = 81 7{; = 5 = =
[ [ [
Since |ab| < & (a® + b?) for all a,b € R, we obtain
la* +31a* _ 5
|0ik;(q)] < = vq € R*\ {0}.

5 - 3
lq| 2|q|

Now, let ¢,G € R3\ {0}; w.l.o.g we may assume that |¢| < |G|. Then for any two Cl-curves
Y12 1 [0,1] = R3\ {0} with v1(0) = ¢, 71(1) = 72(0), 72(1) = G, by the fundamental theorem of
calculus, we obtain

k(@) = k()] < |kj(72(1)) = k;(32(0))] + [k (01.(1) — K (71(0))]
'd td
[ e ad + | [ e a.

dt
Switching to appropriate spherical coordinates, for r = |¢q|, R = |g| and some ¢ € [0, 7] we may
write ¢ = (7,0,0) and ¢ = (R cos(p), Rsin(y),0). Choose

r+t(R—r) Rcos(ty)
Y1 (t) := 0 , v (t) ;= | Rsin(tp)
0 0

Then obviously 71(0) = ¢, 71(1) = 12(0) = (R,0,0), 72(1) = ¢ and m,2 € C'([0,1;R*\ {0}).
Moreover, by the chain rule and the Cauchy-Schwarz-inequality, we obtain

1 d 1 . ) |
[ 5 G s =| [ isenn-inoa < [ [9re)]- ) a
< 5\2/3/0 (7"+t(R—7“))_3.(R—r)dt: % |:—;(7“+t<R_,r>)—2 0
53 (1 1 SVE R -1 53 (R—1)(R 4 1)
:4(7‘2_R2>: 4 r2R2 = 4 2R
5V3
SM(R*T)
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On the other hand,

[ 5 o) a

1 1
[ tstae) e < [ (90 )

5v3 3 5V/3
< T,
/ R™2-Rpdt WRZ r

I /\

Observe that |g — §|° = r2 + R2 — 2rR cos(y), so using the trigonometric identity
cos(p) = cos (£ + £) = cos® (£) —sin® (£) = 1 — 2sin® (£),
we see that
lg—q* = >+ B2 — 2rR(1 — 2sin® (£)) = (R — r)? + 4rRsin?(£).

In particular, R —r < |¢ — ¢| and

ro=m TQ%%SW\/@SIH(%):%\/M |q |

s

where we employed the elementary inequality 3(;5 < sing for ¢ € [0, 3], which can be proved by
concavity of sin on [0, Z]. The cases ¢ = 0 and r = R, ¢ = 7 show that actually, both inequalities
are sharp. Putting everythlng together, we finally arrive at

1k(g) — k(@] < V3 max {|k;(q) — k;(@)] : € (3]} < V3- ( V3 g+ 2T q|>

2|q|* |4l 4lql 1
C
< = la—dl
lal” |
where C' = 3(2 + 27). O
Remark 4.72. In the previous proof, we used that (with |-| =|-1;)) |Vk;(q)| < S‘f |q|_3 With
a slightly more involved calculation, one can show that actually, |[Vk;(q)| < 2]g |_ and hence

further improve C.

Note that in the proof we just saw, the particular form of Vk; was not important, the only thing
we needed was that |Vk;(q)| < C lg|~® for all ¢ € R3\ {0}. Hence, we can do a similar computation
for the Coulomb force with cut-off. Of course, since the (almost everywhere defined) gradient of
the Coulomb force with cut-off f defined in is bounded by our above estimate for the gradient
of the Coulomb force k (recall that |V f(q)| = 530 < |¢|™* on Bg-s(0y \ {0}), we can always use
the estimate from the previous lemma. Better estimates can only be achieved if we have good
control on the distance of ¢ and ¢, since then, knowing that, say, g is near the cut-off region, we
can “localize” the paths 1, v2 and see that a large part of them is contained in the cut-off region,
which leads to a “cut-off local Lipschitz bound”:

Lemma 4.73. Let f : R3 — R? be the Coulomb force with cut-off defined in (3.2)). Then there is
some g : R® — R satisfying a S3-condition such that for all ¢ € R® and all £ € R3 with |£] < %Sf‘s,

[f(g+&) = fla)] < gla)-1¢]. (%)

Proof. We distinguish between two cases:
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(i) Let |¢| < S7°. If |¢+&| > |qg|, by using the same paths as in the proof of lemma if
necessary with an additional splitting when moving radially outwards and crossing the sphere
of radius S7%, and using the rough estimate |V f(q)| < €S for all ¢ € Byg-s(0) with ¢ # 0
and |q| # S~?, we obtain that in this case,

1f@+ &) — flg)] < CS*-|¢].

For |¢+¢&| < |g|, we can interchange the roles of ¢ and ¢ + £ and see that the statement
remains true.

(ii) If |¢| > S=°, then |g+ &| > |g| — [¢] > 3 |q, and using that the gradient of the Coulomb force
with cut-off is, where existent, bounded by the gradient of the Coulomb force without cut-off,
by virtually the same computation as in lemma again possibly with a splitting of the
radial path at the radius S—9, we obtain

c el

el <
T P

Ifg+&) = fla)] <

This shows that for

S0 g < S7°
:=8C- 3 N 4.24
" { ™, lal> 57, (424
() holds, and obviously g satisfies a S3-condition. O

Next, we want to derive a special form of the mean value theorem of differentiation in multi-variable
calculus:

Lemma 4.74. Let a,b € R with a < b, f € C*([a,b]) and z € [a,b]. Then for all h > 0 such that
[z, + h] C [a,b], there is some 6 € (0,1) such that

(Fla 1) = f(@) = I'(x) = & " (x4 Oh).

S| =

Proof. We use Taylor’s theorem with the Lagrangian form of the remainder (see e.g. [2 p. 341]):
for some & € (x,x + h),

h

(F@) + hf (@) + o 516~ £(@)) — /(@) = 5 £(6).

==

(fl@+h) = f(2) - f'(2) =

S

Letting 6 := 3% € (0,1) yields the desired result. O

Corollary 4.75. Let d € N, U C R? open and f € C?>(U;R). Then fori c [d], x,y € U such that
{z+1ty:t€[0,1)} C U, there is some 6 € (0,1) such that

d
(f(z+hy) — f(x)) = Vf(z)y= g > 00 f(@+0y) - yiy;.

i,j=1

1
h

Proof. Apply lemma to the map f o+, where v : [0,1] = R%, ¢+ z + ty, and use the chain
rule. O

Morover, we need some results on a few functions which are relevant in the main text.
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Lemma 4.76. For C e > 0, consider the maps u,v,w : [1,00) — R where

_ 1+In(s) eCVints)

, w(s) =

u(s) := , v(s) : e =

Then u,v,w are bounded.

Proof. Clearly, boundedness of v implies boundedness of u. By L’Hospital’s rule,

~1
. . S — . _

lim v(s) = lim =¢ ' lim s7° =0.
5—00 s—o0 £+ 851 5—00

Since v is non-negative and continuous, boundedness follows immediately.

Observe that for all s > 1,

C

C+/1In(s) In(s) - /C /
U(S) —e —=e In(s) — g 1“(5)7

. - . C o . c . e .
so using limg_, o Tt € € < 0 we obtain that T e < —3 for s big enough, and hence

eC\/ln(s) c

lim v(s) = lim ——— = lim sv*®  =0.
S—00 s—00 s€ S—00
With the same arguments which were applied to v, we see that w is bounded as well. O

Lemma 4.77. Consider the map

0, t<0

R—>R
b:R=R, tH{t.(Hln(tm, £>0.

1
1
Then 6 € C(R), 6(t) > 0 for t > 0, 6 is monotonously increasing and lim/ —— dt = 0.
e\0 c 9(t)

5
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Proof. Note that for ¢ € (0,1), |In(¢)| = —In(¢). By L'Hospital’s rule,

—In(t _1
lim ¢ - |In(¢)| = lim 111( ) = lim f =limt=0.
N0 o1 N0 —L N0

Hence, 6 is continuous in 0. Continuity in all other points is clear. That 6(t) > 0 for ¢ > 0 is
obvious. For ¢t < 0, 6(t) is constant and therefore its derivative equals 0. For ¢ € (0,1) resp.
t e (1,00),

%9@) - %(t- (1-In(t)) = —In(t) > 0 resp. %9(1&) - %(t.(l L In(t)) = 2+ In(t) > 0,

which by continuity shows that # is non-decreasing.

Now, consider the map

0, t<0

h:R—R, t
- H{t+t-ln(t), t>0

By the same arguments as above, h is continuous with derivative h'(t) = 2 + In(¢) for ¢ > 0, so we
see that h/(t) < 0 on (0,e72), and since h(0) = 0 we obtain h(t) < 0 for t € (0,e~2). Consequently,
t < —t-In(t) on this interval, and thus ¢ - (1 —In(t)) = t—t-In(¢t) < —2¢t-1In(¢) on (0,e~2). It follows
that for e € (0,1),

-2

L 1 1 1 1 e 1
/g e(t)‘“/e t~<1+|1n<t>|>dt/5 t-(l—ln(t»dtz/e )

—2

Z/E mcu: %[f In(— ()¢
= %(m(_ In(e)) — In(2)) =% foc. O

Lemma 4.78. For C' > 0 and tg,zo € R, consider the IVP
z(t) = C-0(x(t)), x(tg) = xo, (4.25)

where again 0 : R — R is defined in lemma . Then (4.25) has a unique global solution, which
s for t > tg given by

o, o < 07
_—C(t—tg)+In(1—In(zq))
o(t) = el=¢ ’ 7, wo e (0,1), t <to+ & -In(1—In(xg)), (4.26)
et TIOITIATREO S € (0,1), ¢ > to + & -In(1 — In(x)),
eec(t—t0)+1n(1+ln(m0>),1, 0 Z 1

In particular, for all t > tg, lim x(t) = 0.
ZEQ\(O

Proof. We only sketch the proof because most of the calculations are straightforward. First,
observe that since C'-8 > 0, every solution of is non-decreasing. Next, it is obvious that 6
is locally Lipschitz-continuous on R\ {0}, so from the Picard-Lindel6f theorem (see e.g. [40, p.
68]) we deduce that the only possibility for non-uniqueness to appear is at x(t) = 0. However, for
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0 <z <y <1, one has by concavity of the map C-6 on (0,1) (6”(t) = —1 <0 for t € (0,1)) that

Gl) — Ca)| = [C-0y) — C-0(z)| = - LW =0@

y—
<0 =020y~ ooy - ),

This argument was inspired by a similar computation in [I]. With lemma [4.77} it follows that
G satisfies all the presuppositions of Osgood’s criterion (see e.g. [40, p. 146-147]), i.e. we obtain
uniqueness of solutions. For zp < 0, 6(z9) = 0, so xg is an equilibrium point and therefore
x(t) = xo the unique solution. For xy € (0,1), we restrict 6 to (0,1) and use the separation of
variables formula, noting that an indefinite integral of m is given by —In(1 — In(z)). One
then checks that for ¢t 7 ¢ := to + % ‘In(1 — In(=x)), z(t) ~ 1. Hence, for t > #, we continue
the solution with a solution of the IVP for 6 restricted to [1,00). Since an indefinite integral of
m is given by In(1 +In(z)), the rest of follows from easy computations. Finally, note
that as xg \( 0, ¢ /oo and In(zg) \, —o0, and consequently x(¢) N\, 0 for fixed t > ¢y because we
can use the second row of . O

Next, we want to investigate some sort of stability of the IVP in the previous lemma.

Lemma 4.79. Consider the IVP
. 1
t=C-0(z(t)) + o x(to) = 0. (4.27)

Then for every n € N, there is a unique, global solution x,, to (4.27)), and x,, — 0 uniformly on
. n—oo
compact sets as n — 00, i.e. for all T > to, sup {|z,(s)| : s € [to, T]} 0.

Proof. Let G, : R* xR = R%, (z,t) = C-0(z)+ L, G: R xR = RY, (z,t) = C-0(z). From
lemma[.78] we know that the unique (and therefore maximal) solution of the IVP i(t) = G(x(t),1),
x(tg) = 0 is given by x(t) = 0. Moreover, for x,y € (0,1), |G,(y) — Gn(z)| = |G(y) — G(z)|, for
the same reasons as in lemma solutions to the IVP (4.27)) are unique (however, we could
also work with the maximal solutions without difficulties here). Clearly, solutions to are
obviously non-decreasing, and since % <1< 6(x) for z > 1, they are easily seen to exist globally:
existence on (—oo, 1] is clear because C - 6|(_o 1] is bounded, and for existence on [1,00) use that
C-0+L1<(C+1)-60on[l,00), the comparison theorem and lemmam

Obviously, G,, converges to G uniformly, so by theorem 3.2 in [20, p. 14f.], there is a subsequence
(nk)nen such that z,, (t) — Z(t) uniformly on [tg, T] as k — oo, where Z(t) is a solution of the IVP
&(t) = G(z(t),t), z(to) = 0, i.e. by uniqueness z,, (t) — Z(t) = xz(t) = 0 uniformly in ¢ € [tg, T
for any T > ty. But since the r.h.s of the IVP decreases as n increases, again using the
comparison theorem, we see that the whole sequence (z,(t))nen is actually non-increasing, and
thus we obtain x,(¢) — 0 uniformly on [to,T], as claimed. O

Finally, we shall state a very general version of Grgnwall’s lemma in integral form, which comple-
ments its differential counterpart formulated in theorem
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Theorem 4.80 (Grgnwall’s lemma, integral form). Let to,T € R with t¢ < T and suppose that
f:[to,T] = R and g,h : [to,T] — [0,00) are measurable such that g, f-g, h-g € L*([to,T]). If
additionally the inequality

F() < h(t) + / o(s)- f(s)ds Vi€ [to,T]

18 satisfied, then it holds that
t t
f(®) < h(t) +/ g(s) - h(s)-exp (/ g(7) dT) ds Yt € [to, T).
to S

In particular, for h non-decreasing and g continuous,
t
f(®) < h(t)-exp </ g(s) ds) Yt € [to, T
to

Remark 4.81. In case f,g,h : [to,T] — R are measurable and bounded, the hypotheses of the
first part of the theorem are clearly satisfied.

Proof of theorem [[.80. For the first claim, see [23], theorem A, with ¢ = 1 in the notation of the
book and da = g dz where now g denotes the function in theorem [£.80} Note that the theorem is a
reformulation of lemma 4 in [25], however, the form in [23] fits better in the context of this thesis.
However, the paragraph about the integral form for locally finite measures in the Wikipedia entry
about Grgnwall’s inequality is the more readable reference, and it provides a nice sketch of the
proof as well. For the second claim, using the fundamental theorem of calculus (and non-negativity
of g, h), we obtain that for all ¢ € [to, T,

f& <o)+ 1o | :g<s> exp ( / o) dr) =)+ ~Lexp ( / o) dr) s

= h(t) — h(t) - [1 — exp (/t:g(s) dsﬂ = h(t) - exp (/t:g(s) ds) . O
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