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Introduction

There exist various schemes for compression of classical (i.e., non-quantum) information,
which we use almost everyday, e.g. the .zip (lossless) and .mp3 (with loss) file formats. In
the present work we want to analyse the possibilities of compressing guantum information,
i.e. mapping it into a smaller quantum system — thereby possibly allowing classical side
information — and decompressing it while preserving the measurement statistics of a given
set of quantum effects.

In Chapter 1 we establish the necessary mathematical foundations for the description of
quantum information in terms of C*-algebras; in Chapter 2 we recall the basic principles
of quantum information. In Chapter 3 we will investigate the structure of fixed point
spaces of Schwarz maps between von Neumann algebras and formulate a normal form
theorem (Theorem 3.8), which we will employ several times when investigating lossless
quantum compression in Chapter 4. In the last section we finally give an outlook on the
possibilities of quantum compression with losses.

The present work aims to be self-contained; nearly all mathematical statements will
be proven. As prerequisites, we will rely on the well-known theory of (continuous linear)
operators in Hilbert spaces, together with basic notions from the theory of Topological
Vector Spaces, which are used in the context of the various important topologies the
space of continuous linear operators on a Hilbert space can be equipped with.



Chapter 1.
C*-Algebras

In this chapter we recall the basic theory of C*-Algebras.

As we are mainly concerned with quantum operations, we will focus on concrete C*-
Algebras, i.e. algebras of operators on a Hilbert space. In view of later applications
in quantum information theory and dimensionality reduction, at several points we only
consider finite dimensional Hilbert spaces, if it simplifies matters.

1.1. x-Algebras and Commutants

We recall the definition of an abstract *-algebra, and derive some basic properties.

Definition 1.1. A x-algebra <7 is an associative algebra (with or without unit) over the
field C of complex numbers, together with an involution * : &/ — 7, a — a*, such that
for all z,y € & and A € C the following relations are satisfied:

i)
ii)

r+y) =" 4y

(
(
(
(

iii) Ax)* = Az*; (X denotes the complex conjugate of \)

iv) xy)* = yra*.

If, in addition, < carries a norm |-|| that renders the normed space (<7, ||-||) complete
and which satisfies

V) lzy|| < ||z| |ly|| for all z,y € & (submultiplicativity) and

vi) |z*z|| = ||| for all & € o (the C*-property),

then o7 is called (abstract) C*-algebra.

If o contains a wunit, i.e. an element 1, satisfying 1,x = 2l = z for all z € &,
then &7 is called unital.

A x-subalgebra P of a x-algebra 7 is a linear subspace with the property that, if  and
y are in 2, then also xy and x* lie in B. A C*-subalgebra of a C*-algebra is a complete
(equivalently, ||-||-closed) *-subalgebra.
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Note that if 7 is unital, we do not require a *-subalgebra % of &/ to have the same
unit as &7 (or have a unit at all).
As more or less trivial consequences of the definition, we note:

Lemma 1.2. In a x-algebra </ it holds that 0* = 0 and, if & is unital, (1)" = 1.
Moreover, in a C*-algebra <, we have ||x|| = ||*|| for all x € .

Proof. From properties (i) and (ii) of Definition 1.1 it follows that z = 2** = (z* + 0)" =
x4 0* for all x € &7, so 0* = 0 by uniqueness of the neutral element in a group. The
equality (1.)* = 1, follows similarly with (i) and (iv) by z = 2™ = (2*1,)" = (14)" =,
as well as z = 2™ == (1,2%)" =z (14)".

Using properties v) and vi), we obtain the inequality ||z||* = ||a*z|| < ||z*|| ||z|| for all
x € o/, hence ||z|| < ||z*|| (the special case x = 0 is valid by the preceding argument).
Since the adjoint map is an involution, we can replace z by z* and use (i) to get the
reverse inequality. O

As an example, let H be a complex Hilbert space and let £ (H) denote the algebra
of all linear continuous' maps T : H — H. Equipped with the usual adjoint operation
x: L(H) — Z(H) and the operator norm, £ (H) is a C*-algebra. Note that although
x-subalgebras of C*-algebras fulfil properties v) and vi) in Definition 1.1, they need not
be C*-algebras again — consider for instance a separable infinite-dimensional complex
Hilbert space H with an orthonormal basis (e;),;.y and the x-subalgebra

o :={T € L(H) | rank T and rank T™* are finite} C .Z(H).

One easily checks that & is a x-algebra, but it is not complete; indeed the Cauchy
sequence Ty, == Y| % |e;{e;| does not converge in /. However, this phenomenon does
not occur in finite dimensional Hilbert spaces, because in this case all linear subspaces
are complete.

We will mainly be concerned with x-algebras consisting of operators on some Hilbert
space, which justifies an autonomous definition:

Definition 1.3. A sub-x-algebra of .Z(#) for some complex Hilbert space # is called a
concrete *-algebra, or a *-algebra of operators (in H).

The apparently greater generality of abstract C*-algebras over concrete ones is in fact
deceptive: According to the Gelfand-Naimark theorem (see for example [Tak, Theorem
9.18 in Ch. 1] or [Arv3, Theorem 1.7.3]), every abstract C*-algebra is isometrically
isomorphic (cf. section 1.4) to a concrete one. We will not prove this theorem, but we
will restrict our statements to concrete C*-algebras at several points.

Finally, we consider a special class of concrete C*-algebras, namely von Neumann
algebras. We define:

Definition 1.4. Let H be a complex Hilbert space. For a subset S C .Z(H), we call

S'i={te L(H)|ts=stVse S}

!Note that in the case dimH < oo, all linear operators T : H — H are continuous.
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the commutant of S. The double and triple commutant are defined as S” := (S')" and
S .= (8"), respectively. The centre of a concrete *-algebra o/ C £ (H) is by definition
3(F) =g N
Finally, a subset & C 2 (H) is called von Neumann algebra (in H), if o = o" = of*.
As the name already suggests, a von Neumann algebras are associative algebras; actu-
ally they are special cases of unital concrete C*-algebras, which is made clear in part (f)

of the next Proposition, which also summarises some properties of commutants and von
Neumann algebras.

Proposition 1.5 (|Dix, Section 1.1.1]). Let H be a complex Hilbert space.

a) The operations of taking the adjoint and taking the commutant of a set, com-
mute, i.e. (S*) = (S")" for all S C L (H).

b) For two sets S, T C £ (H), the implication S CT = T’ C S’ holds.
c) For every set S C £ (H) it holds that S C S”.
d) The commutant S” of a set S C £ (H) is a strongly closed® algebra containing

idy. In particular, if S = S*, then S’ is a unital C*-algebra in H.

e) We have 8" = S’ for every subset S C £(H). In particular, if S = S*, then
S’ is a von Neumann algebra.

f) Every von Neumann algebra of in H is a strongly closed C*-algebra of oper-
ators in H that contains idy as a unit.

[, For S C L(H), the set (SUS*)" is the smallest von Neumann algebra con-
taining S, i.e.

(SUS)' =({TCLH) | T2S AT =T =T"}.

Proof. a) Calculate:

(S ={te L(H)| ts* = s*tVs € S}
={te Z(H)| st =t"sVs e S}
={te L(H)|st=tsVse S} = (5)".

b) Assume S C T C Z(H) and let u € T". Since u commutes with every element of
T, it certainly commutes with every element of S (as T' 2 S); hence u € S'.

¢) Let s € S. In order to prove s € S”, we have to show st = ts for any given t € S".
But this is exactly the definition of S’, so this statement is reasonably trivial.

d) Tt is fairly evident that S’ is an algebra: Obviously it is a linear subspace of .Z(H),
and we have for z,y € S’

Vs €8 : wys = xsy = svy (by definition of S’),

2For a definition of the numerous topologies on .Z(H), see Appendix A.
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hence z,y € S’. To prove that S’ is closed w.r.t. the strong operator topology, we take
a net (ts) € S’ converging strongly to a limit ¢t € Z(H), i.e. t5§ — t& for all £ € H, and
show that t lies in S’. As ts € S’ for every 4, we have t5s¢ = st for all s € S and all 4.
The left hand side converges to ts&, whereas the right hand side converges to st¢, thus
by uniqueness of limits ts = st€ for all £ € H; hence t € S'.

e) By part (¢) we have S’ C (S')” = §”. The other inclusion follows by applying (b)
to the inclusion S C S, which yields §” = (S”) C S’. The auxiliary statement follows
from (a), as (S')" = (S*) = 5.

f) Let o7 C Z(H) be a von Neumann algebra. Since &7 = (/') part (d) tells us that
o/ is a strongly closed algebra containing idy. The second defining property of = o7*
implies that 7 is a x-algebra. Since the strong operator topology is weaker than the
uniform topology, < is also ||-||-closed, hence complete.

g) “C". Let T C Z(H) be such that 7”7 =T = T* and S C T. By taking adjoints,
S* CT* =T, hence (SUS*) C T. Now apply (b) twice to get (SUS*)" CT" =T.

Conversely, we know from (e) and (c) that (S US*)” is a von Neumann algebra con-
taining S; so it actually occurs in the intersection on the right hand side, which shows
“D7, O]

Remark 1.6. The converse statement of part (f) also holds true, namely that a concrete
x-algebra is a von Neumann algebra, iff it contains idy and is closed w.r.t. the strong
(or, equivalently, weak) operator topology. This is a direct consequence of the famous
Double Commutant Theorem of J. von Neumann (see Appendix A for a formal statement
and proof of the double commutant theorem.). Thus, whereas in the general case von
Neumann algebras are more special than concrete C*-Algebras, the situation is much
simpler, if the underlying Hilbert space is finite-dimensional, for in finite dimensions
all subspaces of .Z(H) are closed w.r.t. to any of the weak, strong or norm topology.
More precisely, the following corollary of the double commutant theorem holds in finite
dimensions:

Proposition 1.7 (Double Commutant Theorem, finite dimensional case, cf. [Dix, p.
45]). Let </ be a concrete x-algebra in the finite dimensional Hilbert space H. Define the
subspace

X:=span{A¢ | Ae o, E€H}CH

and let P € £(H) denote the orthogonal projection onto X.
Then P is the unit of, and the greatest® projection in </ . Moreover, we have

%”:%—I-C'id%;
and the following statements are equivalent:

i) o is a von Neumann algebra in H.

i) P =idy.

3meaning: All other projections Q € o7 have a proper subspace of X as their image.
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iii) idy € o.

In other words: All sub-k-algebras of .Z(H) are actually unital C*-algebras for finite
dimensional H.

Operator Systems

In later applications, we will consider maps defined only on linear subspaces of Z(H)
that are not necessarily closed under multiplication. We define:

Definition 1.8. Let &7 be a unital C*-Algebra. A linear subspace S C 7 is called an
operator system, if it is self-adjoint (i.e. S* := {s* | s € S} = &) and contains the unit
element of 2.

1.2. Hermiticity, Positivity and Order

Definition 1.9. An element z of a x-algebra &/ is called
e hermitian or self-adjoint, if x* = x.
e anti-hermitian, if * = —x.

e positive, if © = y*y for a y € &7. In this case we write x > 0. For a,b € &7 we write
a < b, if a and b are hermitian and b —a > 0. In this case we occasionally may say
that b majorises a.

e projection, if 22 = x = x*.

It follows directly from the definition, that every projection is positive, that every positive
element is hermitian, and that the set of hermitian elements of a x-algebra constitutes
a vector space over R. Although it is not obvious, the positivity of an element = € of
does not depend on whether we regard = as an element of 2/ or as an element of some
subalgebra & C o .

As is well-known, in the case of concrete C*-algebras one can characterise positivity of
an operator a € Z(H) by several equivalent conditions:

i) For all vectors ¢ € H, the number (|at)) is real and non-negative.
ii) a = h? for some hermitian operator h € Z(H).
iii) a is hermitian and its spectrum is contained in [0, +00).

Hence, in a concrete C*-algebra, the set of positive elements forms a convex cone (i.e.,
it is closed under addition and multiplication with non-negative real numbers). The
same holds for abstract C*-algebras, though this is harder to show, if one does not use a
representation on a concrete Hilbert space. For a reference, see [Tak, Chapter 1.6].

The following proposition summarises properties and calculation rules of hermitian
and positive elements, as well as connections between positivity and the C*-norm. The
proofs are mostly taken from |[Pau, Chapter 2|.



Chapter 1. C*-Algebras

Proposition 1.10. Let o/ be a concrete unital C*-algebra on H, and let S C & be an
operator system.

i) An element v € &/ is anti-hermitian, iff iz is hermitian.

i) For any x € S, there is a unique decomposition © = h + a, where h € S is
hermitian and a € S is anti-hermitian. In this case we have that ||h| < ||z|
and [l < |[z]].

#i1) If h € o is hermitian, then we have —||h|| - 1o < h < ||h| - 1.
iv) Every hermitian element h € S can be expressed as the difference of two
positive elements in S, namely
1 1
b= IRl Ly +B) = S(IA] - Ly B,
v) For two positive elements p1 and ps in o/ we have that

[p1 = pal| < max{[[pal[ [Ip2][} -

vi) If a and b are hermitian elements of o7 with a < b, then for all c € o7 it
holds that c*ac < c*be.

vig) For any a,c € & we have that a*c*ca < ||c||® a*a.
Proof. (i) We have the following equivalence chain:
iz is hermitian < iz = (iz)" = —iz* & 2" = —z < =z is antihermitian.

(ii) First we show uniqueness of the decomposition: If we have z = h + a with h
hermitian and a anti-hermitian, by taking adjoints we get z* = h — a. Respectively
adding or subtracting these two equations yields h = (z 4+ z*)/2 and a = (z — 2¥)/2,
so h and a are uniquely determined by x. Obviously, h and e add up to z. Since
|l*|| = ||z|| (Lemma 1.2), the triangle inequality applied to the definitions of h and a
implies |11, la]l < |lz].

(iii) For every vector & € H we can use the Cauchy-Schwarz inequality to obtain

(€lhe) < ligl Ihl < 1l 1> = (€| (Inll 1) €)

hence h < ||h|| - 1. The other operator inequality then follows by multiplication with
—1 and replacing h by —h.

(iv) follows from (iii).

(v) Because the operator p; — pa is hermitian, we can calculate its norm by

Ip1 = p2ll = sup [(£](p1 — p2)&)| = sup | (E]p1&) — (€]p2£) |
€11<1 €lI<1 T HZB—’

< sup max {[(€lm&) |, 1(€lp26)|} = max sup |(¢]pe)]

l€ll<1 pe{p1.p2} g||<1

= max {|[p1l, Ip2}-
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(vi) Setting d := b — a > 0, we have (§{|c*bc — c*ac|§) = (&|c*dc|€) = (c€|d|c§) > 0 for
all £ € H.
(vii) Again, for £ € H it holds that

(€la*c*cal€) = (cat|ca&) = ||caé]|* < (el lag]))* = <£‘\\Cll2a*a

£).

Note. Of course, the calculation rules of proposition 1.10 also hold for abstract C*-
algebras, which can be proved by representing the elements as operators on a Hilbert
space.

When considering maps between C*-algebras (e.g. quantum operations), or — more gen-
erally — maps between operator systems, we will demand that the structures of hermitian
or positive elements shall be preserved. This gives rise to the next definition.

Definition 1.11. Let o/ and % be two C*-Algebras and S C & an operator system. A
linear map T : § — £ is called

e hermiticity-preserving, if it maps hermitian elements to hermitian elements, i.e.

VeeS: zt=xz = (T(x))" =T(x)

e positivity-preserving (or just positive), if it maps positive elements to positive ele-
ments, i.e.
VeeS: x>0 = T(x)>0.

Note. Every positivity-preserving map is hermiticity-preserving by proposition 1.10iv).
Moreover, the set of hermiticity-preserving maps T : § — £ constitutes an R-vector
space.

Lemma 1.12. A linear map T : S —> P between an operator system S and a C*-algebra
B is hermiticity-preserving, if and only if for all x € S we have (T'(x))" = T (x*).

Proof. By parts (ii) and (i) of proposition 1.10, we can decompose a general element
x € § as x = h + ik, where both h and k are hermitian elements of S. We calculate

(T'(x))" = (T(h) +iT(k))* = (T'(h))" —i(T(k))"
=T(h) —iT(k) =T((h +ik)*) = T(z*).
The converse implication is obvious. [

Lemma 1.13 (|Pau, Proposition 2.1]). Let S be an operator system and let & be a
C*-algebra. If ¢ : S — A is a positive map, then ¢ is bounded with operator norm

ol < 2[l¢(M)]]-
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Proof. First, consider an hermitian element h € S, h # 0. Using the decomposition from
proposition 1.10(iv) of h, by positivity of ¢ and part (v) of proposition 1.10 we have

lo(h)l

5 o (AN T +8) = (bl 1= w)]|

%mwﬂWWMH+hM\WWMH—hM}

Hh” {H¢ (1i HhH)H}

and since 0 < 1+ h/||h|| < 2, positivity of ¢ implies ||[¢(h)|| < ||h]| [[¢(1)]] . Now, we can
decompose a general element x € S according to parts (ii) and (i) of proposition 1.10
into x = a + ib for hermitian elements a,b € S, and we get

@)l < llg(a)ll + e®) < (llall + (1Bl ¢ < 2l |V -

IN

O]

We close this section with some statements about positivity in *-algebras on a finite
dimensional Hilbert space. Let H and I be finite dimensional Hilbert spaces, and &/ C
Z(H) and B C Z(K) x-algebras of operators.

First we consider the spectral decomposition

Z )\6)\

A€o (a)

of an hermitian element a € <7, where o(a) denotes the spectrum (i.e., the set of eigen-
values) of a, and ey € Z(H) are the mutually orthogonal eigenprojections. Since we can
express every ey as a polynomial of a, e.g.

(a—p-ly)
o= I ==
peo(a)\{A}

all the ey do actually belong to &7.* As a consequence, we state another characterisation
of positive elements and positivity preserving maps.

Lemma 1.14. Let H and K be finite dimensional Hilbert spaces, and let of C L (H)
and B C L (K) be x-algebras of operators. Then the following statements hold true:

a) An element a € o7 is positive, iff for every projection p € of it holds that
tr(pa) > 0.
b) A linear map T : &f — B is positive, iff for all projections q € &, p € B,

it holds that tr (pT'(q)) > 0.

* A generalisation of this is also true for infinite-dimensional #: If the *-algebra . is strongly (or, equiv-
alently, weakly) closed and a € < is hermitian, then also f(a) € & for every bounded measurable
function f.
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Proof. a) If a € &7 is positive, we can write it as a = b*b for some b € o/. Hence by
cyclic invariance of the trace we get

tr(pa) = tr(p?b*b) = tr(pb*bp) = tr ((bp)*bp) > 0,

since the trace of a positive operator is non-negative. Conversely, assume that tr(pa) > 0
holds for all projections p € &/. We decompose a into hermitian and anti-hermitian part
and invoke the spectral theorem for both parts to get

at+ta*® a—a* .
a= 5 +1 5 :ZAeA—i-lZ,u,f#
AeX nEY

for some finite sets X,Y C R and projections ey, f, € &7. For every ug € Y, the number

i (fuo@) = Y Atr (fupex) + ipo rank f,
reXx

is real by assumption. By the already proven part, the first sum is also real, hence
p - rank f,, = 0 for all 4 € Y, which shows that the anti-hermitian part of a vanishes.
Now for A € X we plug in p = ey in our assumption and get

0 < tr(eya) = Aranke,.

So all eigenvalues of a are non-negative; hence a > 0.

b) “=" follows from (a) since T'(q) is positive. “<": Suppose that a € &7 is positive; we
show that T'(a) is positive, too. We have o(a) C [0, +00), and by spectral composition
a = Z)\Ga(a) Aey for some projections ey € /. We calculate

tr(pT(a)) = Y Atr(pT(er)) >0,
)\Ea(a) \—ZG_J

and by part (a) we get T'(a) > 0. O

1.3. Ideals and Projections

Definition 1.15. Let <7 be a concrete x-algebra. A projection lying in the centre 3(.«)
of &/ we may call a central projection. A family of projections (p;);c; € Z(H) is called
mutually orthogonal, if p;p; = 0;;p; for all 7,5 € I.

From Hilbert space theory we know, that there is an order-preserving bijection between
the set of projections in H and the set of closed subspaces of H, given by P — ran P =
PH, where the latter set is partially ordered by inclusion. Using this correspondence,
it is easy to show that two projections are orthogonal, iff their ranges are orthogonal
subspaces.

For strongly closed *-algebras, we will see that its structure is substantially determined
by its projections. As a first result to be used later on, we show:

10
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Lemma 1.16. For a strongly closed x-algebra (B, H) the following two statements are
equivalent:

i) B contains no non-trivial (i.e. # 0 and # lg) projection.
ii) B=C-1y.

Proof. “(ii)=(1)” is trivial. We prove “(i) = (ii)” by contraposition. Assume that B
contains an element A ¢ C - 1. By considering the hermitian or anti-hermitian part of
A, we can safely assume that A is self-adjoint. By spectral calculus, there exists a subset
S of the spectrum of A, such that 0 # xs(A) # 1y, where ys denotes the characteristic
function of S. Since B is weakly closed, the projection P := xs(A) lies in B. O

We recall the definition of ideals from algebra:

Definition 1.17. Let &7 be a x-algebra. A subspace .# C &7 is called a
o left-ideal in o, if &/ & C 7.
o right-ideal in o/ | if o/ C .I.
o {wo-sided ideal in o | if 7 is a left-ideal and a right-ideal in 7.

Note. If .7 is a left-ideal (right-ideal) in o7, then .#* is a right-ideal (left-ideal) in 7,
which can be easily seen by taking adjoints. In particular, a one-sided ideal is also
two-sided, iff it is self-adjoint.

Obviously, if &7 is a *-algebra and E € &/ is a projection®, then the subset @ F =
{AE | A € &/} is a left-ideal in o/. The natural question, whether all ideals arise in this
way, is answered by the next proposition in the positive, at least when we consider only
strongly closed ideals.

Proposition 1.18 (cf. [Dix, Corollary 3 in Sec. 1.3.4]). Let 2 be a strongly closed x-
algebra of operators on a Hilbert space H. Then every strongly closed left ideal M in A
is of the form

M={TecA|T=TE} =AF

for a unique projection E € A. M is two-sided, iff £ is central.

Proof. Let 9 C 2A be a strongly closed left ideal. Then, the set 91 := M N IM* is a
strongly closed two-sided ideal in %A, thus in particular a %-subalgebra of 2l. By the von
Neumann double commutant theorem (Theorem A.7), 91 has a unit element E. We set
M :={T € A| T = TE} and show that 9t = 9.

Let T € SfTI, ie. T € A with T'=TE. Since M is a left-ideal and E € N C M, we
get T =TE € 9M; so the inclusion M C M holds. Conversely, if T = U |T)| is the polar

50f course, &/ E is a left-ideal for any E € o/. The points is, that the demand of F being a projection
does not hurt (as we will show shortly after) and yields a 1-to-1 relation between (strongly closed)
ideals and projections.

11



Chapter 1. C*-Algebras

decomposition of an element T' € M, then |T|* = |T| = U*T € M, hence |T| € N. Since
E is the unit element of N, it follows that |T| = |T'| E, hence T =U |T| =U |T|E =TE,
and thus T € M.

In order to prove uniqueness, assume that F' € 2 is another projection with the
property MM = {T' € A | T = TF}. Then obviously F and F lie in 9, so we have that
E=FEF and F = FE, hence E = E* = (EF)*=F*E*=FE =F.

Now, assume that 9 is two-sided. Then we have 9" = 91, hence 91 = M and for all
A € both AE and EA lie in M, thus AE = E(AE) = (EA)E = EA, as E is the unit
of M. O

Corollary 1.19. Let A be a strongly closed x-algebra of operators, and let J be a strongly
closed two-sided ideal in A. Then for every element A € 2 the implication A*A €T =
A € 7T holds.

Proof. Let E be the central projection from proposition 1.18, such that J = E2(. We
write A = FA + B with B := (1g — E)A and use F € 2" and E(1y — E) = 0 to get
A*A = FEA*A+ B*B. Since A*A € J holds by assumption, we have A*A = FA*A, and
thus B*B = 0. Hence B =0 and finally A = FA € 7. O

Remark. As noted earlier, in finite-dimensional C*-algebras all subspaces (i.e. in partic-
ular all sub-algebras and ideals) are closed in any of the mentioned operator topologies.

We have seen that the left ideals are in 1-1 correspondence to the projections contained
in A. We now tend to the projections contained in the commutant 21'. As the next
proposition states, they correspond to the set of invariant subspaces of 2. First, we
recall:

Definition 1.20. Let & be a *x-algebra of operators in the Hilbert space H. A closed
subspace V' C H is called invariant under o, if 'V C V, ie. Av lies in V for every
A€ of and every v € V.

Lemma 1.21. Let o/ be a x-algebra of operators in the Hilbert space H, let P € £ (H)
be an orthogonal projection and V :=ran P C H its range. Then, V 1is invariant under
o if and only if P € <.

Proof. We have the following chain of equivalences:
V is invariant under & <= Av = PAv VAe I YveV
< AP({ = PAP, VYAec g VEEH
< AP =PAP VAe o
<= AP = PAP = (PA*P)* = (A*P)* = PA VAec &
— Ped

12



Chapter 1. C*-Algebras

In the remaining part of the section, we analyse the set of projections in a unital C*-
algebra more closely. As subset of the hermitian elements, it is partially ordered, and it
has a least element and a greatest element, namely 0 and 1,. If we exclude 0 from the
set, one can consider minimal elements, which we will do now. This, later on, leads to
the decomposition of C*-algebras on finite-dimensional Hilbert spaces. First, we define:

Definition 1.22. A non-zero projection P € 7 is called minimal (in <f ), if P majorises
no other projection except 0 and P.

In other words, a minimal projection is a minimal element of the partially ordered set
{P € o | P projection, P # 0}. In the general case, minimal projections need not exist
(if they exist, the algebra is called discrete or of type I, but there are also other types,
see [Dix, Part I, Chapter 8]). At least in the finite-dimensional case, we are better off:

Proposition 1.23 ([Arv3, Lemma 1.4.1]). Let o/ be a x-algebra of operators in a finite-
dimensional Hilbert space H. Then a non-zero projection P € o is minimal, iff P9/ P =
C- P. Moreover, every projection P in &7 is a finite sum of mutually orthogonal minimal
projections. In particular, there are minimal projections (Pk)zzl i <, such that 1, =
S, Py and PyP, = 64 Py.

Proof. Let P € & be a minimal projection. If £ € P</ P is a projection, then £ = PEP
implies P > E, so E € {0, P} by minimality of P. Hence the only projections in P</ P
are 0 and P. Note that 4 := P/ P is a sub-x-algebra of 7. Since % is spanned by its
projections (which can be seen as invoking the spectral theorem for the hermitian and
anti-hermitian part of a general element B € &), we conclude 4 = C - P. Conversely,
if P is not minimal, then there is another projection @ € 7 \ {0, P} with 0 < Q < P.
Then PQP = @ implies Q € P«/ P, and thus P&/ P # C - P.

We prove the second statement by induction on m := rank P. The cases m =0 (take the
empty sum — defined to be 0) and m = 1 (then P itself is minimal) are obvious. Assume
that the statement holds true for all m < myg, and let P € o/ be a projection with
rank P = mg, mg > 2. If P itself is minimal, there is nothing to show; otherwise there
exists a projection E € &7 \ {0, P} with 0 < E' < P, hence EP = E. We can decompose
P=EP+(14—FE)P = E+(P—E), where E and (P—E) are orthogonal and both E and
(P — E) have ranks strictly between 0 and mg. Using the induction hypothesis for E and
for (P — E) we can write E'= ). E; and (P — E) =, Fj; for two finite sets (£;) and
(Fy) of mutually orthogonal minimal projections. Since E and (P — E) are orthogonal,
each E; is orthogonal to each Fy, as EjFy, = (E;E)((P — E)F,) = E; E(P — E) Fj, = 0.

———

=0
So P =}, E;+ > Fj is the desired decomposition. O

1.4. Homomorphisms

Definition 1.24. A map ¢ : o — % between two C*-algebras o/ and £ is called a
x-homomorphism, if it preserves the x-algebra structure, i.e. if it is linear, multiplicative
and hermiticity-preserving. A bijective s-homomorphism is called *-isomorphism. < and

13



Chapter 1. C*-Algebras

2 are called isomorphic (which we may write as o/ ~ ), if there exists a *-isomorphism
between them.

Remark 1.25. Note that the inverse of a *-isomorphism is again a *-isomorphism. Ac-
tually, as the norm on a C*-algebra is already determined by the *-algebra structure®,
every *-isomorphism is isometric.

Note 1.26. Since a *-homomorphism ¢ maps positive elements a*a to positive elements
d(a*a) = ¢(a*)p(a) = ¢(a)*P(a), we see that *-homomorphisms are automatically pos-
itive. Moreover, the kernel of a *-homomorphism between C*-algebras is a norm-closed
two-sided ideal.

The converse statement, that every norm-closed two-sided ideal is the kernel of a
homomorphism, will become obvious in definition 1.37.

The following result shows, that the structure of the centre of a concrete *-algebra is
preserved under x-isomorphisms.

Lemma 1.27. Let & and & are strongly closed concrete x-algebras, and let ¢ : &/ — PB
be a x-isomorphism. Then we have 3(A) = ¢ (3()).

Proof. We calculate:
3(2) = 3(¢()) = () N (0()) = {d(A) | A€ o, $(A) € (¢())'}
{0(4)| A€, vie o : p(a)s(A) = o(A)s(4) }

{
{
{

P(A)
qS(A)‘Ae;zf, VA€ o - AA:AA}
$(A)|Acot, Ac '} = ¢(ed Nt') = $(3(/)).

‘ Ac o, VAc o ¢(AA) = ¢(21A)}

O

In the following we want to distinguish two notions of concrete C*-algebras being
equivalent: namely as C*-algebras (i.e., there exists a *-isomorphism between them), and
the stronger notion of unitary equivalence, which we will define next.

Definition 1.28. Two concrete C*-algebras &/ and % on Hilbert spaces H and K, re-
spectively, are called unitarily equivalent (written as o/ = %), iff there is a unitary map
U:H — K such that Z=ULU".

Note that a necessary condition for unitary equivalence is that the underlying Hilbert
spaces are isomorphic. This need not be the case for only *-isomorphic algebras. There-
fore, for the purpose of dimension reduction, unitary equivalence is the more important
notion for us.

Two concrete C*-algebras that are unitarily equivalent, are also *-isomorphic, where
the *-isomorphism can be unitarily implemented, i.e. be of the form A — UAU™ for some
unitary U : H — K. Moreover, it is easy to see, that if &/ is a von Neumann algebra
and Z is unitarily equivalent to o7, then 4 is also a von Neumann algebra.

Sa fact that we have not proved

14
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Notation. We denote by My (d € N) the set of d x d matrices with entries in C. If H is
a d-dimensional Hilbert space, then we know that Z(H) = My.

The following theorem is originally due to Wigner; for a mathematically rigorous and
detailed proof see |Bar].

Theorem 1.29 (Wigner). Let H1 and Ha be complex Hilbert spaces, let
T:={zeC| |z|=1}

denote the unit circle, and let R; := {T¢| &€ € H; \ {0}} be the set of rays” in H; (i €
{1,2}). Assume that a mapping T : R1 — Ra is given, such that

Ve, me Hi\{0}:  [T(TEIT(Tn))| = [(TE[Tn)] .

Then there exists a linear or an anti-linear® isometry U : H1 — Ho with VE € H :
UE € T(TE). If T is surjective, then so is U (so that is, in fact, unitary or anti-unitary).

1.5. Basic operations on C*-Algebras

In this chapter we recall methods for constructing new C*-algebras from given ones. As
a tool to keep track, how the underlying Hilbert space (and especially its dimension)
changes, we occasionally may denote a concrete x-algebra o7 of operators on a Hilbert
space H by the pair (<7, H). For the same reason, we will distinguish between inner and
outer direct sums.

As we realised in chapter 1.1, every von Neumann algebra is a C*-algebra. Conversely,
a concrete C*-algebra (7, H) can fail to be a von Neumann algebra of two potential
reasons: &/ may not be weakly closed in .Z(H) — a topological constraint, that however
plays no role in finite dimensions — or the unit element of &/ (which exists for finite
dimensional ‘H by proposition 1.7) may be not the identity operator on H. In the latter
case the situation can be remedied by shrinking the Hilbert space appropriately:

Proposition 1.30. Let (<7, H) be a weakly closed concrete C*-algebra. Let P denote the
unit element of </ (which evidently is an orthogonal projection in H), and for A € o,
let A’ denote the operator

A" PH — PH, & AE

Then the set <” = {Ab } Ae sz} is a von Neumann algebra in the Hilbert space PH,
and we have (<, H) ~ (&%b, PH).

Note 1.31. In particular, the class of von Neumann algebras is not stable under -
isomorphisms. The algebra A° is sometimes called the reduced von Neumann algebra
(cf. |Dix, Part I, Ch. 2|).

"Here, we define a ray in a Hilbert space to be a vector up to a phase, i.e. up to a complex factor of
modulus one. Note that other authors define a ray as C - £ for £ € H.

8 An anti-linear isometry is a map f satisfying f(z + ay) = f(z) + af(y) and (f(2)|f(y)) = (y|x) for
z,y €M, aecC.
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Proof. This is only a reformulation of Lemma A.6ii). O
Next, we define the product (or outer direct sum) of C*-algebras:

Definition 1.32. Let (9%, Hj) be concrete unital C*-algebras for k € {1,...,m}. Con-
sider the Hilbert space direct sum® H of the H;, and the C*-algebra 7 on H consisting
of tuples (Ag)}", with Ay € o, mapping (§1,- -+ ,&m) € H to (A1, -, Amé&m). Then
& is called the product or the outer direct sum of the %, which we denote by

A =X Xy, or A= X
k=1

Proposition 1.33. The outer direct sum is associative, and in the situation of Definition
1.32 the following statements hold true:

i) If 1, =idy, for all k, then the commutant and double commutant of &7 can
be computed factor-wise, i.e.

!/
_<X%>—X~Qfé, " = X o
k=1 k=1 k=1

In particular, &7 is a von Neumann algebra, if all the <, are von Neumann
algebras.

i) The natural inclusion maps
gty — o, A—(0,---,0, A ,0,---,0)
<~
k-th position

are injective x-homomorphisms, and the projections
k:JZf—>JZ{k, (Al,,Am)}—>Ak

are surjective x-homomorphisms. Moreover, if all Hy are finite-dimensio-
nal and if we equip H and the Hy with the Hilbert-Schmidt scalar products,
then py is the adjoint map of ti, and vice versa. In particular, an element

(A1,..., Aw) is positive or hermitian, iff all A; are positive or hermitian,
respectively; and the “embedded factors” vx(<ty) = kerpy C &7 are two-sided
ideals in o .

°Te. H =H1 X --- X Hm as a set, and the inner product is given by

(B1,- s )| (1, ) =D (Pklvk) for ¢r,vox € My, k € {1,...,m}.
k=1
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Proof. 1) We only consider the case m = 2 (i.e., two summands); the general case follows
by induction on m. We represent elements of £ (H; x Hz) as matrices and get

<A B) € (A x )

C D
X 0 A B A B X 0
oo (XY (4 B) (A B) (X D)

XA XB> _ <AX BY>.

@VXG%NYG%:(YC vD oX DY

The equations in the diagonal entries are equivalent to A € &/ A D € /. Setting
X =1idy and Y = 0 yields B = 0 = C in the non-diagonal entries. This shows (i).

ii) The statements about the ¢ and pj are immediately apparent from the calculation
rules of the product of algebras, and the statement about positivity follows from that
since *-homomorphisms are positive (cf. Note 1.26). In order to prove that py and ¢y are
mutually adjoint, let A € o, B = (B1,...,Bp) € &, and calculate

tI‘H (Lk(A)*(Bl, ey Bm)) = tI“H (0, ce ,O, A*Bk, 07 ey 0)
= tI"Hk (A*Bk) = ter (A*pk(B)) .
0

The fact, that the product of C*-algebras consists of “block algebras” which are two-
sided ideals, motivates the following Definition:

Definition 1.34. Let (&, H) be a concrete C*-algebra, and suppose that %, k €
{1,...,m}, are two-sided ideals of <7, so that .#, N .% = {0} for k # {. We say that o/
is the (inner) direct sum of the ., denoted

o = éfk,
k=1

if every A € &/ admits a unique decomposition A = ;" | By, into elements By € 7.

Proposition 1.35. In the situation of an inner direct sum o/ = @}, Fx of concrete C*-
algebras on a finite-dimensional Hilbert space H, the projections onto the direct summands
are given by the Hilbert-Schmidt-adjoint of the inclusion maps F, — <.

Moreover, even for infinite dimensional H, if the ideals are strongly (or, equivalently,
weakly) closed, then the projections m onto the direct summands are given by A — PR A,
where Py is the unit of the x-algebra Fy (c¢f. Theorem A.7), and equal to the orthogonal
projection onto span S, H. In particular, the Ty, are *-homomorphisms, and Y .- | T =
id .

Proof. We prove the second assertion first. By Proposition 1.18, for each k there exists
a central projection Py € 3(</) N F, such that &, = P&/ = o/ Py. Since Py, is the unit
of S, it follows by Theorem A.7 that Py is the projection onto span .#;H.

17
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For Ay, Ay € & we have A; = > ;" | mi(4;), thus

m

A1A2 Zﬂ'k AlAQ = ZZT% A1 7Tg AQ = Zﬂ—k(Al)Trk(AZ)-
k=1

k=1 ¢=1 7N, k=1

By uniqueness of the decomposition we infer m; (A1 A2) = 7, (A1) 7k (A2), and by similar
reasoning it holds that m (A7) = m,(A1)*. So the 7 are *-homomorphisms. Moreover,
T, must act as the identity on %, which follows by decomposing elements from %, and
using that %, N . = {0} for £ # k. Hence for A € &/ we get

T(A) =Y Pemi(A) =Y mp(Pe)mi(A)

hence (again by uniqueness of decomposition) 7;(A) = PyA = AP;.
Now to the first part. Assume that H is finite dimensional, and let ¢ : % — &
denote the inclusion maps. Then for A € &, B € ., we can calculate

trH ((ﬂk(A»* B) = tI"H ((PkA)* B) = tl“fH (A*PkB) = tI"H (A*B) = tI‘fH (A*Lk(B)) .
O

The next Proposition shows, that outer and inner direct sums are closely related; up
to reducing the individual summands, we have unitary equivalence.

Corollary 1.36. Let (<, H) be a concrete strongly closed C*-algebra composed of a direct
sum o/ = @y, . Then

X3

(o, H) :é A H) = X (A, 1 M)
k=1

k=1

where the last expression is a von Neumann algebra.

Proof. The map

¢ é e, H —>§l<1 (. 1) iAw—)(AZ)::l,

implements the x-isomorphism in question, as one can easily see from Propositions 1.30
and 1.35. That X}, (,kab , 1%7-[) is a von Neumann algebra, follows from Proposition
1.331). O

Next, we define quotients of von Neumann algebras.

18
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Definition 1.37. Let A be a von Neumann algebra on H and J C 2 a strongly closed two-
sided ideal in 2 (so in particular, a *-subalgebra). Let E denote the greatest projection
in J (cf. the double commutant theorem) and € := ran . We define the quotient von
Neumann algebra 2A/J as a von Neumann algebra on the Hilbert space H/E, acting by

(A+3)(h+&) = Ah + €.

Proof of well-definedness. For two elements A, A e with A— A € 7 and two vectors
h,h € H with h — h € £ we have that
Ah — Ah = Ah— Ah+ Ah — Ah = (A— A)h+ A(h — h) = E(A — A)h+AE(h — h).

—— —_——  —
€J €€ €€

Since Jis an ideal and E € J, we have that AE € J, thus AE(h—h) = EA(h—h) € £. O

In order to define m-positivity between C*-algebras, we need one more notion, namely
the tensor product of von Neumann algebras.

Definition 1.38. Let o7 and % be C*-algebras on Hilbert spaces H and K, respectively.
We consider the tensor product &/ ® # as a C*-algebra on the tensor product of Hilbert
spaces H ® k.10

The x-algebra-operations are, of course, given by (A; ® By) - (A2 ® By) = (4142) ®
(B1B3) and (A® B)" = A* ® B*. Note that for simple tensors we have |[A® B| =
IA[l- 1B

In the special case & = M,, = L (C™), clearly H ® C™ is isomorphic as a Hilbert
space to the m-fold direct product H" = X;nzl ‘H, where a natural unitary map is given
by (the linear extension of)

Z hj ®e; — (hj);»nzl ,
j=1

where e; € C™ is the j-th canonical unit vector.

Definition 1.39. Let M, denote the von Neumann algebra of all d x d matrices with
entries in C. Let S be an operator system on the Hilbert space H. For any number
n € N, let us agree to regard &/ ® M,, as a C*-algebra in the Hilbert direct sum H" by
means of the canonical isomorphism

S®M, — Mat,(S),
N
; Sk ® <m$)>w — g (ml(f) . Sk)ij ,

197f H or K (or both) are infinite-dimensional, then by £ ® K we mean the closure of the algebraic tensor
product of H and K, which is again a Hilbert space with scalar product uniquely determined by its
values on simple tensors as

(€1 ®@ml2 ®@n2) = (&1]&2) - (mn2) for &1,&2 € H, mi,m2 € K.

In this case, &/ ® % means the closure of the algebraic tensor product of &/ and % with respect to
the uniform topology in Z(H® K) =2 L(H) ® Z(K).
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where N € N, and for k € {1,...,N} S € S and m¥) = (mg?))ij eM,,.
1.6. Basic Structure theory of C*- and von Neumann
algebras

There are several possible accesses to the structure theory of finite-dimensional C*-
algebras. First, for finite-dimensional algebras we have the classical algebraic approach
leading to the Wedderburn theorem, see e.g. [Lan, §3|. Note that this approach does not
use the *-structure, so it will be only of limited use to us. Second, in [Arv3, Section 1.4],
the subalgebras of % (H), the set of compact operators on the Hilbert space H, which
also form a C*-algebra are classified by quite elementary methods. We will follow this
path, but restrict to the case there dim H < +o00. Third, one can use the spectral theory

of abelian C*-algebras to classify finite-dimensional C*-algebras up to *-isomorphisms,
see e.g. |Tak, Chapter I.11].

1.6.1. Strongly closed concrete *-algebras

In the first place we find that the “building blocks” of C*-algebras are two-sided ideals;
more precisely that every concrete x-algebra — given that it is strongly closed — is the
direct sum of its minimal ideals''.

Definition 1.40. A concrete x-algebra (&7, H) is called
e non-degenerate if spanaH = H.'?
e simple, if it contains no non-trivial strongly closed ideals.'?
e a factor, if 3(«7) =C-idy.

e irreducible, if o/ # {0} and there are no closed non-trivial subspaces V' C H that
are invariant under /.4

The next proposition summarises the relations between the various properties:

Proposition 1.41. Let (<, H) be a strongly closed concrete x-algebra.

a) o is non-degenerate <= 1, = idy.

1 An ideal is minimal, iff the corresponding central projection is a minimal projection.
12Note that by spanX we mean the set of finite linear combinations of elements from X, i.e.

spanX = {Z Ty

j=1

TLGN,C]'E(C,{E]'EX}

13The definition of simplicity varies from author to author by means of in which topology the ideals
shall be closed. Our choice is used throughout books about von Neumann algebras.

“The demand &7 # {0} might seem superfluous (at least for H # {0}), but it is not, as the example
o = {0} on H = C* shows.
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b) A strongly closed ideal T in <f is simple, iff the corresponding central projec-
tion 17 (cf. Prop. 1.18) is minimal in 3(<7).

c) o is simple <= 3(/)=C-1y
d) o is a factor <= o is non-degenerate and simple.

e) o is irreducible —> </ is a factor. Moreover, for H # {0}, the following
statements are equivalent:

i) o/ is irreducible.

i) The only projections lying i </ are 0 and idy.

iii) ' =C-idy.

i) Every vector is cyclic for o, i.e. €& =H for all € € H \ {0}.
v) o =L (H).

Proof. a) is a consequence of the von Neumann bicommutant theorem (Theorem A.7):
The “<="-direction is obvious, whereas the “=" follows from the fact that the unit 1, is
given by the orthogonal projection onto the subspace spane/H, which is equal to H if
&/ is non-degenerate.
b) Recall that by Proposition 1.18 every strongly closed ideal J in &/ can be written
as
jzlj%:{A€ﬂ| 1jA:A}.

Let Z be a strongly closed ideal in /. If 17 is not minimal in 3(<), there exists a
projection P € 3(«7) strictly between 0 and 17 which we can use to define another
strongly closed ideal J := P2/, so that P = 17. Since 17P = P = Plz, we have

J =Pd = (Ply)o = P(1z) = PI C .7,

but 17 ¢ J as 1717 = Plz = P # 17. Hence Z is not simple.

Conversely, if Z is not simple, then there exists a strongly closed ideal J satisfying
{0} € J < Z, hence 17 is a central projection with 0 < 17 < 17, hence 17 is not
minimal.

c) follows from (b) by setting Z = &7

d) By parts (a) and (c), & is non-degenerate and simple, iff 1, = idy and 3(&) =
C - 1., which means that </ is a factor.

e) We show first, that if o/ is irreducible, then it is non-degenerate. To this aim,
consider the subspace V := ker1,,. V is invariant under <7, since for £ € V and A € &
we have AL = Al = 0 € V. By irreducibility, either V' = {0} — in which case
1, = idy, so that &7 is non-degenerate by part (a) — or V' = H. In the latter case we
have 1, = 0, hence o/ = {0}, which contradicts the irreducibility of <.

We come to the proof of the stated equivalences. “(i) < (i7)” follows from Lemma
1.21, and “(i7) < (4i7)” is Lemma 1.16.

“(i43) A (i) = (v)”: Since @’ = C -idy, we have that &" = (C-idy) = Z(H). On
the other hand, by the double commutant theorem A.7 in Appendix A, &/” is equal to
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o/ + C -idy. By assumption o7 is irreducible, hence a factor, hence non-degenerate by
part d), hence we have 1, = idy by part a). Thus Z(H) =" =&/ + C-idy = &.
Co

“(v) = ()™ Fix £ € H\ {0}. Then for n € H there exist maps M € Z(H) such that
M¢ =, for example M = ||€]|72 - [n\¢|. Thus L(H)¢E = H.

“(iv) = (i)™ Let V C H be a closed subspace invariant under <7, and assume V # {0}.
Then there exists & € V' \ {0} and by assumption we have H = &/ C ZV CV =V,
hence V ="H. O

The properties of a concrete C*-algebra of being non-degenerate, being irreducible and
being a factor are not stable under x-isomorphisms — for example, one could simply en-
large the underlying Hilbert space to destroy these properties, hence basically destroying
non-degeneracy. A notable example is simplicity:

Corollary 1.42. Let &/ and B are strongly closed concrete x-algebras, that are x-
isomorphic. Then < is simple iff B is.

Proof. By Lemma 1.27, 3(#) = ¢(3(«7)), and as unit elements are unique in an algebra,
we have necessarily ¢(1,/) = 1. The claim then follows by part c) of Proposition
1.41. O

1.6.2. Structure of x-algebras on finite dimensional Hilbert spaces

In this section, we want to give a complete characterisation of concrete C*-algebras on
finite-dimensional Hilbert spaces. With the tools developed so far, we can as a first step
reduce the problem to simple algebras, as the next Proposition shows.

Proposition 1.43. Let o7 be a concrete C*-algebra on a finite-dimensional Hilbert space
H. Then, o is the direct sum of finitely many simple ideals <), of <, i.e.

n
o =P
k=1
Proof. Consider the C*-algebra 2 := 3(&/) = &/ N.&/’, which contains 1./, so that 14 =
1. By proposition 1.23 there are mutually orthogonal minimal projections Py, ..., P, €

%, such that 1, = >}, P. Let @, := Py</ denote the corresponding simple ideals
in «/. Then we have obviously @7 N« = {0} for k # [, and a general A € & can be
decomposed as

n
A=14A=) (PA),
k=1
hence & = @) _, . O
Now, in order to move forward towards a complete characterisation of concrete C*-
algebras on finite-dimensional Hilbert spaces, we need to analyse the structure of simple

algebras further. We will show that, up to *-isomorphism, they are full matrix algebras
My for some d € N. As a technical aid, we define:
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Definition 1.44. Let < be a x-algebra. A doubly indexed collection w;; € <7\ {0} with
i and j running over {1,...,d} satisfying

Vi, gkl €{1,...,d} 1w =wj A wijwg = djrw;

and 2?21 wy; = Ly, is called a system of matriz units for o .

Note that from the defining equations for matrix units it follows that the w; are
mutually orthogonal self-adjoint projections, with wy; # w;j; for ¢ # j.

Proposition 1.45. [Tak, Theorem 11.2[Let o/ be a *-algebra of operators on the finite-
dimensional Hilbert space H. Then the following statements are equivalent:

i) o is simple.

i) There ezist a number d € Ng and a system of matriz units (wij)szl for o,
with wy; being minimal (in particular non-zero) projections.

ii1) o is x-isomorphic to My for some d € Ny.

In this case, the numbers d in parts i) and i) coincide, and the system of matriz units
(wyj) from i) forms an algebraic basis for o .

Proof. First, let us deal with the trivial case &/ = {0}. Then & is simple by definition
(there are no non-trivial ideals contained in &), and (ii) and (iii) are fulfilled with d = 0.
So henceforth we assume that </ # {0}, in particular 1, # 0.

“(i) = (i7)”. By Proposition 1.23 we can write 1, = Z;l:lpj for some minimal,
mutually orthogonal projections p; € 7.

Note that for 7 € {1,...,d} the subsets %; := span (&/p; /) are manifestly two-sided
ideals in o7, and 0 # p; € %;. Since o is simple, we conclude %; = & for all i. We
define the subspaces %;; := p;@/p; C o for i,j € {1,...,d} and observe that

span (‘%w‘%);kj) = span ((p;@p;) (pi/p;)*) = pispan (' p; ) p; = pidp; = C - p;,
| S —
—of

where the last equation follows from minimality of p; (cf. Proposition 1.23). Thus,
every %;; contains non-zero elements. For every i € {1,...,d}, fix a normalised element
v; € %B1;. Note that by definition of %1;, vi = p1vi = v;p; = prvps. Since vjv; is
manifestly positive and lies in %7, %,;, = %,,%;, € C - p;, we have vjv; = \;p; for some
number \; > 0. The C*-property gives A\; = |\;| = [|\ipill = [[vfv; || = [Jvil|* = 1, hence
viv; = p;. Taking adjoints, we see vj € %;1, hence it follows analogously that v, vj = p;
for all <.

Now we define for 4,5 € {1,...,d} the elements w;; := vjv; and verify their property

J
of being matrix units: for 4, j, k,l € {1,...,d} we calculate

* * * %k _ B
wij = (”U,L-Uj) —vjvi = Wyj,
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* * * * * *
wijwy = v; (vjpj) (Vepr)™ v = Viv; PiPE VY, = Ok v VU U = Wi
N~~~ ~—~
=0;jkD;j =p1
——

=v;

and finally
d d d
*
D wi =) v =) pi= Lo
i=1 i=1 i=1

By construction, the w;; = vjv;, = p; are minimal projections.

“(i9) = (1i)". Set p; := wy and %y = p;/p; as in the last part. Before we will
construct the *-isomorphism, we show that all %;; are one-dimensional. Indeed, 0 #
wij € HBij, so dimB;; > 1. Let a,b € H;; be such that |la|| = ||b]| = 1. From the
calculation

Bii B = (pid ;) (pid pj)* = pi A p; € piddp; = C - pj,
——

Cof

where again the last equality is by minimality of p; = wy; and Proposition 1.23, we can
infer that ab* = Ap; and b*b = up; for some A\, u € C. Since bb* is inherently positive,
we even know g > 0, and by the C*-property we have 1 = [|b]|* = [|0*b]| = p? |lp;]| = 12,
hence p = 1, hence b*b = p;. Thus, the equation

Xb = Apib) = (Api)b = (ab*)b = a(b"b) = ap; = a

shows that a and b are linearly dependent. As @ and b were arbitrary, %;; is indeed
one-dimensional, and we may write it as %;; = C - w;;. Moreover, we can decompose

d d d d
A =1y dly = (Zm)ﬂf doni| =D pidpi = By,
=1

=1 i,j=1 ij=1

where the last sum is a direct sum in the sense of vector subspaces!®. Therefore, the Wij
constitute a basis of &7, and we may define a *-isomorphism &/ — Mg by (the unique
linear extension of) w;; — E;j, where E;; := |e;fej| € My are the standard matrix
units in M.

“(#ii) = (4)”. It suffices to show that M, is simple, since *-isomorphisms preserve
ideals. But this follows directly from Prop. 1.41: By part e), My = Z(C%) is irreducible,
thus in particular simple. O

15To see that the sum is indeed direct (i.e. Bi; N Bi = {0} for (i,5) # (k,1)), one assumes w;; = Awy,
for some A € C and fixed 1, j, k, [, and uses the matrix units properties:

Wi = WijWji = wijw;'kj = |)\|2wklwI:l = \>\|2 WrIWik = \)\\2 W — 1=k

*

Wjj = WjiWij = Wi;W;; = \/\\2 Wiy Wh = |/\|2 Wik WE = |)\|2w” = k=1
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Remark. In the first part of the proof, instead of constructing the v; and using them to
define the w;;, one could have the idea to construct the wj;; directly from the subsets
%;j. However, if one does so, one would have to redefine the phases, because one might
only find wijwy = djr0q5wy for some phases oy € {z € C| |2] =1}.

With the two last results, we are ready to characterise finite dimensional C*-algebras
up to *-isomorphisms.

Corollary 1.46. Every concrete x-algebra o/ of operators on a finite dimensional Hilbert
space 1s x-isomorphic to a direct product of full matriz algebra, 1.e.

A ~ X Mg, for somen €N, d; € N.
j=1

Proof. First, decompose o into the direct sum of simple ideals according to Proposition
1.43 as o = @?:1 ;. Every «/; is a simple *-algebra, hence by Proposition 1.45 there
exist x-isomorphisms ¢; : & — My, for some numbers d; € N. Then, by

¢ = @%HXMCIJ’ Zaj (&5 aj))

J=1
a *-isomorphism is given as claimed. O

Now we want to classify x-algebras on finite-dimensional Hilbert spaces up to unitary
equivalence; thus we need a refinement for Proposition 1.45, i.e. a classification of simple
algebras up to unitary equivalence. For a first step, Proposition 1.41(c) tells us that
simple algebras are factors, up to reduction of the Hilbert space, cf. 1.30. So the next
step is to classify factors:

Proposition 1.47. Let 2 be a *x-algebra of operators on the finite-dimensional Hilbert
space H. Assume that A is a factor. Then A is unitarily equivalent to the x-algebra
Mg®(C-1,) on the Hilbert space CE®@CY for some d,v € N, where I, denotes the v x v
identity matriz. In other words,

(A, H) = (Md® (C-1,), cd®@) .

In particular it holds that dimH = d - v and dim A = d°.

Proof. By Proposition 1.45 there exists a system of matrix units (wij)?jzl C 2, where
the p; := wy; are mutually orthogonal minimal projections. To convey the idea behind
the construction of the unitary that implements the claimed equivalence, we fix an or-
thonormal basis ( fj)]”.:1 of the subspace ranp; C H, and decompose an arbitrary vector
& € H as follows:

f anf szl wlzf —szlz‘f]Xf]‘wlzf ZZ f]|wlz€ wzlfj

€ranp1 =1 =1 j=1
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Hence, the set B := {wa fj|ie{1,...,d}, j€{1,...,v}} spans H. Actually, B is an
orthonormal base, as the calculation

(wir filwia fir) = (filwriwe fi) = dir (filwir fi) = O (f51f1) = dirdji

shows. Thus, we can define a unitary

d v
U:?—l—>(Cd®C”, fHZZ(wilfj\f)-(eiééej),
i=1 j=1
which maps w;1 fj to e; ® e; € C?® C". As usual, e; denotes the i-th standard basis
vector of C? or C¥, resp., and Ej;; := |e;fej| € My shall denote the canonical matrix

unit. It remains to show that U implements the *-isomorphism 2f = M, ® (C-1,), i.e.
that UAU ! = My ® (C-1,). For 4,7,k € {1,...,d} and [ € {1,...,v} we calculate

Uwi;U (e, ® €)) = Uwijwi fi = 0;sUwin f1 = 61, - (e @ ;)
= (5jk6¢ X 6[) = (Eijek X 6[) = (Eij & I[y)(ek X 61).

Thus UwijU_l =FE;j; @I, € Mg® (C-1,); and since the w;; form a basis for A, we have
UAU ' = My ® (C-1,), as claimed. O

The last result finally leads to a complete characterisation of von *-algebras of operators
on finite dimensional Hilbert spaces up to unitary equivalence:

Corollary 1.48. Every *x-algebra of operators 2 on a finite-dimensional Hilbert space H
15 unitarily equivalent to a direct product

(A, H) = <>n< (Mg, @ (C-1,,)) x {0}, N (cdf ® <c”f) X <c*ﬂ> ,
j=1 j=1

where the trivial algebra {0} acts on C®, 1, is the v X v identity matriz, n € N and
dj,v; € N. The numbers n and K are uniquely determined by 2 and the pairs (d;,v;) are
unique up to permutations. In particular, we have

dimH =r+ Y djy; and dimA=Y d’.

Jj=1 J=1

A is non-degenerate, iff Kk = 0 (viz. the last factor can be omitted); and 2 is simple,
iff n=1.

Proof. As the first step, we want to get rid of the so-called null space of 2, so we consider
the reduced von Neumann algebra (le, Y) (cf. Proposition 1.30) on the Hilbert subspace
Y =spanAH. We set X := Y+ and « := dim X, and fix an orthonormal basis (g;);_; of
X. Then the unitary

K

Ui H—Y xC" H3E{— (Projyﬁ, Z(gl|Pron§>-el> ey xC~
=1

26



Chapter 1. C*-Algebras

implements the unitary equivalence (A, H) = (° x {0}, Y x C*), where (el)f:1 denotes
the canonical ONB of C*. By construction, (Q[b, Y) is non-degenerate.

Secondly, we use Proposition 1.43 to decompose 2 into simple ideals oty C A, ie.
A° = @?:152%] This concurrently gives another decomposition of the Hilbert space
Y: recall that 1., € A" C Z(Y) are mutually orthogonal minimal projections, so the

subspaces Y := 1, Y are mutually orthogonal, and since A was non-degenerate, Y is
the direct sum of the Y. In order to “convert” the inner direct sum to an outer direct
sum, we use the unitary

n n
Uy:Y — XY, Yon= le{kﬁ — (lﬂkn)zzl,
7= =l ey,

which implements the unitary equivalence (2°, V) (X?Zl szjb, X?Zl Yj>, cf. Corollary
1.36.

Thirdly, we note that the szfjb are simple by Proposition 1.30 and Corollary 1.42, and
non-degenerate by construction. Hence they are factors by part (d) of Proposition 1.41,
and we can invoke Proposition 1.47 to get unitaries

U?Ej) :Yj—>(Cdj ®@C", je{l,...,n}

implementing the unitary equivalences (,ijb, Y}) = (./\/ldj ® (C-1,,), Ch @ C%).

Putting all together, we define the unitary U : H — X?Zl (C% ® C¥7) x C* by the
following commutative diagram:

Ui (Uz,idcr) ((Uéj))?zl’idc“)

SN TN T TN

H Y x C¥ Xj_, Y x C" X1 (CH @ C) x C*

U

Thus the stated unitary equivalence is proven. It remains to show that the numbers
k, n and the d; and v; are uniquely determined by 2. But by construction we know
k = dim (ﬂ Acy ker A), which is preserved under unitary equivalences, as for B = 2, say
B = VRAV* for some unitary V, we have

f = dim ( N kerB) = dim ( () ker (VAV*))

Be® Aext
= dim ( m ker (AV*)) = dim ( ﬂ V (ker A))
Ae Ac

= dim (V (Qm ker A)) = dim <ADQ[ ker A) = K.
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Furthermore, n is the number of simple ideals Z; contained in 2, which is preserved under
*-isomorphisms, thus in particular by unitary equivalences. Finally, the d; and v; are —
up to permutation, of course — determined by (cf. Proposition 1.47)

d? =dimZ; and d;-v; =dimspan(Z;H),

which for similar reasons are stable under unitary equivalences. O

1.7. n-positivity and complete positivity

For linear maps between C*-algebras to be quantum operations, one does not only demand
that they are positive; in order to ensure that compound (i.e., “tensor-ed”) operations on
compound quantum systems are positive as well, one must demand a stronger property,
namely complete positivity.

Definition 1.49. Let & and &£ be C*-Algebras and S C & an operator system. A
linear map 7' : § — A is called n-positive (n € N), if the induced map

o =g ®idy, : SOM, — B M, (1.7.1)

is positive. If T is n-positive for all n € N, then T is called completely positive (abbre-
viated as ¢.p.), which for the sake of standardisation in the notation we may also call
oo-positive.

If T: o — 2 is linear and satisfies the Schwarz inequality

VAe o/ : T(a)'T(a) <T(a%a),
then T is called Schwarz map, or 3/2-positive.

Obviously one can replace the space M,, in 1.7.1 by Z(H) for any n-dimensional
Hilbert space H. Note that the three properties 1-positive, positivity-preserving and
positive (in the sense of mappings from operators to operators) are identical.

Note 1.50 (cf. [Pau, Ch. 3]). As the naming already suggests, n-positivity implies m-
positivity for n > m (n,m € N). Schwarz maps are 1-positive, and unital (!) 2-positive
maps, that are defined on a C*-algebra, are Schwarz maps.

Furthermore, the concatenation and convex combination of finitely many m-positive
maps (m € {1,3/2,2,3,4,...}) are again m-positive; and the tensor product of com-
pletely positive maps is completely positive, if the underlying Hilbert spaces are finite-
dimensional. Finally, a linear map 7" : § — @?:lngj, which maps into a direct
sum of ideals 7, is m-positive (m € {1,3/2,2,3,4,...}), iff all the “coordinate maps”
mjoT : S — 4 are.

Proof. For n,m € N, the first assertion follows directly via the canonical embedding

a O
My, — My, a»—><0 0>.
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The Schwarz property implies positivity, since T'(a*a) > T'(a)*T(a) > 0 for all a € 7.
Now, suppose that T : & — 9 is unital and satisfies the Schwarz inequality. For
a € &/ we have that

ald*al,ﬁ_a*o a ly\ (a*a a*
0 O 0 0) \1, 0/J\O 0) \a 1y
is a positive element of &/ ® Ms. Since T is 2-positive, also
7@ a*a a*\ _ (T(a*a) T(a)*
a 1y T(a) 1y
is positive. Hence, for all £ and 7 in the underlying Hilbert space we have
(G IG)
n)I\ T(a) 1z )|\n
(IT(aa)[€) + (€T (a)"[m) + T (a)|€) + (n1aln)
——

2
<l

o
IA

< ({€lT(a%a)[€) +2Re ([T (a)"[n) + (nln) ,
and by plugging in 1 := —T'(a)¢ it follows that
0 < ([T(a"a)l§) —2Re ([T(a)"T(a)l§) + (&[T(a) T (a)l)
—_—

€R, since T'(a)*T(a)>0

= {l(T(a"a) = T(a)"T(a))¢) -

Since £ was arbitrary, T'(a*a) > T'(a)*T(a).
Now, if 7" and S are two concatenable m-positive maps (m € N), then

(ToS)™ = (ToS)@idnm,, = (T ®idpm,,) o (S @idp,,) =T o 5

shows, that also T o0 S is also m-positive. For convex combinations, m-positivity is also
quite obvious:

AT 4+ (1= X)) = AT + (1 = N)S) ®idp, = AT™ + (1= 1)SM,

If T and S are merely Schwarz maps, then we can use positivity of T' to apply it to the
Schwarz inequality for S, before utilising the Schwarz inequality for 7"

(T'oS)(a"a) = T'(S(a"a)) = T(S(a)"S(a)) = T(S(a))"T(5(a)),

which is the Schwarz inequality for T'0S. The Schwarz inequality for convex combinations
of Schwarz maps can be shown as follows: Let 0 < A < 1 and consider R := AT+ (1—\)S
for two Schwarz maps T and S. Then, denoting t = T'(a) and s = S(a), we can estimate

R(a)*R(a) = N2t + (1 — \)2s*s + A(1 — A) [t*s + s*1]
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For the term in square brackets, we use 0 < (t — s)* (t — s) = t*t + s*s — [t*s + s*t] and
get

R(a)*R(a)

IN

(A2 4+ A1 = N)) £ + ((1 — N2+ - )\)) s*s
= AMt+(1—=XN)s"s < AT(a*a)+ (1 —)\) S(a”a)
= R(a"a).

For complete positivity of tensor products of c.p. maps, assume that ; C My,
Bj C M., are concrete *-algebras, §; C &/ are operator system, and let T} : §; — %;
be completely positive maps (j € {1,2}). Fix n € N and denote by V' and W the maps
— defined on the appropriate spaces'® — which exchange the first two tensor factors in a
threefold tensor product. Then

(M @T)™ =700 eidy, = (11 ®idg, @idu,) o (ids, ® To @ idu,)
= (T1 & idggz & id/\/ln) oW o (T2 & idgl & id/\/ln) oV
= (T1 X id./\/le2 & idMn) oW o (T2 X idel (039 id./\/ln) oV
= (T1 X idM62+n) oW o (T2 (=) ide1+n) oV.
The last line is a concatenation of positive maps, hence (77 ® Tg)(”) is positive.
Finally, let T': S — % be a linear map, where & = @’.; %;, and let 7 : B — %;
denote the projection onto the j-th factor. Recall that 7; is a *-homomorphism by

Proposition 1.35, and that Z;”Zl m; = idg. Let n € N. Then the last assertion follows
from

T is n-positive <= T ® id vy, is positive
= ((mjoT)®idm,) = (7 ®idm,) o (T ®idag,) is positive Vj
<= (mj o T') is n-positive Vj

m
= Z(ﬂ'j oT)=(idgoT) =T is n-positive.
7=1

O

We already saw (cf. note 1.26), that x-homomorphisms are automatically positive. In
fact, they are an example of completely positive maps, as the next lemma shows.

Lemma 1.51. Every x-homomorphism between C*-algebras is completely positive.

8More precisely,

\ S1 RS20M, — S20851 My, sQtIMr—t@s@m
W PBoRS10My — S1 Q@ Bo@Mp, bRs@mr— sQbRm.

It can easily be seen that V and W are (restrictions of) unitarily implemented *-isomorphisms, thus
in particular positivity-preserving by Note 1.26.
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Proof. Let ¢ : of — % be a x-homomorphism between C*-algebras, and let n € N. We
show, that the map

is again a *-homomorphism, hence positive by note 1.26. For (Xj;), (Y;;) € Mat, (/) we
have

pM(X-Y) = o™ (Z Xikij> = (Z ¢(Xikij)>
i k=1 ij

k=1
= (Z ¢(Xik>¢<ij)> ((Xig))y; - (6(Yi))y; = 6"(X) - g (V);
k=1 ij
hence ¢™ is multiplicative. Involutivity follows by

o) (Xi)yy = (60Xl = (B(X50) )5 = (X)), = 6 (X50) ,, = 6™ (X))}

Z]_

For the case, where the domain is just C, positivity and complete positivity are the
same, as the next lemma shows. We will later generalise this statement for commutative
domains and ranges (Corollary 2.9).

Lemma 1.52. Let o/ be a concrete C*-algebra, S C &7 an operator system. Then every
positive linear functional ¢ : S — C is actually completely positive.

Proof. We have to show that ¢(™ : S @ M,, — C ® M,, is positive, so let A € S® M,,
be a positive element, say A = ;" ar ® my with a; € S and my € M,,. We have to
show that ¢(™ (A) is a positive semidefinite matrix'?, so we calculate for z € C* (where
the index and bounds of summation are omitted for better readability):

(o) = (oo 0300 (Sw ) = o] (St -mi)|)
=3 olar) - Galmilz) = & (3 ax @ (elmylz))
= 6 (3 (idn @ (al) (ap @ i) (i @ 1)) )
= 6( (i @ (al) (Yo @ me) (idy © 1)) ) = 6(2 AV, ) > 0.

In the last line we have introduced the linear operator'® V, = idy ®|z) : H = H®C —
H ® C™ and used the positivity of ¢. O

"Note that for any C-vector space W, C® W is canonically isomorphic to W via z @ w — z - w; we will
use this identification in the proof, using the symbol “=" as in C ® M,, = M,,.

183peaking strictly, writing Vi, = idy ® |x) is a bit abuse of notation: here, “|z)” stands actually for
the linear map |z) : C — H, 2 — z -z, just as (x| = (|Jz))" stands for the linear functional

(z| : H—C, &€~ (x]f).
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In later applications, we want to extend completely positive maps, that are defined
only on an operator system, to the whole C*-algebra. For this case, Arveson proved in
[Arv1] the following extension theorem (see also [Pau]):

Theorem 1.53. Let of be a C*-Algebra, S C o7 an operator system, and H a Hilbert
space. Then every completely positive map ¢ : & — Z(H) can be extended to a com-
pletely positive map ¢ : & — L (H).

Remark 1.54. In theorem 1.53, the C*-algebra .Z(H) that ¢ maps into can in general not
be replaced by an arbitrary C*-algebra.

1.8. Support Projections

This section defines support projections and states their most important properties. The
presentation is mostly taken from [Dix].

Proposition 1.55. Let 2 be a concrete C*-algebra on a finite-dimensional Hilbert space
H and 1 : A — A o unital Schwarz map. Then there exists a projection P € A — called
the support projection of 1 — satisfying the following conditions:

a) For X € A we have Y(X) = ¢(PX) = Y(XP) =¢(PXP).

b) For positive H € 2, the equivalence Yv(H) =0 < PHP =0 holds.

Proof. We set MM := {T € A| (T*T) =0} . We claim that 9 can also be written as
M={TeA|VSecA: Y(S*T) =0}. Indeed, , O follows by plugging in S = T, and

T N=

,C follows via the Schwarz inequality, proposition 1.10vii), and positivity of :

0 < Y(S*T) (ST < (T SS*T) < ||S*||* $(T*T) = 0
<|IS|PT=T
—  P(S*T)*(S*T) =0
—  P(S*T) =0.

In particular, 9 is a left ideal in 2, and by proposition 1.18 there exists a projection
E € 2, such that M = {T € A| T =TE}. Obviously E € 9, hence ¥(SE) = 0 for all
S € 2. Furthermore, if we replace S by S*, we get 0 = 0* = (S*E)* = ¢(ES) for
all S € A, where the last equality is by lemma 1.12. The projection P := 1o — F then
satisfies part (a).

As to part (b), we note that for a positive element H = X*X € 2 we have the
equivalence chain

Y(H)=0<= X eM<—= XE=X<= XP=0«<=0=(XP)"XP=PHP.
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The following proposition constitutes the crucial step, when we later classify the pos-
sible fixed points sets of Schwarz maps and, in particular, of quantum channels. Part (a)
is [Arv2, Lemma 1 on p. 286].

Proposition 1.56. Let 2 be a concrete C*-algebra on the finite-dimensional Hilbert space
H, and let ¢ : A — A be an idempotent Schwarz map and P the support projection of
. Then, if we denote the fized point set of Y by fixy, we have:

a) P commutes with all fized points of ¥, i.e. P € (fixv) .
b) If P = 1y, then fix1) is a *-algebra.

Note that P = 1g is automatically fulfilled, if ¢ is faithful (i.e. A#0ANA >0 =
P(A) # 0), since ¥(1y) = ¥ (P) by the properties of support projections.

Proof. a) Let X € 2 be a fixed point of ¢. Part (vi) of proposition 1.10 and the Schwarz
inequality imply

X*PX < X*X = p(X)* (X) = p(PX)*p(PX) < 1h(X*PX),

hence sandwiching with P from both sides (using again Part (vi) of proposition 1.10)
yields
PX*PXP < PX*XP < PY(X*PX)P.

Thus, H := PY(X*PX)P — PX*PXP = P (¢(X*PX)— X*PX) P is positive with
Y(H) = 0 by idempotence of 1. Since P is the support projection of v, by part (b)
of proposition 1.55 it follows that 0 = PHP = H. Thus, in the above inequality chain
we have actually equality, and in particular PX*PXP = PX*XP. Putting all terms
onto the r.h.s., we get 0 = PX*(1 — P)XP = PX*(1 — P)2XP = K*K, where K :=
(1—-P)XP. But K*K =0 implies K = 0, hence X P = PX P holds for all fixed points
X. Since the set of fixed points is self-adjoint by lemma 1.12, X* is a fixed point too,
which implies
XP=PXP=(PX"P)"=(X"P)" = PX,

i.e. P commutes with X.
b) Suppose that P = 1g. Since fix 1) is an operator system, by the polarisation identity

3
> iF(A+i"B)*(A+i"B) for A,B €
k=0

A*B =

>~ =

it suffices to show, that X € fixt implies X*X € fixey. For X € fixvy, the Schwarz
inequality implies X*X = ¢¥(X)*¢(X) < ¢(X*X). Hence H := (X*X) — X*X is
positive with ¥ (H) = 0. Again, it follows that 0 = PHP = H, hence ¥(X*X) =
X*X. O
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Chapter 2.

Quantum Information Theory

2.1. Basic notions

In this chapter, we review the basic notions from quantum information. We do not
want to review the whole physical-philosophical theory of how actual quantum-physical
systems may be described mathematically in general and the various interpretations of
quantum theory. Instead, we restrict ourselves to stating the fundamental assumptions
we make in the descriptions of physical systems in terms of states, effects, observables, and
operations (also called channels). What follows, is basically the mathematical essence of
§1 in |Kral; readers interested in the motivations of the definitions and axioms, as well
as the technical details may read further in [Lud, Kral.

2.1.1. States and Effects

The general structure the authors in [Lud, Kra| start with, when they want to describe
physical systems, is that of a statistical model:

Definition 2.1. A statistical model for a physical system consists of the following:
i) The set of states ., that the system can be prepared in.

ii) The set of effects &, representing physical measurements on the system with
exactly two possible outcomes — “yes” and “no”, or equivalently 1 or 0.

There are always two special effects: the effect 1 € &, which results always
in the outcome “yes”, and the effect 0 € &, which never occurs, regardless of
the state of the system being measured on.

iii) A mapping p @ ¥ x & — [0, 1], which assigns to a pair (S,E) € ¥ x &
the probability! of a “yes™outcomes, if the effect F is measured on a system
prepared in the state S. For the special effects 0 and 1 we have obviously

'Here we mean “probability” in the statistical sense, i.e. if we prepare a number N of systems in the
state S, measure E on all N systems, getting N1 times the outcome “yes”, and Ny times the outcome
“no”, then for large N we have u(S, E) ~ Ni1/N. Note that the outcome of a single measurement
may not be determined by specifying S and F, but may be inherently random.

34



Chapter 2. Quantum Information Theory

1(S,1) =1 and u(S,0) =0 for all states S.

w(S,E)=u(S,E)VE€ & — S =2,
w(S,E)=u(S,E)¥Se.¥ — E=EF.

Both . and & carry the structure of a convex set, where a convex combination AS] +
(1 — A\S2) of to states S; and S shall describe a system, which is prepared in S or So
with probability A or (1 — A), respectively; the convex combination AE] + (1 — \)Es of
two effects £ and Es shall correspond of randomly measuring E; (with probability \)
or By (with probability (1 — A)). This interpretation demands, that p shall behave well
under convex combinations, i.e.

p(AS1+ (1= A)S2, E) = Ap(S1, E) + (1 = A) u(S2, E)

and
(S, ABL+ (1= N o) = Mu(S, Br) + (1 — ) (S, Ex)

for 5,571,592 € % and E, Ey,Ey € &. This is equivalent to saying that u is an affine
map.

Remark 2.2. There is an alternative viewpoint in that we consider the states as directly
operating on the effects; indeed the probability map u furnishes an embedding . — &%,
where &* denotes the set of affine maps E : .¥ — [0, 1], given by E(S) := u(S, E) for
Eeé& Ses.

For the cases we want to consider, i.e. classical probability and quantum mechanical
systems, it turns out, that we do not need the full generality of statistical models. Instead
we will be content of the special case where & is a subset of the algebra .Z(#H) of bounded
linear operators in a complex Hilbert space H. In such a representation, . and & are
given as follows:

e & is given by a convex subset of self-adjoint operators in ‘H between 0 and 1, i.e.
E={FecZ(MH)|0<E<idy}, with idy € &.

e In the spirit of 2.2, .7 is given by a subset of {S: & — [0, 1] | S affine}.

Each state S € % can be uniquely extended to a complex-linear map e - C,
where o7 C £ (H) is the C*-algebra generated by &.2 Moreover, & can be reconstructed
from &7 as & = () :=={F € &/ | 0 < E <idy}. Thus we can embed the set of states
into the dual &/ of 7.

2This can also be seen as a consequence of Proposition 1.10, according to which the set of effects spans
the whole algebra linearly: each x € o/ can decomposed as linear combination of at most 4 positive

elements
3 3
iy iy
x = Zl xR = 21 el -y,
k=0

k=0

where yr = z/ ||z if 21 # 0 and yr = 0 otherwise, so in both cases yr € &().
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Note that . may be only a subset of the affine maps from & into [0, 1], because
usually one will demand some kind of continuity of the elements of ., e.g. uniform or
ultraweak continuity. We do not wish to dive into the topological restrictions which can
be demanded of states; instead, we limit ourselves to the case of finite-dimensional Hilbert
spaces H. In this case we can equip £ (H) with the Hilbert-Schmidt scalar product (i.e.
(A, B) — tr(ATB)), & becomes (as a closed linear subspace) a Hilbert space on its own;
so by the Riesz representation theorem, each state s may be written as s(A) = tr(pA)
for a unique p € o/. The element p is called density matriz. The requirements of s for
being a state translate to the demand that p is positive and has trace equal to 1.

Remark. One need not postulate the existence of an underlying Hilbert space as a funda-
mental entity describing a quantum system. Many authors instead regard the effects as
more fundamental and postulate a representation on some Hilbert space, which is always
possible by the GNS-construction.

2.1.2. Examples

We show that the C*-algebra model can describe classical probability as well as quantum
mechanics.

Example 2.3 (Classical Probability). Consider # = CV for a classical system with N
possible states (think for example of tossing a coin (N = 2) or rolling a dice (N = 6)).
We define

o =Dy = {diag(\1,..., ) | A; €CVj € {1,... N}} C Z(H)

as the abelian x-algebra consisting of diagonal N x N-matrices. Note that for A =
diag(a,...,an) € Dy and B = diag(by,...,by) € Dy, it holds that

A>0 < a; >0 Vje{l,...,N}and
A>B = aj,bj €R A a; > b; Vie{l,...,N}.

Then, the effect space is & = {E € Dy |0< E <Iy} and the state space is ./ =
{tr(o () | 0 € DN, 0 >0, tro = 1}. For (tr(o(-)) € .7, o = diag(o1,...,0n), the num-
bers o; are the probabilities for the respective elementary outcome j (i.e. o1 = o9 = 1/2
for throwing a fair coin, 017 = --- = o0 = 1/6 for throwing a fair dice), whereas for
E = diag(ei,...,en) € &, the numbers ¢; stand for the probability of triggering a “yes’-
outcome given the elementary outcome j.

Remark. More generally, one can treat continuous probability distributions by consid-
ering a locally compact measure space (X, u) and setting H := L?*(X, ) and & :=
{My| f € Ch(X)}, where Cp(X) denotes the set of bounded continuous functions X —
C, and My : L*(X, p) — L*(X, p) acts as multiplication by f € C,(X). The case of
finitely many elementary states is contained therein with the choice X = {1,..., N} and
choosing i as the counting measure.
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Example 2.4 (Quantum Mechanics). A k-state quantum system (e.g. a spin-s-particle
with & = 2s + 1 having no other degrees of freedom) can be modelled by the Hilbert
space H = CF, where the effects are & = {E € £(H)|0< E <idy} and the state
space is & = {tr(p (")) | p € L(H), p >0, trp = 1}. The matrices p are called density
matrices. We may sometimes identify the linear map tr(p(-)) with the density matrix
p in situations where it causes no confusion. In the beginning of learning Quantum
Mechanics, quantum states are typically described by normalised vectors of the Hilbert
space — up to a phase factor of modulus 1. This view can be embedded in our definition,
when we regard the state represented by the unit vector 1y € H by the corresponding
density matrix is p = [¢)¢|, as is well known. Those states are called pure states, and
they can be characterised by an extremality condition:

Proposition 2.5. Consider general form of o finite-dimensional von Neumann alge-
bra of = X;.lzl (./\/ldj ® ((C}L,j)) (cf. Corollary 1.48), operating on the Hilbert space
H = X?Zl (CH @ C¥). For a density matriz p = (p1,...,pn) € L () the following
statements are equivalent:

i) p is extremal in the convex set ./ (&), i.e. it cannot be written as proper
convex combination p = Ao+ (1 = A\)7 for o7 € L (), 0 # 7 with 0 <
A< 1.

i) There ewists jo € {1,...,n} and & € C%o with ||€|| = 1, such that pj, =

)¢l @ (L /v ) and p; =0 for j # jo.*

Proof. “(i) = (i1)”. If there were two indices i,j with p; # 0 # p; (wlo.g. i = 1), we
could write p as the convex decomposition

(07 P2, P35 - - - 7pTL)
1 —trp;

P
trpq

p:trpl-( ,0,...,0)—|—(1—trp1)-
which is a valid decomposition in terms of density matrices since 1 = trp = trp; +
Z?ﬁ trp;, and p > 0 implies p; > 0 for all j. Hence there exists jo € {1,...,n} such
that p; = 0 for j # jo.

Writing pj, = r ® <]L,j0 / 1/]-0> with 7 € Mg, , where we divided by vj, to assure that
trpj, = trr, extremality of p in /(&) implies extremality of r in y(./\/ldjo). Consider

the spectral decomposition
rank r

r = Z )\k . ]ek)(ek]
k=1

8Note that in the general case of a von Neumann algebra, there may exists no elements at all of the
form |¢YX¢| in o7 (except 0, of course). For example, consider &7 = Mg ® (CIL,) with v > 2. While
rank (|¢f¢|) = 1 for ¢ € H \ {0}, the elements a ® I, of & have a rank which is a multiple of v, as
rank (¢ ® I,)) = v-rank a. Thus the notion of pure states has to be slightly generalised to mean exactly
the extremal elements of .(&); and this statement gives the exact structure of these elements in
the general case.
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of r, where A, > 0, >~ Ay = trr = 1, and the (ej) form an orthonormal system. If rank r
was greater than 1, then we could again decompose convexly into density matrices as

rank r

o Ak
r=Ar-leifer] + (1 — A1)~ L=y M lewfer]

1—-XM ’

in contradiction to extremality of 7. Thus with £ := e; we have p;, = [£X{| ® (]I,,jo / 1/]-0> .

“(ii) = (i)". Let p have the supposed form as above. Assume that there exist density
matrices 0,7 € (&), 0 # 7 and A € (0; 1) such that p = Ao + (1 — ) 7. With
respect to the structure of of = X?Zl (/\/ldj ® H,,j) we can write p = (Tj ® ]Ivj/l/j)?:l,
o= (sj ®]Ivj/uj)?:1 and T = (tj ®]L,j/yj)n with 0 < rj,sj,t; € Mg;. The convex
decomposition then reads as

j=1°

Tj:)\‘Sj—i-(l—)\)‘tj \V/jE{l,...,n}7

which for j # jo means s; = t; = 0 by positivity of the terms of the r.h.s.
Now, regarding j = jo, we write s = sj, and ¢t = t;,. Observe that for any n € Co
orthogonal to £, we have

0= (n|&) &lm) = A+ (nls|n) +(1 =) - (nt|n),
>0 >0

hence (n|s|n) = 0 = (n|t|n), which means that £&- C kers N kert. Taking orthogonal
complements in C%o, we get

C- €D (kersNkert)™ =rans! +rant’ = rans + rant.

Thus, rans = C - £ = rant, and trs = 1 = trt implies s = ¢t = |£{£| and hence 0 = 7, a
contradiction! O

2.1.3. Observables

In quantum mechanics, one often does not use basic effects, but so-called observables.
In our terms, an observable with finitely many values is a tuple of m effects (Ej);."zl,
where the Ej is the effect which occurs when outcome number j is measured. As the
measurement of an observable should give exactly one outcome, the (E;) have to sum up
to 1. Such an observable is called a positive operator valued measure, or POVM. In the
special case that all the effects F; are projections, it is called a projection-valued measure,
or PVM. This is the case that is treated in most textbooks in quantum mechanics. If we
want, we can regard an effect E as a special observable, namely (E, 1 — E).

To a PVM (E;) we may assign a hermitian element O € &/ via the spectral theorem,

namely
m
0= Z T‘jEj,
j=1
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where the r; € R are the pairwise different real numbers used to indicate the measurement
result. Conversely, each hermitian element H € /" has a unique spectral decomposition

H= Z A\E},

A€o (H)

where o(H) C R denotes the spectrum of H, and the (E)) C & are the mutually
orthogonal eigenprojections (which automatically sum up to idy = 1.), so that the
(E\) constitute a PVM.

There are two ways of constructing a one-to-one correspondence between self-adjoint
operators in Z(H) and PVMs, depending on whether we want to keep track of the
numerical values that indicate the measurement results. Firstly, if we discard their
importance, we may identify two self-adjoint operators in .Z(H) if they have the same
eigenprojections (up to permutation, of course); then there obviously is a one-to-one
correspondence between the equivalent classes [O] of self-adjoint operators and PVMs,
namely 0= E;nzl T‘jEj — (EJ);?Lzl .

Secondly, if we want to include the values indicating the measurement results, we can
do that by denoting R™ := {(r1,...,7m) € R™ | rq,..., 1y pairwise different} the set of
m-dimensional real vectors having pairwise different entries, and noting that

{0€2H)| 0" =0} 50NNy oy
j=1

((rj), (E;)) € R™ x {PVMs with m values in Z(H)}

is a bijective map.

In practice, only PV measures are really implementable. However, of one performs
a projective measurement on a compound system and subsequently discards one of the
subsystems, the whole process can be described with a POVM on the other subsystem
alone. We come back to this, as we we consider observables as channels in chapter 2.2.1.

2.1.4. Compound Systems

Consider two (distinguishable) systems, described by Hilbert spaces H and K and oper-
ator algebras & C Z(H) and & C Z(H).

As a preliminary consideration, take two distinguishable 6-sided dice (assume for ex-
ample that they are painted white and black, respectively). Accordingly, we take H =
K = CS and & = # = Dg = {diag(\1,..., ) | A\; € C} as C*-algebras describing the
respective systems. The “elementary states” of the compound system are then obviously
the states, where the first dice shows j and the second dice shows k (j, k € {1,...,6}),
so we can model the compound system Hilbert space as C5® C% = H ® K, and the corre-
sponding algebra as Dg ® Dg = &/ ® A. The effects of the compound system can then be
given by (convex combinations) of “combinations” Ey ® Es, where E; € &; (j € {1,2}),

This holds also true in the general case, where one or more systems may be quantum:

For distinguishable systems (.7, H;), the compound system is given by <®J i, Q; Hj)
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(c.f. the definition of tensor products of x-algebras in Definition 1.38). We remind
that if we wanted to consider infinite-dimensional systems, we would have to take as
compound Hilbert space the Hilbert space tensor product, which is given by the closure
of the algebraic tensor product H ® K. Then also the tensor product of the respective
algebras o/ ® % needs to be closed in Z(H ® K) order to be a C*-algebra

There are also means for indistinguishable systems, where one must take the statistics
of the particles into account; but we will only consider distinguishable systems.*

Remark. One might have wondered, why we consider proper sub-algebras & C £ (H) as
representing physical systems. As an example, consider a bipartite system represented
by Z(H)® Z(K) of two spatially separated particles. If we want to emphasise that only
the first particle is accessible by our measurements, we can emphasise this by restricting
the algebra to & := Z(H) ® (C-idx) € Z(H ® K). Another example: We ignore the
spin of a particle in a volume V: The full (i.e. dealing with spin and position) Hilbert
space could be modelled as L?(V) ® C%*! where s € Ny/2 denotes the total spin of the
particle. If we lack the ability of (or just the interest in) measuring the direction of the
spin of the particle, we may constrain our observable algebra to .Z(L?(V)) ® (C - idges).

2.2. Channels; Heisenberg and Schrodinger picture

Now we come to the modelling of how states can be manipulated. The presentation
roughly follows |Key, 3.2.].

We want to consider measurements of observables and instruments on the same footing.
This is possible if we define a channel (in the Heisenberg picture) as a unital completely
positive map between two von Neumann algebras. The operational meaning is as follows:
If E is an effect on (&7, H) and T : &/ — A is the channel, the T'(E) shall be the effect
on 4 that corresponds to applying the channel T to the .o7-system before measuring F.

It follows a justification why a channel shall have the above mentioned properties.
First, as a mapping T : £(«/) — £(P), it ought to respect mixtures, i.e. T has to be
affine. Thus, it has a unique linear extension to a C-linear map T : & —> A. Second, if
we measure the effect 1 after applying our channel, then regardless of what the channel
actually does®, the event 1 occurs. Therefore T must be unital. Third, since a channel
maps effects to effects, it has to be positive. We demand that it is possible in compound
systems of ® €, where ¥ is an arbitrary quantum system, to apply the channel only to
the o/-system and do nothing on the %-system. This operation is represented by the
mapping T ® idy, sending &/ ® € systems to B ® € systems. We want to think of
T ®idg as special channel, thus in particular it has to be positive. Since ¥ is arbitrary,
this amounts to the fact that 7" is completely positive®.

In many circumstances it seems more natural to think of channels as mapping states to

“Note that it is a good approximation, when we treat two identical quantum particles, that are isolated
in disjoint volumes, as distinguishable.

SWe tacitly assume that our channel cannot “destroy” the whole system.

6 Although the definition of complete positivity only demands that T ® id« is positive for the special
choices € € {Mgq | d € N}, the general case follows from that.
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other states. Such a description is possible by dualisation, as we now show. Let .2/ and
A are concrete C*-algebras on finite dimensional Hilbert spaces H and K, respectively,

and let S C & be an operator system. As (closed) subspaces of Z(H) and Z(K), «,
S, and & inherit Hilbert-Schmidt scalar products

A x d > (a, b) —> tr(a’d) € C,

which renders them Hilbert spaces in their own right. Here and henceforth we may
denote the adjoint of an operator a € .Z(H) by a' instead of a* (for .Z(K) accordingly).
This helps us to distinguish between the adjoint of an element in a x-algebra and the
adjoint of a map between two x-algebras, which we define now.

Definition 2.6. Let T': & — % be a linear map. Its adjoint T : 8 — o is defined
using the Hilbert-Schmidt inner product via

tr(b'T(a)) = tr(T*(b)Ta) Ya € o/ Vb € A.

Note that the trace on the l.h.s. is taken over KC, whereas the trace on the r.h.s. is
taken over H. If T is a channel in the Heisenberg picture, thus mapping effects to effects,
we call T* a channel in the Schridinger picture, mapping density matrices to density
matrices. That verify this, we define:

Definition 2.7. A linear map T : & — % is called trace-preserving, if it leaves the
trace of an operator invariant, i.e.

tr(T'(a)) =tra Va € <.

The adjoint map T™* enjoys many properties that 7" also has. In particular:

Proposition 2.8. Let T : o&f — XA be a linear map. Its adjoint T is Hermiticity
preserving, iff T is; and, for all m € NU {oo}, T* is m-positive, iff T is. Moreover, T*
is trace-preserving, iff T is unital.

Proof. First, let T be hermitian and b € %. We must show that 7*(b") = T*(b)'. Indeed,
by Hermiticity of 7" and cyclicity of the trace it holds for all a € &7 that

tr(T*(0")Ta) = tr(b'1T(a)) = tr(T(a)b) = tr(T(a')b) = tr(a'1T*()) = t=(T*(b)a),

so that T%(b") = T*(b)T.
The statement about positivity is proven as follows: for the case m =1 (i.e. ordinary
positivity) we have:

T positive Lb ¢ (pT'(g)) > 0 for all projections p € B, q € &/

< tr (T*(p)q) = tr (¢T*(p)) > 0 for all projections p € B, q € &

1.14p .
<= T" positive.
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The case m > 1 follows from that, once we have shown that (T*)(n) = (T(”))*. Per
definition we have (T*)(") = T*®idq, . We calculate fora € &7, b € B, and N,M € M,

tr ((a o N)f (TW)* b M)> — tr ((T(”)(a ® N))T b M))

( The M))

( NTM)> — tr (T(a)Tb) fr (NTM)
— tr (aT (b ) tr (NT M) — tr ((aTT*(b)) ® (NTM)>
— tr ((a @ NT)(T( b)®M)>

( ™ (b @ M))

hence (T%)™ = (T (”))* by linearity.
For the last assertion we note the equivalence chain

T* trace-preserving <= tr(77(b)) =trb Vb€ %A
= Ve PB: tr(b-1g)=tr(T*(b) - 1y) =tr(b-T(1y))
< 1lg=T(1,y) < T unital.

O

As a mathematical consequence of the previous definitions and results, we show that
complete positivity and mere positivity are actually the same, if at least one of the
systems before and after applying the channel is classical.

Corollary 2.9. Let of and B be C*-Algebras and T : of — A a positive map. If of or
P is abelian, then T is completely positive.

Proof. Tt suffices to consider the case where Z is abelian (otherwise consider first 7 :
P — of and apply Proposition 2.8). So assume that £ is abelian. By Corollary 1.46
and Lemma 1.51 we can assume that

n
B = X My, for some n €N, d; € N,
j=1
which can only be commutative, if d; = 1 for all j, hence % = X;.L: M1 = D,. Thus
for all j € {1,...,n}, the maps T; : & — C, Tj(A) = (e;|T(A)|e;) are positive linear
functionals, thus even completely positive by Lemma 1.52. The claim follows by Note
1.50. O

Remark 2.10. Although the property of m-positivity (m € N) is preserved when passing
to the adjoint channel, the Schwarz property (according to our definition)” is not. As a

" A more general version of the Schwarz inequality for not necessarily unital maps is 7(A)"7(1) ' T(4) <
T(ATA), where the inverse is taken on the range.
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counterexample, consider the linear map
E- M =C— My, z+—2z-14

Clearly E is unital and positive; and as the domain is abelian, even completely positive
by Corollary 2.9. The adjoint map E* : My — C can be calculated for A € My, z € C:

tr (ZTE*(A)) = tr (E(Z)TA) = tr (zI,A4) = tr(21 4),

thus E* = tr(-). But for £*, the Schwarz inequality does not hold if d > 1, since for
example

E* (1) E*(Iy) = d° £ d = E*(I}]1).

2.2.1. Examples

We give a few examples of what channels can describe operationally:

Example 2.11 (Classical probability). Consider a classical-to-classical channel, i.e. two
classical algebras o/ := D,, and & := D,, and a completely positive unital map T :
o — AB. T can be described by the numbers

tij = (ej|T (leikeil)le;) € [05 1,

such that in terms of the “elementary effects” (propositions) |exex| we can write
m
T (leifeil) =Y tijleskesl,
j=1

which is nothing else than matrix algebra of stochastic matrices in disguise 8. Indeed,
complete positivity (which in this case reduces to positivity) implies ¢;; > 0, and unitality
of T implies that Y ;" , t;; = 1. In other words, the matrix (¢;;) is a stochastic matrix.
Since we can write t;; = tr(|e;Xe;| - T (|eifei])), the number ¢;; is the probability of
finding a system in the state |e;fe;| € £ after applying the channel, if it was before in
the state |e;)e;j| € &7. The correspondent channel in the Schrodinger picture can be read
off the same equation as T* : D, — Dy, T*(|e;Xej]) = D oiy tij leiXes| -

Example 2.12 (Observables and other mixed channels). In chapter 2.1.3 we defined an
observable as a collection (Eq,...,Ey) C &, i.e. a POVM, of effects on an algebra <.
We now show, that the measurement of observables can also be viewed as applying a
channel: We define the mixed output algebra & := &/ ® Dy consisting of the quantum
part o/, on which the effects are measured, and the classical channel Dy indicating
the measurement result. Since the probability of triggering the effect £; on a system

8For classical probability alone, the present framework may seem a bit too much bedevilled, but that
is the price paid for a consistent way of treating classical, quantum mechanical and mixed systems
on the same footing.
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described by a density matrix p € &/ is given by p; := tr(pE;), a model of the channel
in the Schrodinger picture can be given by?

N
T": o/ — o @Dy, pr— (@m/ﬁ) ® lejXej| -
j=1

If one is only interested in the measurement outcome, one can discard the quantum
system after measurement, which in our model amounts to trace over the &/-part of the
system:

N N
tri 0T (p) = 3 tr (VEpV/E; ) - leskesl = > s lesies|.
j=1 J=1

So we get back the well-known formula for probabilities for quantum mechanical mea-
surements.

For a detailed discussion and further examples of basic channels we refer to [Key,
Chapter 3.2]

2.2.2. Structure theory of von Neumann algebras revisited

As a little interlude, with the techniques we have just introduced, we prove a corollary
of Wigners theorem 1.29 on the level of von Neumann algebras. It shows, that bijective
maps between *-algebras which are order-preserving in both directions are actually *-
isomorphisms or *-anti-isomorphisms. First, we prove a result that can be found as a
special case of [PWPR, Theorem II.4].

Lemma 2.13. Let & and B be two x-algebras on finite-dimensional Hilbert spaces,
and let T : of — B be a positive, trace-preserving and unital map. If we equip of
and B with the Hilbert-Schmidt scalar products (x,y) v+ tr(z'y) and the induced norm
lz|ly = V/tr(ztz), then T is contractive w.r.t. these norms, i.e. | T(z)|, < |z|l5 for all
x € .

Proof. We have to show ||T|| < 1, where ||T'|| denotes the operator norm w.r.t. to the
Hilbert-Schmidt norms on &/ and 4. Since T is a mapping between Hilbert spaces, its
norm equals the square root of its largest singular value, ie. ||T]|* = maxo(T* o T),
where o(T™* oT') denotes the spectrum (= set of eigenvalues) of the positive (in the usual
sense of linear algebra) operator 17 o T'. By Proposition 2.8, T* is positivity-preserving,
unital, and trace-preserving, too. Hence in particular (7% o T)(1y) = 14.

We want to show that all eigenvalues of T* oT" are < 1, so let A be an eigenvalue with
corresponding eigenvector V : T*(T'(V)) = A - V. Since both T" and T™ are hermiticity-
preserving, V1 is also an eigenvector to A, hence also V := (V+V1)/2, which is hermitian.
We define

« ::max{r>0‘ 1@/—1—7’1720} > 0,

“There are some caveats if this formula is used in the very general case of (E1, ..., Ex) being merely a
POVM, since the state of the system after observing E; may be changed arbitrarily by conjugating
with some unitary Uj, as some authors suggest (e.g. [Pre, Ch. 3.1.2, esp. p. 11]). However, in the
case where (F1,..., En) is actually a PVM, such that \/E = Ej, there is no such problem.
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which is well-defined, since by Proposition 1.10iii) we have V> — HVH 1., hence 1, —
21, (107

), where the last term is inherently positive at least for r €

~ -1
(0, VH ]. Thus we have
0<(T*oT)(1y +aV) =1y +alV,
hence by definition of a it follows that aA < a, viz. A < 1. O

Proposition 2.14. Consider two von Neumann algebras A0 = Xzi:l /\/ldg) ® (CHV,(;O’

i€ {1,2}. Let p: AV — A pe ¢ positive unital bijective linear map, such that its
inverse o~ is positive, too.!’Then we in fact have ny = ny =: n, and there exists a
permutation {1,...,n} > kv o(k) € {1,...,n}, such that:

2)

e For all k € {1,...,n}, we have d,(cl) = d((;(k)' In particular, A1) ~ A3,

aM

(2)
e For each k there exists a unitary Uy : C% — C%® such that the action of ¢ can

be stated as

n

"o L t
© ((Ak ®HVI<€1>>]€:1> = ((Ug(k)Xk(Aa(k))Ua(k)) ®HU£2>)]€:1,

where each xy, s either the identity map or the transposition map A — Al. In other
words: Each block in AN gets mapped onto a correspondent block in AP, either
by unitary congugation or by transposition and unitary conjugation.

If, in addition, ¢ is a Schwarz map, then all xp are identilty maps, and @ is a *-
homomorphism.

Proof. We consider the state spaces (") and the dual map ¢* : A — AMD which
is positive and trace-preserving and therefore maps .7 () into .7 (A(1)). We note that
©* is bijective with (¢*) ™' = (90_1)*, since for X,Y € AWM we have

| X (" (07" (V)] = tr [ (X)) - (™) (v)]

=tr {(go_l(go(X)))T : Y} =tr {XTY] ,

ONote that positivity of ¢~ does not follow automatically, as the example
p(a,b) = ((2a +b)/3, (a +2b)/3)
on the commutative algebra C? shows — its inverse is given by

o Ha,y) = ((2z —y)/3, (2y — 2)/3), so e.g. w(@) =(—3,6) 20
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hence ¢* o (p1)* = idyq), and replacing ¢ with ¢! shows (¢71)* 0 p* = idy@). In
particular, (¢*)~! maps .Z(AW) into .7(AP)), thus ¢* furnishes an affine!® bijection
©* L (A?) — . Z(AMW) and therefore maps extreme points to extreme points.

Let us denote the extremal points of a set X by ext(X). Then, recalling the character-
isation of extreme points of .7 (A®) from Proposition 2.5, we define for k € {1,...,n;}
the “blocks of extremal density matrices”

i ; 0
B = {(0,...,0, 13§ ®HV£2>/V,(€2),0,...,0) € ext.Z@AN) | e c | |l = 1},

k-th position

which comprise the connected components of ext.? (Ql(i)). As the image of a connected
set under a continuous map is connected, for each k € {1,...,n2} there has to be an
index k € {1,...,n1} such that gp*(B,(f)) - Blgl). Since the same holds, if we interchange
(2) and (1) by considering (¢~ )* instead of ¢*, it must be that the mapping k — k is
bijective, and @*(B,Ez )= Blgl). This also establishes n; = ny =: n, and — for dimensional
reasons — d,(f) = dg) for all k.

For the remainder of the proof, fix k € {1,...,n}, and set d := d,(f), Vo= V]iQ). Let
¢ : Mg — My denote the “k-th channel of ¢” defined by the equation

©*10,...,0, A®L,/v,0,...,0
—_———

k-th position

=10,...,0,0(A) ®1,/v,0,...,0 | VAeM,.
—
k-th position

Note that ¢ bijective, and that ¢ and ¢! are both positive and trace-preserving. Con-
sider E := ¢(I;), which is positive with trE = d. By spectral decomposition there exists
an ONB (u/)_; of C? so that E = 22[:1 ¢ [ugfug|. If we apply ¢~ ! to that again, we
get

d
Io=¢ ' (E) =) Aelocul
=1

for some set of unit vectors (Ug)@lzl C C? (not necessarily orthogonal), that satisfy
¢ (Juekve|) = |uefue|. Since obviously |vgfve| < I, we get by positivity of ¢ that for
all £ € {1,...,n} it holds that

d
uekuel = ¢ (Jekvel) < d(la) = E =Y e fuefue -

/=1

1A map f between convex spaces is called affine, iff it preserves convex decompositions, i.e.

fQz+ (1 =Ay) = Af(2) + (1= Nf(y).
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Because (uy) is an ONB, we can infer 1 < A\, for all /. But then we have actually equality
ind=trE =% \>>% 1=d, so that in fact Ay = 1 ¥/, and hence E = I,
which means that ¢, and thus also ¢!, are unital. Moreover, the vy are necessarily also
orthonormal, so that ¢ maps orthogonal projectors to orthogonal projectors.

By Lemma 2.13, both ¢ and ¢! are contractive w.r.t. the Hilbert-Schmidt norms
on My, hence they are isometric w.r.t. the Hilbert-Schmidt norm and (since this norm
comes from a scalar product)

tr (¢>(X)T¢(Y)) — tr (XTY) VX,V € M.

Let T := {z€ C||z|] =1} denote the unit circle. We want to define a projective
(2)
automorphism W : R — R, where R := {T{ ‘ £ € C% ’ \ {O}} that we want to invoke

Wigner’s theorem on. So, let Tf €ER (€ cd” \ {0}). Consider ¢(|)¢|), which is of
the form |n¥n| for some 7 € cé \ {0}, so that we can define W (T¢) := Tn. (Thls 1s well

defined, because |n{n| = |n{7| holds iff Ty = T7). Now, observe that for {,n € s \ {0}
with [[£]| = |||l = 1 we have that

(W (TE)|W (T)[* = [t (IW (TEXW (TE)| - [W (Tn){W (Tn)))|
= [tr (& (1XEN) @ ([mknl))]

= |tx (6 (1€XEN" & (i) | = lex leke] - mkn)]
= |(€lm)* = |(TEITn)],

so we can apply Wigners theorem 1.29, which shows that ¢ is either of the form ¢(X) =
UXUT or ¢(X) = UXUT for some unitary U € .Z(C%). If we argue in that way for each
k, all claims but the last follow.

Finally, if ¢ is a Schwarz map, the second anti-unitary possibility is ruled out: either,
the block dimension is d = 1, in which case X* = X , or, in the case d > 1, the transpose
map is not schwarz. Indeed, take for example X = |ejfe2| ((e;) the canonical basis in
C?) and let ¢ : A — A* denote the transpose map. We have t(X) = |ea)e1| = XT and

hence
HX)TH(X) = XXT = |er)er| £ [eafea] = XTX = t(XTX).

2.3. Maximally entangled states and special isomorphisms

Definition 2.15. If (e;);_, is an orthonormal basis in the finite-dimensional Hilbert

space H, we say that the unit vector Q := (dim %)™ Y/? Y16 ®e; € HOMH is a
mazimally entangled vector (for H), and that |QYQ| € Z(H®H) is a mazimally entangled

state (for H).
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Indeed, €2 is a unit vector, as

127 = (QI€) = (dimH) ™ {ej ®ejlex @ep) = =1

hence |Q2)Q] is a pure density matrix in .Z(H ® H). As an element of Z(H) ® Z(H) it
has also a interesting representation:

n

60 = (@A) Y fes @ exfe; © 6] = (i 22 Y (eatesl) ® (esfes).

,j=1 ,j=1

Recalling that (|e;fe;|); ;=1 1s an orthonormal base of the Hilbert space!? Z(H), we see
that |2 is also a max1mally entangled vector for .2 (H).

The dimensions of .Z(H,K) and H ® K are both equal to dim A - dim K, so that they
are isomorphic as Hilbert spaces. There is a special choice of isomorphism given by the
so-called Quantum Steering:

Proposition 2.16 (Quantum Steering). Let H and K be finite dimensional Hilbert
spaces, and let Q0 € H ® H be a mazimally entangled vector for H. Then, the map-
ping
QS {.,%(H,IC) — KoH }
K A — VdimH (A ®idy) (Q)

is an isomorphism of Hilbert spaces, where £ (H,K) is equipped with the Hilbert Schmidt
scalar product.

Proof. Clearly, QSy i is linear. Let (ej) , denote the ONB of H such that Q =
n1/2 > j—1 € ®e;. Then we calculate for A € X(H K):

n

1QSsc(A)|)* = [[(A®idy) (VaQ)|* = 3~ ((Aej) @ el (Aer) @ ex)

jk=1

n
= > (Aejlder) (ejlex) = tr(ATA) = | A3,
—_ N——
7,k=1 =5
where || A, = \/tr(ATA) denotes the Hilbert-Schmidt norm of A. The calculation shows
that QSy x is isometric, so by dimensional reasoning it is an isomorphism of Hilbert
spaces. O

Because every maximally entangled state for H is a maximally entangled vector for
Z(H), we can “lift” Proposition 2.16 from H to -Z(H) and get an isomorphism, called
Chot-Jamiotkowski isomorphism, which has also an important feature with regard to
complete positivity:

Remember that .Z(H,K) carries the scalar product (A, B) = tr(A'B)
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Proposition 2.17 (Choi-Jamiotkowski). Let H and K be finite dimensional Hilbert
spaces, and let Q € H ® H be a mazimally entangled vector for H. Then, the map-

ping

. '{z(.zm),x(m) — LK) © 2 (H) —f(/C@?‘l)}
[ T — (dmH) (T®idguy) (Q) =T

s an tsomorphism of Hilbert spaces that additionally satisfies the equivalence
Tis completely positive < This positive.

In other words, Cly ik is order-preserving, if we equip £ (L (H), Z(K)) with the partial
order defined by complete positivity, i.e.

T >SS <= Sand Tare hermicity-preserving, and T — Sis c.p.

Proof. By replacing H with Z(H), K with Z(K) and Q with |Q)Q]|, we have Cly x =
QS 2 (n),2(x); hence Proposition 2.16 implies that CJy x is bijective and isometric.

It remains to show that 7' is completely positive, iff T* is positive. The “="-direction
is easy: if T' is completely positive, then in particular T'® id ¢ () is positivity-preserving
by definition, and since |Q)Q| is a positive element of £ (H ® H) as one-dimensional
projector, obviously 7% = (dimH) (T ® id ¢ 30)) (121Q]) > 0.

“<” Let n € N. We assume that 7% is positive and we want to show that T®idp, is
positivity-preserving, so let B € Z(H®C"), say (spectral theorem) B = Y} | g |ug fu]
with A\ > 0, m = rank B, and (u) C H®C"™ an orthonormal system. Let ¢ : HQC" —
C" ® H be the unitary map that interchanges the tensor factors, i.e. ¢p(a ® b) = b® a.
By Proposition 2.16 we can write ¢(u) € C" ® H as

d(ur) = (dimH)~/2 QS cn (Ar) = (A @ idy) ()
for some (unique) Ay € Z(H,C"). Hence
up = (P(ug)) = [¢ o (A @ idy)] () = [(idy @ Ag) 0 ¢] (2) = [idy @ Ax] (),
since ¢(€) = Q. Inserting this into B and using some decomposition

Q=D X0V,
el
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with X;,Y; € Z(H) and some finite index I we get

[T ®idp, ] B = [T ®idp, ] (Z Ak (idy ® Ag) [Q)Q] (idH ® A,t,))
k=1

> T ®idw,] ((idy ® Ag) (X; ® ;) (idy ® AL))

I
Fjs

e (10 @ (4via)))

k=1 el

=" N idy ® A) Y (T(X) @ Y5) (idH © A’t)
pt icl

=" A (idy ® Ap) [T ® idpg, ]| (JUQ)) (idy ® Ag)T > 0.

k=1 >0 by assumption
>0 by Proposition 1.10(vi)
O]
Remark. If (e;) € H and (f;) C K are orthonormal bases, and e;; := |e;{e;| and

fij == |fi)f;| the corresponding orthonormal bases of £ (H) and .Z(K), then the Choi-

Jamiotkowski-isomorphism acts quite simple on the canonical basis elements:

(fisXewD)F =D (| fiskew] ®ideay) (enm ® enm)

nm

= Zéknélm (fz] ® fnm) = (fZJ ® ekl) :

2.4. Spectra of positive maps

Here we want to investigate the possible spectra of quantum channels 7' : Z(H) —
Z(H). We assume, that the Hilbert space H is finite-dimensional; therefore, the spec-
trum o(T) of T consists exactly of the eigenvalues of the linear map 7. The next
proposition is [Wol, Proposition 6.1]:

Proposition 2.18. Let H be a finite dimensional Hilbert space, and let T : L (H) —
Z(H) be a positive map. Then the spectrum of T is the same as the spectrum of T*. If,
in addition, T is unital, then the following holds:

i) The spectral radius of T is equal to one: r(T') := maxyeqo(ry [A] = 1.

i) The Jordan blocks for eigenvalues X with |[A\| =1 are of size one.
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Proof. T is in particular Hermiticity preserving, so using lemma 1.12 yields

NEo(T) ==V £0:T(V)= AV < TV £0:T(V)* = T(V*) = \V* < X € o(T),

hence o(T) = o(T). But from linear algebra, o(T™*) = o(T') (regardless of the actual
scalar product that is used to define the adjoint map 7), so the first conclusion follows.

Before we prove i) and ii), we note that the set C of unital positive maps 7" : £ (H) —
Z(H) is closed under multiplication. By lemma 1.13, it is also bounded.

Now, let T" € C be a unital positive map. Choose a basis B of .Z(H), such that T'
has Jordan normal form J with respect to B. Then, the representation matrix of 7"
w.r.t. Bis J" If an eigenvalue A of T" had absolute value greater than 1, the the set
{J" | n € N} C S would be unbounded, a contradiction. This shows ,<“ in (i); equality
holds because idy is an eigenvector to the eigenvalue 1.

Assume, towards a contradiction, that there is a non-trivial Jordan block K = (k;;)
for an eigenvalue A with |[A| = 1, i.e. k13 = X and k12 = 1. In J™, this block becomes

K™ =: (l{:l(]n)) and with x,, := kg) it follows the recursion formula

Tnp1 = (K- K"y =Y kiykly) = kikl) + kiokly) = Az + 107,
J
hence x,, = nA", which again contradicts the boundedness of C. O
The following proposition summarises the structure theory of completely positive maps
on finite dimensional spaces.
Proposition 2.19. Let H and K be finite dimensional Hilbert spaces, and let T :
L(H) — Z(K) be a linear map. Then the following statements are equivalent:

i) T 1s completely positive.
i) (Choi-Jamiotkowski) The Choi matrix
T% = (T ®idg@m)) (124Q) € (K@ H)
is positive for one (and then all) mazimally entangled states 2 € H.

ii1) (Kraus form) There ezist linear maps K; : K — H, j € {1,...,7}, such
that T is of the form

T(X)=) KIXK; VX e ZH).
j=1

The K; are called Kraus operators. They can be chosen orthogonal w.r.t. the
Hilbert-Schmidt inner product. The minimal r in the above representation is
called the Kraus rank of T.

iv) (Stinespring form) There exist e € N and a linear isometry V : K — HQC*
such that T is of the form

T(X)=V (X ®idc)V VX € L(H).
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2.5. Compression of the identity channel is impossible

Proposition 2.20. Let H be a finite-dimensional Hilbert space, and let positive maps
Tj: L(H) — ZL(H) (€ {L,...,n}) be given such that 7, T; = id g(3). Then every
T; is a multiple of the identity channel.
Proof. We may assume that dim?H > 3. Indeed, in the cases dimH € {0,1} there is
very little to show, and for dimH = 2 we can consider H := H ® C? (hence L (H) =
L (M) ® My) and Tj := T} @ id .

The key observation is that for two orthogonal vectors &, € H we have

0= [{En)* = &) €ln) = (nlidee (EXEN|n)

< Z (33) n> > (IT5 (1€KDY

=1 7j=1

where each summand in the last expression is non-negative by positivity of the 7}. Since
they sum up to 0, the summands vanish individually, so that we can note a partial result:

Vie{l,...,n}VE&meH: (Eln) =0 = @[T; (1§D = 0.

For the remainder of the proof let us fix an index j € {1,...,n}. Since Tj (|£)¢]) is
positive we get {£}+ C ker (T (|€)€])) = (ran (T} (J€YE])))™, hence by taking orthogonal
complements ran (T (|€)¢])) € C - &, hence the spectral theorem and positivity of Tj
imply T} (|£X€]) = f(€) - |€)€] for some function f: H \ {0} — [0, +00). For non-zero &,
taking traces gives

tr [75 (J€XE1)]
€]
Now we show that f is actually constant. Take two arbitrary non-zero normalised
vectors &, € H and note that the map p := |£)¢]| + [nfn| can equally be written as
= %[!f + ¥ +n| + 1€ —nf§ — 77|} When we apply T} to both of these “versions” of p

f¢) = , in particular f(z§) = f(§) for z € C\ {0}. (2.5.1)

and use (2.5.1), we get

\ —

[£(€+m)I¢ + e+l + £ = m) € = ke = ml].

€]-1€) and using ||£|| = 1 then yields

FE) XN+ £ (n) [nknl =

—~ N

Sandwiching the equation with

FE& + F) 1Em)?
= % FE+n) (L4 (€lm) (L + M) + F(€—n) (1 — (€]n)) (1 — <n|£>>}

which holds for all normalised elements £, € H. Since the right hand side is invariant
under the exchange & <+ 1, so must be the left hand side, which means that

(&) + f() [(ElmI* = F€) eI + £ (),
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or, rearranging the terms,

(1= HelmP) £&) = (1~ [elml?) £

holds for all normalised &, € H. If i is a multiple of £, then we know f(§) = f(n) from
(2.5.1); otherwise we have |[(£]n)]* # 1, so we can divide by (1 - |<§|n>]2> and obtain
f(&) = f(n) as well. Thus f is constant, say f = ¢ > 0. By decomposing a general

operator a € .Z(H) into a linear combination of rank-1-projections'® a = 3", zj, €, X&|
with z; € C we finally see that

T(a) = Z 2k & kék| = ca, ie. T = c-id g ey).
k

O]

An important consequence of this seemingly technical result is the fact, that the iden-
tity channel on a quantum system cannot be compressed, even when using an arbitrarily
large classical side channel.

Corollary 2.21. Consider a quantum system represented by My, d € N, and a mized
quantum-classical system M, @ Dy (e, f € N). Moreover, assume there exist positive
maps B : Mg — M, @Dy and D : M. ® Dy — My such that D o E' = idnq,. Then
e>d.

Proof. First, for the case d = 1, the result is trivial, because e = 0 would imply M.®Dy =
{0} ® Dy = {0}, hence E = 0, in contradiction to D o E' = idaq,. So assume d > 2.

For j € {1,..., f}, let Il; : C; — Cy denote the canonical projection onto the j-th
component — i.e. II; (diag(zl, A Zf)) = diag(0,---,0,24,0,...,0)) — and define

Tj:= Do (idpm, ®1I;) 0 E.
As composition of positive maps, the T} are positive, and

! !
Y Tj=Do|idy, ® | Y I | | o E=Do (idy, ®ide,) o E= Do E =idp,.
j=1 j=1

By Proposition 2.20, there are numbers ¢; > 0 such that T; = ¢; - idp, for all j, and
there is at least one index jo with c¢j, > 0. Consequently,

d* = rank T}, = rank (D o (idpy, @ I,) 0 E) < rank (idy, ® I1;,) = €2

13This is indeed possible: First decompose a general a € .Z(H) into hermitian and anti-hermitian part,
and then invoke the spectral theorem for both parts to get the desired representation.
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Corollary 2.22. Let d,e, f € N. Consider a system of = Mg X B consisting of a
d-dimensional quantum system Mg and another von Neumann algebra B as factors.
Assume there are positive maps E : &/ — M@ Dy and D : M, @Dy — o satisfying
DoFE =id,y. Then e > d.

Proof. Let w: o/ — M, be the projection onto the first factor, and ¢ := 7* : My — &
the corresponding embedding. We define positive maps E:=Foiand D:=7o D, and
see that
DOE:WODOEOL:WOL:ide.
——

=idy

Thus, e > d by Corollary 2.21. O
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Fixed points of Schwarz maps

In this chapter, we want to classify those subspaces F C .Z(H) that arise as fixed point
spaces of quantum channels — or, more general, Schwarz maps — on finite dimensional
von Neumann algebras.

Notation 3.1. For a map f, we denote the set of fixed points of f by

fixf:={xe X| f(x)=2x}.

3.1. Reduction of the problem

When we are interested in the fixed points of a given positive map, the Cesaro mean of the
map turns out to be a useful tool, because it results in an idempotent map while retaining
the fixed point space. The following proposition gives a summary of the properties of
Cesaro means.

Proposition 3.2. Let A be a von Neumann algebra on a finite dimensional Hilbert space
H and T : A — A a positive unital map. Then the Cesaro-mean

L
T := lim — T
Noeo N ; ’

n times

where T™ means the n-fold concatenation of T, i.e. T" =T o---oT, is well-defined (i.e.
the limit exists), unital, and idempotent; its spectrum is contained in {0,1}, we have
TT>® =TT =T, and fixT> = fixT. Moreover, T is m-positive (m € NU {3/2}),
if T is; and the operations of taking adjoints taking the Cesaro mean commute, i.e.

()" = (1)

Proof. Since 2 is finite-dimensional, for assuring the existence of the limit it suffices to
prove pointwise convergence on a basis of 2. We consider the Jordan normal form, i.e.
there take a basis of 2 consisting of (potentially generalised) eigenvectors of T'.

First, let A € 2 be an eigenvector of T'. If the corresponding eigenvector is 1 (viz. A
is a fixed point of T'), we obviously have T (A) = A for all N, hence T>(A) = A. If
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A # 1, then
Ly _ 4 ANH -
In(A|l =+ T"(A )\nA
N
n=1
N+1
PIETIN \A\<HAH. 2 Mo,

SN L-A T N 1=

where in the last inequality we used |A] < 1 by Prop. 2.18i). Thus T°°(A4) = 0. We
still have to check what happens to generalised eigenvectors, so let Ag,..., A, be a
Jordan chain of generalised eigenvectors, i.e. T(Ag) = AAp and T(Ar) = Ay + A1
for k € {1,...,v}. Using induction on n, it is straightforward to show that T"(Ay) =
Z?:o (kﬁj))\”ﬂ_kAj, so we can estimate

T (A0 = = ZZ( Skl < 4 sz( A )

nle

k
1 1 .
— : AR A
Nn§:1j Y R A Y
%,_/

<nk—i<nk
N j—k
1 n AP
< () (3 2y
n=1 =0

Note that by By Prop. 2.18ii) we have |A| < 1 for generalised eigenvectors, so by the Root
test, the sums S0 |A|" n¥ converge for N — oo, as ¥/[A["nF = | )| ynt 28 Noge — |\ < L.
Thus also T*°(Ay) = limy_00 Tn(Ax) = 0. Now, the assertions TT = T°T = T
follow by plugging in the basis elements:

e For T(A) = A (ie. A = 1), we have T®(A) = A = T(A), hence T(T>*(A)) =
T>®(T(A)) =T>(A) = A.

e For eigenvectors A that correspond to eigenvalues A # 1 we have T°°(A) = 0, hence
T(T>*(A)) =T(0) =0, and T(T(A)) = \T*°(A) = 0.

e For generalised eigenvectors Ay, as above we have T°°(Ay) = 0, hence T(T*°(Ag)) =
0, and T°(T(Ag)) = TNk + Ax,—1) =0+0=0.

The claim about positivity follows, as both positivity and the Schwarz property are stable
under concatenations, convex combinations, and limits (cf. Note 1.50).

The equation (T°)" = (T*)* is also evident, since (T™)" = (T*)", and the mapping
T +— T is real-linear, hence continuous. ]

Remark. The mapping T+ T°° can be regarded as a projection onto the set of idempo-
tent positive unital maps.
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As a second step in simplifying the matter, we can restrict the domain of idempotent
unital positive maps to the %-algebra generated by its fixed points.

Proposition 3.3. Let A be a von Neumann algebra on a finite dimensional Hilbert space
H and let T : A — A be an idempotent unital positive map. Let § denote the x-algebra
generated by fixT. Then § is a von Neumann algebra, and T : § — §, defined to be the
restriction of T to §, is well-defined (i.e. T(F) lies in § for all F € §), and it holds that
fixT = fixT =ranT.

Proof. By unitality, idy is a fixed point of T, so § contains idy and thus § is a von
Neumann algebra (cf. Prop. 1.7). Since for idempotent linear maps it holds that ranT =
fix T, we have that T'(A) € fixT C § for every A € 2. O

Remark 3.4. Since T has the same fixed point set as T', when constructing a channel that
shall have a given set of operators as fixed points, it suffices to consider only channels
that are defined on the *x-algebra § generated by the given operators. If one insists then
on amap .Z(H) — Z(H), one can extend it by zero on the Hilbert-Schmidt-orthogonal
complement of § in Z(H).

It seems natural to ask, how much “information” on 7' is lost when restricting to
§ = *-Alg(fixT"). Although in general, T' cannot be reconstructed from T (cf. example
3.12), but if T' is in addition a Schwarz map and § is unitarily equivalent to a direct sum
of full matrix algebras, we will show — once we have proven the structure theorem 3.8 —
that T must have been identically zero on the Hilbert-Schmidt-orthogonal complement

of §.

3.2. The special case x-Alg(F) = Z(H)

Armed with the results from section 1.8 we can now prove a key result, that can also be
found (for completely positive maps, but for possibly infinite-dimensional Hilbert spaces)
in [Arv2, p. 18]:

Proposition 3.5. Let H be a finite-dimensional Hilbert space, and let T : L(H) —
ZL(H) be a unital Schwarz map. If ixT generates L (H) as a x-Algebra, then already

T = id g

Proof. By proposition 3.2, we can safely assume that 7' is idempotent. Indeed, if it is
not, we consider the Cesaro mean 7"°°, which satisfies fix T'>° = fix T', and use the obvious
equivalence T' = id o3y = fixT = Z(H).

Set F := fixT and let P be the support projection of T' (cf. proposition 1.55). By
proposition 1.56a), P € F' = (x-Alg(F)) = Z(H)" = C-idy; and since P is a projection,
either P = 0 or P = idy. But P = 0 would imply T(X) = T(PX) = 0 for all X € .Z(H),
which would mean F = {0}, a contradiction (unless H = {0}, in which case the assertion
is trivial)! Thus we conclude that P = idy, and part (b) of proposition 1.56 yields the
desired assertion. O
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Proposition 3.5 implies, that for given set of fixed points, lossless compression of quan-
tum information is impossible in the generic case (in a suitable sense):

Corollary 3.6. Set H = C¢ and let F C L (H) = My be a subset containing (at least)
the following elements:

e I, € F, where I € Maty(C) is the d x d-unit matriz,

e There exists a normal matriz A € F, that has d pairwise different (possibly complex)
eigenvalues {\;}, say

d
A= X
j=1

for some orthonormal basis (wj);l:l c c.

o There is another B € F, which, with respect to the eigenbasis of A, has non-
vanishing matriz elements on the upper off-diagonal, i.e.

(Yi|Blbj) #0 whenever j =1+ 1.

Then the only Schwarz map T : Mg — My, which satisfies F C fixT, is the identity
channel T' = idp,.

Proof. We consider the von Neumann algebra 2 := *-Alg(F) = F” and show 20 = My;
then the conclusion follows by proposition 3.5. To this aim we will use the x-algebra
structure of 2, as well as functional calculus.

Firstly, for each j € {1,...,d}, there exists a polynomial f; that satisfies f;(\;) = d;;.
For example, one can take

@ =TIE=2 )/ [ TICy =2 |
i i#]

which is well defined, as the A\; are pairwise different. By functional calculus' we get
A Pji= fi(A) = [¥5)b;l;

and, by considering linear combinations, 2 contains all matrices that are diagonal w.r.t.
the ONB (v;).
Secondly, for j =i+ 1 we get that

A > BBP; = |[¢ifhi] B ;)5 = (il Blvj) [vikel
By

hence by linearity, S;; := [1;{1;| € 2. For general j > i we can write S;j = Si 41+
Sj-1,j, hence S;; € A; and for j < i we get S;; = S;; € . Thus, A entails all matrix
units w.r.t. the ONB (¢;), and we conclude 2 = M. O

!Note that functional calculus defined for polynomials of a matrix is enough here. Since Iy € F C 2,
the algebra 2 is stable under this operation.

o8



Chapter 3. Fixed points of Schwarz maps

The next corollary gives two criteria to check, if an operator system generates whole
Z(H) as x-algebra.

Corollary 3.7. Let H be a finite-dimensional Hilbert space and F C L (H) self-adjoint
with idy € F. Then the following statements are equivalent:

1. x—Alg(F) = Z(H).
2. F' =C-idy.
3. If p € F' is a projection, then p =0 or p = idy.

Proof. We have o7 := x—Alg(F) = F” by finite dimension of H (since the generated von
Neumann algebra equals the generated *-algebra) and Proposition 1.5(g). By part (e) of
the same Proposition, &' = F"” = F', hence (1) < (2).

(2) = (3) is obvious, and —(2) = —(3) follows by spectral calculus. O

3.3. The general case

Now we want to weaken the condition in proposition 3.5, that T" lives on a full £ (H)-
algebra. One finds the following classification theorem, which constitutes our main result
in this chapter:

Theorem 3.8. Let A be a von Neumann algebra on a finite dimensional Hilbert space
H, and let ¢ : A —> A be an idempotent unital Schwarz map. Suppose that fixy
generates whole A as a x-algebra. Let P denote the support projection of ¢ and set
J:=(1-P)ACA and & := PACA. Then the following holds:

Both J and & are two-sided ideals in A, we have A = S & T in the sense of definition
1.34. There exists a uniquely determined unital Schwarz map ® : & — J such that ¢
can be written as

V(S +I)=S+D(S) for Se6, €7,

or, equivalently, Y(A) = PA+ ®(PA) for all A € A. Moreover:

i) fix1 can be given in terms of ® as fixy) = {A+ ®(A)| A € &}, and keryp =
J; in particular dimfix¢ = dim & = rank P, and the kernel of v is an ideal
in 2.

i) For m € N, v 1s m-positive, iff ® is. In particular, ® is completely positive,
iff ¥ 1s.

Remark 3.9. Informally, one can say: Fixed point spaces of m-positive Schwarz maps
in a von Neumann algebra are in one-to-one correspondence with graphs of m-positive
Schwarz maps between direct summands of the von Neumann algebra.
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Proof. Denoting F := fix ¢, proposition 1.56a) implies
PecF = (xAlg(F)) =2,

hence both & and J are two-sided ideals in A, and A = & & J. For I € J we have
that PI = 0, hence by the properties of support projections ¢ (I) = ¥(PI) = 0; thus
J C ker .

We denote the projection from 2 onto & by

m:=Projg : A — 6, Ar— PA,

Note that 7 is a surjective *-homomorphism. Since J C ker ), we have ¢ = ¢ o m, where
¢ = s denotes the restriction of ¢ to &. We define x : & — & by x := 7o ¢.
Then, by definition, the following diagram is commutative:

Note that x om™ = m o 1. The relevant properties of ¥ are also shared by x:

e Schwarz inequality: 7 is positive; hence for S € & we have S = 7 (S) and

X(8)"x(S) = x(w(5)* x(7(S)) = =(¥(S5))" =(¥(S))
= 7(P(5)"(5)) < w((575)) = x(7(§°S)) = x(5"5).
€6

e Unitality: x(lg) = x o m(1ly) = moyp(ly) = 7(1ly) = le.

e Idempotence: Since ¥ = ¢ o is idempotent, we have that pomrogpom = pomw. By
surjectivity of m it follows that pomo¢p = ¢, hence yox = mogomod =mo¢p = x.

Next, we claim fix y = 7(fixt)). Indeed, for S € fix y we can define F' := ¢(S5) € fixey
and get S = x(5) = xonw(S) = wo(S) = w(F), hence S € 7 (fixey). Conversely, for
F € fix1y we have x(7(F)) = xom(F) = mo(F) = w(F), hence 7(F) € fix x.

It readily follows that x-Alg(fix x) = x-Alg(n(F)) = n(x-Alg(F)) = 7(2A) = &.

Now we consider the support projection of x, denoted by £ € &. Since P = lg, it
obviously holds that £ < P, so H := P — F is a positive element of &, and from

¢(H)=¢O¢(H)=¢OwOW(H)=¢OX(H)

= ¢(x(1s) — x(E)) = ¢(0) =0

it follows with part (b) of proposition 1.55 that 0 = PHP = 1lgHls = H, hence
E = P = 1g. By proposition 1.56b), fix x is a %-algebra. Putting together the above
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results gives fix y = x-Alg(fixx) = &, so that in fact we have xy = idg, i.e. Toy =
mogom = yxom=m, which means that

Projg(¢(S)) =S forall S € 6.

To adapt the notation to the statement in the theorem, we define ® : & — J by
® := Proj; o¢, which yields the desired representation 1 = (idg + ®) o Projg . @ is unital
since ®(lg) = Proj; (¢(1s)) = Proj;(1y) = 15. If we plug in the above form of ¢ into
the Schwarz inequality for ¢, we get for S € & that

(S+ ®(9))" (S + @(9)) < S*S + &(5*S)
— S*B(S) + B(5)*S +B(S9)* D(S) < B(S5*9),
N—— N——

=0 =0

where the first two terms of the second line vanish because they lie in &NJ = {0}. Thus
® is a Schwarz map as well. Claim i) about the fixed points of ¥ follows from (S € &,
Ie3)

S+Iecfixyy < S+I=9yS+I1)=5+2(5) < I=2(9).

To prove (ii), note that A = & @ J implies AR M,, = (6 @ M;,) ® (T ® Myy,); and
by Note 1.50, ¥ is m-positive iff both of (Prg ®idp,,) o (¢ ® idps,,) = Pre ®iday,, and
(Pry ®idpg,,) © (¥ ® iday,,) = @ ® id s, are positive. The former is always positive,
because it is a *-homomorphism; the positivity of the latter is precisely the condition for
® being m-positive. O

The following corollary is a reformulation of theorem 3.8 regarding concrete block-
algebras. This will be of use when we will translate the characterisation from the Heisen-
berg picture (unital maps) into the Schrodinger picture (trace-preserving maps).

Corollary 3.10. Let Bj := Mg, @ 1,; and A := X;.lzl B;. Let pj : A — B, denote
the j-th coordinate map and v; : Bj — %A the canonical embedding of the j-th block into
2A. We equip L (H) with the Hilbert-Schmidt scalar product, so that the adjoint of pj is
p; = (cf proposition 1.33).

Let ¢ : A — A be an idempotent unital Schwarz map with fived points F = fix,
and suppose that A is generated by F as a x-algebra. Then the following holds true:

There is a unique decomposition of the set {1,...,n} of “block indices” into two disjoint
subsets S and I, and there exist unital Schwarz maps @s;: Bs — B; (s € S, i € 1) with
the following properties:

1. The image under v of an element (Bj)?zl does not depend on the I-blocks, i.e.
Yoi =0 foriel.

2. The S-blocks are preserved under 1, i.e. psoois =idp, for s € S, and ps,othors, =
0 fOT S1,82 € S with sq 75 S9.

3. Y maps the S-blocks via the ¢, ; into the I-blocks, i.e. p; ooy = ps ;.
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In other words: Up to permutation of the blocks in such a way that the S-blocks come
first, the action of v is given by

Si

Sk

S1

Sk
(Pl(Sla”' 7S]€) ’

(bl(Sl)' o 7Sk))

where S; € Bj (j € S={1,...,k}) and I; € Bjyi (j €{1,...,1}).
Moreover, if 1 is m-positive (m € N), then so are all the ¢ ;.

Now we are in the position to verify, that we loose no information by restricting the
channel to the x-algebra generated by the fixed points, as long as the algebra generated
by the fixed points has no “multiple” blocks:

Proposition 3.11. Let H be a finite dimensional Hilbert space and B = £ (H). Let
U B — B be an idempotent unital Schwarz map, denote by A C B the *-algebra
generated by fix U and let ¢ : A — A the restriction of ¥ to A (cf. proposition 3.3).
Assume that A is unitarily equivalent to a product of matriz algebras, A = X?:1 My,
(i.e. vj =1 for all j in corollary 1.48). Then the Hilbert-Schmidt-orthogonal complement
C of A in B lies in the kernel of V.

Proof. Let P, &, J and ® be as in theorem 3.8 and let C denote the Hilbert-Schmidt-
orthogonal complement of 2 in 5. Without loss of generality we may assume that 2 itself
is block-diagonal, i.e. H = C% B = My and A = X;-Lzl Mg;. Decomposing B = My
into block matrices of sizes d; X d;, the diagonal blocks form 2, whereas the non-diagonal
blocks belong to C.

Since we have a orthogonal direct sum of vector spaces B =ABC=60THC and ¥
maps into A = & @ T, there are two linear maps o : C — & and 8 : C — J such that
U(C) =a(C)+ B(C) for all C € C. As V¥ is hermiticity-preserving, so are « and § (note
that C is a hermitian subspace). By the formula from theorem 3.8 and idempotence of ¥
we get a(C)+B(C) = (a(C)+5(C)) = a(C)+Poa(C) for all C € C; hence § = Poa.
Thus we have to show that o = 0.

Consider an matrix block lying in C, i.e. an index pair 7,5 € {1,...,n} with i # j, and
let X € B such that it has non-zero entries only in the (7, j)-block. Then the Schwarz
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inequality for ¥ reads as ¥(X)*¥(X) < U(X*X). Note that X*X is an element of either
S or J (depending on the value of j), so either U(X*X) = X*X +®(X*X) or ¥(X*X) =
0, so in either case U(X*X) < X*X + ®(X*X). We consider the &G-component of
the Schwarz inequality: We have W(X)*U(X) = o(X)*a(X) + B(X)*B(X), whose &-
component is a(X)*a(X), thus in either case case we get 0 < a(X)*a(X) < X*X. Since
X*X lives in the (j,7)-block, so must a(X)*«(X), and since this block constitutes an
ideal in A, also a(X) and «(X)* can be non-zero only in the (7, j)-block (cf. corollary
1.19).

However, X* lives in the (j,i)-block, so by the previous argument, a(X™) lives in
the (i,7)-block. But by Hermiticity a(X™*) = a(X)* is zero outside the (j,7)-block and
outside the (i, )-block, hence is zero. O

Note that the condition v; = 1 is necessary, as the following example shows:

Example 3.12. Let H = C? and B = M. Fix A € [0, 1] and define

. a b A+ (1—\)d 0
v My — Moy, (C d>H< 0 )\a+(1—/\)d>'

¥ is obviously unital, idempotent and positive. Its range and fix point set is 2 ;= ran ¥ =
fixU = C- Iy = M; ® (Cly), which is an abelian C*-algebra, so ¥ is even completely
positive (since 2 is commutative, c.f. Corollary 2.9) and in particular a Schwarz map.

But the matrix
1 0
X = <0 _1> € B,

which is orthogonal to 2, is mapped to ¥(X) = (A — (1 — X)) Iz = (2A — 1)I5, which is
non-zero, unless A = 1/2.

Question 3.13. In the general case v; > 1, how much “freedom” is there in the choice
of the images ¥(C), C € C?

3.4. Uniqueness of a channel under a given fixed point set

Definition 3.14. Let 2 be a von Neumann algebra on a finite dimensional Hilbert space,
and let ¢ : A — 2 be a unital idempotent Schwarz map. We call a triple (&,7, @)
compression triple for v, if G and J are ideals in A with A =6®7, »: 6 — Tisa
unital Schwarz map, and the action of v is given by

G(S+T)=85+®(S) forall S €&, el

With this notion, theorem 3.8 states that a unital idempotent map 1 admits a com-
pression triple, if the fixed points of ¢ generate the whole domain of definition of 9 as a
x-algebra. We now investigate, under which additional constraints the compression triple
is already determined by the fixed point set.
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Proposition 3.15. Let 2 be a von Neumann algebra on a finite dimensional Hilbert
space, and let F C A be a self-adjoint subspace. Assume that 2 is generated by F as
x-algebra. Then there is at most one compression triple (6,3, ®) in A, such that F is
the set of fixed points of a unital Schwarz map ¢ : A — 2.

In particular, the fized point triple for ¢ constructed in theorem 3.8 is unique, and for
giwen F, there is at most one unital idempotent Schwarz map ¢ : A — A whose set of
fized points is F.

Proof. Suppose there are two fixed point triples, i.e. A =6®7T = S ®7J, and there exist
unital Schwarz maps & : & — J and $:6—7 J, such that

f={S+<I>(S)\S€6}={5+‘I’(S)‘SEé}'

In the remainder of the proof, we will write elements of 2 as column vectors with respect
to the direct sum decomposition

A=(6NS)d(GNIN® (NS d(TINI).

The following maps can then be represented by 4 x 4 matrices having positive maps as
entries:

1 1
1 0
I;r = 0 , Pér = 1 ,
0 0
0 0O 0 O ~0 0 NO 0
o o0 00 ~ |11 O @12 O
do fér oy 6 0 0] do Pér = ~O 0 ~O 0
$21 @22 0 O ¢21 0 @22 O

The key observation is now, that the set J is the range of and invariant under both of
the maps ® o Prg + Prg and ® o Prg + Prg, so that we have

<<I>oPr—|—Pr> = <<i>oPr+Pr> <<I>oPr—|—Pr>
(C] S S S S

or, equivalently (the second equation follows analogously)

0= (éoPr—FPr—l) <<I>oPr+Pr> = <<I> Pr+Pr— )
& & & 6

)

If we calculate explicitly, we get

CH

0 0 0 0 1 0O 0 0

0 — 11 —1 ¢ 0 0 1 0 0)
0o 0 0 0 ¢11 912 0 0
$a1 0 ha —1 P21 P22 0 0O

0 0 0 0

_ o1 + dr2011 br2¢12—1 0 0

0 0 0 0

P21 — P21 + P2d11 Prdi2 —da 0 O
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and the same equation with ¢ and ¢ interchanged. The (2,2)-component of this matrix
equation then reads as ¢12 = (¢12)~!. Moreover, by considering the (2,1)-components,
the sum <7311 + (512@1 of two positive maps is zero, hence both summands must vanish.
Thus we have ¢1; = 0 and ¢1; = 0.

As ® is unital and schwarz, so is ¢12, and the same holds for b1o = (p12)~ 1. By
corollary 2.14, ¢12 a *-isomorphism.

Now, the “fixpoint set” F can be written as

S1
So
$12(S2)
$21(51) + P22(52)

5166ﬁé, SQEGH:} ;

and knowing that ¢12 is a *-isomorphism, we consider the second and third components,
which constitute the ideal X := (&N 7J)® (ING), and write

X = P;Cr(Ql) = xr(*—Alg(]—")) = x-Alg <f3’€r]-">

:>HW%<%j@Q’&66ﬂ5}:{<@i%0‘&6605}

This already is a *-algebra!

Considering the dimensions we infer that J N S = {0}, and since ¢12 is a linear isomor-
phism also &N J = {0}. So we have & = & and hence (6,7, ) = (6,7, ®). O

3.5. Translation into the Schrodinger Picture

Here we restate the results from chapter 3.3 for channels in the Schrédinger picture.
Recall the definitions and properties of adjoint channels from Chapter 2.2.

Proposition 3.16. Let 2 be a von Neumann algebra on a finite dimensional Hilbert space
H, and let T : A — A be trace-preserving, n-positive and idempotent (n € {2,3,4,...}U
{o0}). Suppose that (ker T)* (i.e., the Hilbert-Schmidt-orthogonal complement of ker T
in ) generates whole A as a x-algebra. Then there exist two ideals & and J in A and a
trace-preserving n-positive map I' : T — & such that A = &G ® T, and T can be written
as

T(S+1)=S+T() for S€&, [€7.
Moreover we have that ixT =ranT =& and kerT = {I —T'(I) | I € J}.

Proof. Consider the channel in the Heisenberg picture ¢ := T, which is unital (since T’
is trace-preserving), idempotent, and n-positive (since 7" is); in particular ¢ is a Schwarz
map, and from

fix1p = rantp = (ker*)" = (ker T')*
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it follows that fix1y generates 2 as a x-algebra. By Theorem 3.8 there exist ideals &
and J of 2, such that A = & & J, and a unital n-positive map ® : & — 7, such that
YIS +I)=S+P(S)for Se S, I€7.

Let us denote by &g : & — 2 (resp. & : T — ) the natural embeddings. The
Hilbert-Schmidt-adjoints of &g and &; are the canonical projections Ps = Projg and
P5 = Proj;, respectively. From

Y= (Ee+E0®)o Ps
we see by taking adjoints
T=9"=Pio(E&+ P 0&F) =Eg 0 (Ps+ P o P5) =Projg + ®* o Projy,

so the asserted formula in the proposition holds, if we define I' := ®*, which is trace-
preserving and n-positive by Proposition 2.8. Furthermore it holds that fixT' = ranT =
(ker T*)* = (kerp)t =3t =& (where -+ means taking the Hilbert-Schmidt-orthogonal
complement in 2(), as well as the following equivalence for I € J, S € &:

S+IlekaT — 0=T(S+1)=8+0*(I) — §=—*1).
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Chapter 4.
Compression of Quantum Effects

This chapter is devoted to the task of “compressing” states of a given quantum system
as small as possible, under the restriction that the measurement statistics of a given set
F of effects shall not be altered. More precisely, if ‘H is the Hilbert space representing
the system, we seek a intermediate “storage system” with C*-algebra & := My ® Dy
(d,k € N) consisting of a d-level quantum storage and a k-bit classical storage. Since
in real applications, quantum storage is considered by far more expensive than classical
storage, our aim shall be to make d as small as possible. The operation of encoding
and decoding the states shall be accomplished by two channels' E* : & — Z(H) (for
“encode”) and D* : &/ — Z(H) (for “decode”). The conservation of the measurement
statistics then reads as F o D(f) = f for all f € F, or, equivalently, F C fix(E o D).

In order to measure how many states the quantum system must have at least, we
will assign a “quantum dimension” to JF, specifying how much “quantum dimensions” are
required to compress F without losses. We will distinguish, whether we allow for the
classical side channel Dy, and which “grade of positivity” m both the encoding and the
decoding channel shall have.?2 Naturally, if one wants to implement quantum compression
physically, only completely positive channels are allowed, i.e. m = cc.

Throughout the whole chapter, let H be a finite-dimensional Hilbert space.

4.1. Quantum Dimensions

Definition 4.1. Let F C Z(H), and m € {1,3/2,2,3,4,...} U{oo}. The quantum
dimension of F (of positivity m), denoted qdim,,(F), is defined as the minimum of all
d € Ny, such that there exist k& € N and two m-positive unital maps E : L(H) —
My ® Dy, (“Encode”) and D : My ® Dy, — L (H) (“Decode”) that satisfy Do E(f) = f
forall f € F, ie FCfix(DoFE).

Not allowing for the classical side channel, we define the proper quantum dimension of
F (of positivity m), denoted pqdim,, (F), as the minimum of all d € Ny, such that there

'In this informal description, when we say we want to encode and decode the quantum states, we are
speaking of the channels E* and D* in the Schrédinger picture. In the later discussion, E and D
always refer to channels in the Heisenberg picture, i.e. they map effects to effects and the input and
output algebras are reversed.

*Recall the different meanings for m-positive from Section 1.7: plainly positive (m = 1), Schwarz map
(m = 3/2), n-positive (m = n € N) or completely positive (m = 00).
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exist m-positive unital maps E : Z(H) — Mg and D : Mg — Z(H) that satisfy
EoD(f)= fforall feF.

In both cases, a pair (F, D) achieving the above conditions is called admissible for the
given F and m; if it achieves the above conditions for the minimal d, it is called optimal.

We want to note a few more or less obvious properties of the (proper) quantum di-
mension functions.

Proposition 4.2. The (proper) quantum dimension functions (p)qdim,, : 2ZH)
{0,1,...,dimH} satisfy the following properties:

i) In the definition of (proper) quantum dimension, one can restrict the set
of admissible pairs (E, D) of channels to ones, where D o E is idempotent.
Moreover, instead of £ (H), the domain of E and the codomain of D need
not be the whole £ (H), but may only be a sub-x-algebra </ that contains

F U {idy}.

i) qdim,, (0) = pgdim,,(0) = 0, and (p)qdim,, (F) < dimH for all m and all
F.3

ii1) Monotonicity in F: F1 C Fo = (p)adim,,(F1) < (p)qdim,, (F2).

) Monotonicity in m: my < mg = (p)qdim,, (F) < (p)qdim,, (F).

v) We have qdim,,,(Z(H)) = pqdim,,,(-Z(H)) = dim H.

i) Invariance under x-isomorphisms: If K is another finite-dimensional Hilbert

space, A C L(H) and B C Z(K) are von Neumann algebras with F U
{idy} C A and idx € B, and ¢ : A — B is a *-isomorphism, then
(q)dim,, (¢(F)) = (q)dim,,, (F).

vii) padim,, (F) = dimH for all m > 3/2, whenever F generates whole £ (H) as
a *-algebra.

vii1) qdim,,, (F) = dimH for all m > 3/2, whenever F generates whole £ (H) as
a *-algebra.

Proof. (i) To see that D o E can without loss of generality be made idempotent, define
T as the Cesaro mean of the map Do E, i.e. T = limy_yoo N1 Z,]:le (Do E)" (cf.
Proposition 3.2), so that '=ToDoE = DoEoT = ToT; and replace E by E:=EoT
and D by D:=ToD. Then DoE=ToDoFEoT =T is idempotent, as demanded,
and has the same fixed points as D o E. For the second part, suppose that E is only
defined on a sub-x-algebra 2 of Z(H) containing F and idy. Obviously, the canonical
embedding ¢ : A — L (H) is completely positive as a *-homomorphism. Hence the
adjoint map ¢ := ¢*, given by the Hilbert-Schmidt-orthogonal projection from £ (H)

3The notation “(p)qdim” means that the respective (in)equality applies for both qdim and pqdim.
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onto 2, is completely positive, too, by Proposition 2.8. It is unital since idyg € 2, and it
fixes F. The extension of E defined by E := E o ¢ then does the job.

(i), (iii), and (iv) should be clear from the definition.

(v) Although this property seems plausible, it is not obvious a priori. For dimH > 2
, these are direct consequences of Proposition 2.20 and Corollary 2.21; for dimH = 1
it suffices to note that d = 0 is not possible, since “intermediate” system My ® Dy =
Mo @ Dy, = {0} is trivial, hence D o E = 0.

(vi) Take an optimal pair (E, D) for F, where E can by (i) assumed to be only defined
on 2. The pair (E, D) with E := Eo ¢! and D := ¢ o D then is admissible for ¢(F).
This shows (q)dim,, (¢(F)) < (q)dim,,(F). “> 7 follows by changing the roles of 2 and
B and considering ¢! instead of ¢.

(vii) Let (E, D) be an admissible pair for F C Z(H) and m > 3/2. Themap T := DoE
is a unital Schwarz map having F as fixed points; by Proposition 3.5 it is already the
identity map on Z(H). Hence F : £(H) — My is injective, hence by dimensional
reasoning d > dim #H, which shows pqdim,,(F) > dimH. The other inequality “<”
follows by (ii).

(viii) As in (vii), for any admissible pair (E,D), T := D o E has to be the identity
map. Here we can decompose the intermediate space into ideals

k
Mg @Dy = @ Ma @ {lejke;|},
—_—

j=1 =7,

which leads to a decomposition E'= 3", E; with Ej(X) := E(X) - 15, for X € Z(H).
By Note 1.50 all E; are positive (since £ is) and add up to E. Hence, setting T := Do Ej,
we have a set of positive maps 7} adding up to T = id ¢(3). By Proposition 2.20, all T}
are a multiple of the identity, hence at least one Tj is injective, hence (since Tj maps into
J;, which is unitarily equivalent to M) we can infer (dim H)? < dim J; =dim My = d*
Thus qdim,,, (F) > dimH, and “<” again follows by (ii). O

Next, we take one step towards finding optimal compression channels, in that combine
(proper) quantum dimensions with the theory developed in Chapter 3.

Proposition 4.3. Let F C Z(H) and m € {3/2,2,3,4,...}. Define A := x—Alg(F).

Then for d € N, the following statements are equivalent:

i) There exist k € N and two m-positive unital maps 2 2, Mg ® Dy, N
with F C fix(E o D).

i) qdim,, (F) < d.

#i1) There exists a unital idempotent Schwarz map ¢ : A — A with F C fixy and
a compression triple (6,73, ®) for ¥ with m-positive ®, and qdim,, (&) < d.

Regarding proper quantum dimensions, the following statements are equivalent:
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iv) There exist two m-positive unital maps 2 2, My L A with F € fix(EoD).
v) padim,, (F) < d.
vi) There exists a unital idempotent Schwarz map 1 : A — A with F C fix ) and

a compression triple (6,7, ®) for ¢ with m-positive ®, and pqdim,, (&) < d.

Proof. Since there is only a marginal difference between proving “(i) < (ii) < (i11)” and

proving “(iv) < (v) < (vi)”, we will do both in one go. For the different “compression

algebras”, we will write as Z := My ® Dy, for the first and B := M, for the latter case.
“(i) « (41)” is just a reformulation of Definition 4.1, making use of Proposition 4.2i).

“(ii) = (i71)". By Proposition 4.2i) there exist two unital m-positive maps 2 EN
% L, 2, such that ¢ := E o D is idempotent, and F C fixt. From 2 = x—Alg(F) C
x—Alg(fixp) C A it follows that fix ) generates 2 as x-algebra. We invoke Theorem 3.8,

which gives us a decomposition 2l = G @ 7T into two-sided ideals, and an m-positive unital
map ¢ : & — T, such that (S + 1) =S+ ®(S) for S+ I € & @ 7TJ; in other words,

(6,7,®) is a compression triple for 1. We define an admissible pair (E, D) for G as
follows:

D: & —%A, S+ DS+d(9)),
E: #— 6, Br—lg-E(B).

By construction, these maps are unital and m-positive. We easily see that FoD = idg,
since for S € & we have

(EoD)(S)=1s-E(D(S+®(9)) =1 -¢(S+ ®(5)) =1g - (S+3(EZ) =S.
efix €J

Hence (E , f)) is indeed admissible for &.

“(i1i) = (i1)”. Let (E, ]j) be an admissible pair for &, ie. D : & — My, E :
Mg — &. Note that since © is already a x-algebra, we indeed can by Proposition

4;21) assume that the domain of D and the codomain of E is &, and we immediately get
FE oD =idg. We define

D: A —%B,  A— D(lg-A),
E: % — A, B E(M)+ ®(E(M)),

which are again unital m-positive maps, and check that (E, D) is admissible for F.
Indeed, for F' € F we have by properties of compression triples (Definition 3.14) F' € fix 1,
hence F' = 1gF + ®(1gF), and the calculation

(EoD)(F) = E(D(lg - F)) + ®(E(D(ls - A))) = 16 F + ®(1¢F) = F

shows F C fix(F o D), as desired. O
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4.1.1. Quantum dimensions of sub-x-algebras

In this section we calculate the quantum dimensions of sub-x-algebras of Z(H). Note
that by Corollary 1.46 they are *-isomorphic to direct products of full matrix algebras, so
our task is to determine the (proper) quantum dimensions of algebras of the form X j M.
In the case where classical side information is allowed, it will follow that the quantum
dimension of a set F is upper bounded the the size of the largest block contained in the *-
isomorphy class of *-Alg(F), using the estimate (p)qdim, (F) < (p)gdim,, (x—Alg(F)).
Before we do that, we need a technical means to embed d-level quantum systems in
D-level quantum systems for D > d:

Lemma 4.4. Let d, D € N withd < D. Then there exist unital, completely positive maps
L: Mg — Mp and m: Mp — Mg, such that mo = idp,.

Proof. If d = D, then we can take « = m =id g, so let us assume d < D. A first “guess”
for ¢ may be

d - \D - Q;j for i,jG{l,...,d},
Ll(a~~:>: aii)i—1, Where a;; = )
( Zj)l’j ! ( ”)Z’] ! K {O otherwise.

Obviously, ¢ is completely positive, but not unital, as
d D
Dy D Dy _D
nla) =) _lef’Xef| # D _lef’Xe | =T,
j=1 J=1

where (P, ..., eg) denotes the canonical basis of CP. However, we can fill in the missing
part by adding to ¢; the map

trA
L MdBAH%-(Hp—Ll(Hd))EMe,

which is completely positive, since A — trA/d is completely positive and unital, and

D
(Ip — u(lg)) = Z lef’ Xei'| = 0.

j=d+1

Thus ¢ := ¢1 + 12 does the job.
Finding a suitable 7 is easy, for we can take

T ((bij)ii=1) = (bij) o = VI (i) zy - V

with the (D x d)-matrix V = 2?21 ’eer;l‘. The map 7 is unital, completely positive
as it is given in Kraus form, and 7 ot = id,, as desired. O
Proposition 4.5. Let 2 be a x-algebra in H, and let m € NU{3/2,00}. If the x-isomorphy

class of A is

R~ X Mgy, then qdim,, ()= %de.
j=1
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Proof. Without loss of generality we may assume 2 = X?Zl Mg, and arrange the order
of the d; such that e := dy = max_, d;. Ford <e, d € N, let 14 and 74 denote the maps
from Lemma 4.4 and set & := M, ® D,,. We identify Z with X?:1 M. via the unitary
equivalence implemented by

n
U:C°@C" — XC vawr (v-(glw))i_, -
j=1
Then, we simply define the maps
D: A — B, (A — (Ldj(Aj));“:l,
E: % — 2, (Bj)j=1 — (Trdj(Bj))?zl.
Then both D and E are completely positive and unital by construction (cf. 1.33ii).
Hence qdim,, () < e.

In order to show qdim,,(2A) > e, assume that there exist f,k € N and two unital
m-positive maps D : A — M; ® Dy and E : M ® D — 2 such that £ o D = idy.
Then Corollary 2.22 (&7 =, B = X?:Q Mg, in the notation therein) immediately yields
f>e O

In terms of compression of given points we can note the following result:

Corollary 4.6. Let F C £L(H) be given with idy € F, m € {3/2,2,3,4,... } U{oc}, and
assume that x-alg(F) ~ X?:l Mg;. Then we have

mnin dj < qdim,,(F) < max d;.

J=1 J=1
Proof. Set 2 := *-Alg(F). The upper bound follows from qdim,,(F) < qdim,, () and
Proposition 4.5. For the lower bound, by Proposition 4.3 there exists an idempotent
Schwarz map ¢ : A — 2 with F C fix 1) and a compression triple (8,7, ®) for ¢, where
qdim,, (&) = qdim,,(F). Since & is an ideal in 2 and & # {0} (otherwise 1) would be
identically zero), & ~ X, ; Mg;, where J is an non-empty subset of {1,...,n}. Thus
qdim,, (F) = qdim,,(6) = maxje, d; > minj_, d;. O
4.1.2. Is there a difference whether we compress effects or “only” whole

observables?

With regard to physical application, the reader might wonder, if it makes a difference
whether we preserve observables (in the sense of self-adjoint operators) as required fixed
points, or the set of effects associated to them in the sense of section 2.1.3.

Consider a self-adjoint observable (projection valued measure)

O= > AP €.Z(H),
Ao (0)
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which we want to measure (possibly among others), after we apply our compression-
decompression procedure. We denoted O as already decomposed into its spectral frac-
tions, so Py are the mutually orthogonal eigenprojections. We ask, if a channel that fixes
O automatically fixes all Py.

Recall that the physical interpretation is that for a density matrix p, the probability
of measuring A is P, [O = A] = tr(pPy), so the expectation value of O is

= Y AP [0=N= ) tr(pAP) =tr|p > AP | =tr(p0),

A€o (0) A€o (0) )\EU(O)

as one would expect. The our question amounts to whether we demand that, after
applying our compression-decompression-channel 7', only the expectation values should
not change (i.e. E,(O) =E,(T(0)) for all p, thus O € fixT), or the exact statistics, i.e.
all measurement outcome probabilities PP, [O = A] shall be equal. The latter translates
to the requirement {Py | A € 0(O)} C fixT. Clearly the latter implies the former, since
the fixed points form a linear subspace. On the other hand, the x-algebra generated
by them is the same, since every eigenprojections P of a self-adjoint operator O can be
represented by a polynomial of O.

4.2. Algorithmic construction of compression maps

Here we state an explicit algorithm for finding optimal compression channels for given
fixed points — and thus in particular the compression dimension. For another optimised
version using semidefinite programming, see [BRW, Algorithm 1 on p. 23].

Algorithm 4.7 (Compression with classical side channel). Let the Hilbert space H = C?,
a self-adjoint subspace F C L (H) = My with idy € F, and a “positivity parameter”
m € {3/2,2,3,4,...} be given. We want to determine qdim,,(F) by constructively find
a compression triplet (6,73, ®) satisfying A = x—Alg(F) = G ® T and F C F :=
{S+®(9)| S € S}, where the dimension of & shall be as small as possible and @ is
m-positive’.

Step 1. Calculate’ A := x—Alg(F) and determine its standard form, i.e. find a unitary
matriz U € U(d), such that the conjugated algebra Ay := UAUT decomposes into the direct
product of matriz algebras

n
= >< Md] ®HVJ

j=1

for suitable numbers dy,...,d, and v1,...,v,. Set F| := UFUT.

“Recall that this means that 1 := (idg 4+ ®) o Projg is an m-positive, unital and idempotent Schwarz
map with fixed point set fixy = F.

SNote that for m > d this means that ® is completely positive.

5To find out what *—Alg(F) is, it may help to remember that by the double commutant theorem it is
equal to F”.
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Step 2. Obuviously, those blocks with v; > 1 can be easily compressed, namely by
“forgetting” the redundant blocks. More precisely, we set Ao = X?:l Mg, and make
use of the natural x-isomorphism V : A1 — g acting by (A1 ®L,,..., 4, ®1L,) —>
(A1,...,Ay) for Aj € My,. The new “fived points” then have to be Fo := V(F1). Note
that Ay operates on a Hilbert space of dimension Z;:l d;, whereas 2y operated on Ce,
where d =3 70_, dj - vj.

Remark. We could have merged Step 1 and Step 2 into one Step consisting of finding a
s-isomorphism V : 2 —s 2y such that A = X?Zl Mg,, and setting Fo = ‘7(]:)

Step 3. For j € {1,...,n}, let B; denote the direct summand in A = @?:1 Bj cor-
responding to the Mg, -block algebra”. In this crucial step we want to find a selection
of blocks that shall belong to &, with its dimension is as small as possible, so that the
existence of the desired compression triple can be achieved. In other words, we want to
minimise the expression D(I) := maxjer d; over the “variable” I € o{Lm} yunder the
following constraints:

{There is a compression triple (8,7, ®) for Ay such that )

S =D,z Bj; © is m-positive, and Fo C{S+ ®(5)| S € &}

As a first step, by dimensional reasoning we can rule out subsets T where Zjel d? <
dim Fy. Then, we can sort the remaining candidates for T according to the number D(Z)
and, beginning with one of the I which has the lowest D(I), check via the following

procedure, if T 1s satisfies the constraints.

1. Set G = ®j61 Bj,J:= @j¢z B; and consider the operator system S r := Projg F2 =
1lgF2 C &. Check, whether the following equivalent conditions are satisfied or not:

i) vVSeGr AIecd: S+1eF
it) JNnF, ={0}

i11) Projg, restricted to Fa, is injective.
iv) dim F = dim & .

2. If one (and then all) of the above conditions is not satisfied, then T does not fulfil (x),
so we proceed with the next choice of L. Otherwise, we define a map d:6r—7
in the following way: For S € Gr, é(S) shall be the unique element I € T, such
that S+ 1 € Fo (well-defined per condition (i)). Note, that ® can be written as

® = Proj;yon !, where 7 : Fo — & is given by Projg on its domain.

3. Check, if ® is m-positive. If not, T does not fulfil (%), so pick the next candidate.

4. Check if ® can be extended to an m-positive map ® : S — T . If this is not the
case, T does not fulfil (x), so try the next candidate. Otherwise, we have found an
optimal candidate T that satisfies (x). Go to step 4!

"More formally, B; = {(A1,...,A,) €A | Ay, =0 for k # j}.
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Step 4. We have found a compression triple (&,3,®) for 2y where & = @jesz,
O : S — T is m-positive, and Fo C {S+ ®(S5)|S € &} with the lowest possible d :=
D(Z). Since & has quantum dimension d by Proposition 4.5, we have qdim,,(F2) = d
by Proposition 4.5.

If one 1is interested in the actual compression maps, one has to use compression maps
Ds : 6 — Mg®D. and® Eg : My ® D, — & from Proposition 4.5: let Dy :
Ao — My ® D, be defined by Dy := Dg o Projgs, and Ey : Mg ® D, — 20y defined
by By := (idg + @) o Es. To “transform back” Steps 1 and 2 we finally take D(X) :=
Dy (V(UXUY)) and E(Y) =UT- [V o E] (V) - U.

Proof of the claims made in algorithm 4.7. First we note, that the existence part of (i)
is always fulfilled by construction: For Let S € &, say S = Projg F for some element
F € F3, the element I := Projy F' satisfies S + 1 = F' € F3. Now we show that the
statements (i) - (iv) are equivalent. Throughout this proof let us denote the restriction
of the projection onto & by 7 : Fo — Sz, n(F) = Projg F'.

“(i) = (i1)". Setting S = 0 in (i), there exists a unique I € J such that I € F»; in
other words: the intersection J N Fs2 contains exactly one element, which obviously must
be 0.

“(19) = (1)". Let S € Sx be given, and suppose that there are Iy, Is € J such that
S+ 1 € Fo and S + I € Fy. Then their difference S+ I} — (S + 1) =11 — Iz liesin J
and in F, hence is zero by (ii).

“(ii) < (i4i)” follows from

keI'?T:{FEIQ’W(F):O}:{FEFQ‘Fej}:ijQ.

Finally, “(i7i) < (iv)” is obvious, noting that all vector spaces involved are finite
dimensional. ]

4.3. Lossy Compression: an outlook

In this final section, we want to give an outlook for what happens, if we weaken the
restriction that chosen effects shall be preserved without error. First, we determine
which norms are good candidates to measure the error which is done when compressing
and decompressing the effects. In the whole chapter, let H be a finite-dimensional Hilbert
space (dim H =: d) describing the quantum mechanical system that we want to compress.

Let us assume that we want to preserve the observable @ with minimal error; i.e.
the expected value of @ in all possible states p € % (H) shall not differ too much after
applying our channel T'. Note that if @ is an effect, then the expectation value of @Q is
exactly the probability that the effect triggers. Mathematically, we thus want

Vpe S tr(pQ) ~ tr (pT(Q)).

This motivates the following definition for a measuring the error we can make in the
worst case by applying our compression procedure 7.

8Recall that D,, denotes the von Neumann algebra of diagonal complex n X n-matrices.
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Definition 4.8. For A € £(H) we define

A(A) = ma i (pA) — tr (pT(4).

Lemma 4.9. For A € £(H) we have A(A) = ||(idgpy — T) (A)|]-
Proof. “<”. For p € .(H) we can estimate

tr (pA) — tr(pT(A))] = |tx (p(A — T(A)))] < tr[p(A - T(A)
— (A= T(AIl, < llplly - 14 = T(A)| = |4 = T(A)]],

where ||-||; denotes the trace norm X +— tr|X| = trv XX, which is a special case

1/p
of the Schatten-p-norms (p € [1; +o0]) [|X][, = <tr([X*X]p/2) , and where we used
a generalised Holder inequality XY, < || X[, [[Y][,. if 1/p + /¢ = 1. Note that for

p = 00 we retain the usual operator norm, which is also the C*-norm.
“>” Set B := A —T(A), which is hermitian, hence by the spectral theorem can be
written

d
B = Z)\j lejXej|, Aj €R,  (e;) ONB of H.
j=1

Pick ¢ € {1,...,d} such that |\ = max;-lzl I\j|. We choose p := |esfee] € .7 (H) and
evaluate the trace explicitly:

A(A) > [tx(pA) — tr(pT(A))] = [tr(pB)]
— tr (Jecfes B) = nel = | Bl = A - T(A)].

O

Lemma 4.9 suggests that the problem of compressing a quantum system while retaining
certain measurement outcomes within some error bounds can be seen as an optimisation
problem. The task is to optimise the numbers A(Q) where we can vary the channel 7'
In general, we may want to add further restrictions on T (e.g. special structure such as
E o D, where D maps to a Hilbert space of smaller dimension than d), because in the
general case T' = id ¢ (y) is a trivial optimal point with A = 0.

Note that the set of quantum channels

{T: L(H) — ZL(H)| T m-positive and unital}

is a compact convex set (m € {1,3/2,2,3,4, ... }U{oo}) within a finite-dimensional vector
space, so convex optimisation may be an appropriate tool.
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Appendix A.

Proof of the von Neumann double
commutant theorem

A.l. Preliminaries

Before we can prove the von Neumann double commutant theorem, we recall some basic
notions from the subject of topological vector spaces, which we will not prove, and define
certain topologies on Z(H).

In the present version of the statement and proof of the von Neumann double com-
mutant theorem, we will consider Hilbert spaces of arbitrary — i.e. possibly infinite —
dimension. At one point in the proof we may use the concept of nets, so we assume some
degree of familiarity on the part of the reader.

A.1.1. General Topology in terms of Nets

Definition A.1. A non-empty set D, equipped with a binary relation =, is called di-
rected, if it is partially ordered, i.e. for all x,y, 2 € D we have that

rz, x3YyANyx = zrz=y,and ryAyz = =Xz,

and additionally
Ve,yeD dz€eD: z=-x A zry.

If D is a directed set, X is a non-empty set, and  : D — X is a function, then z
is called a net. Usually we will write 25 := x(d) for § € D and (zs)sep := . If (X, 7)
is a topological space, (z5)sep € X a net and xg € X, we say that (z5)scp converges
to xo (with respect to 7) — in symbols x5 — z¢ — if for all neighbourhoods U of xq, x5
eventually lies in U, i.e.

g€ DV =6y : x5 € U.

Fact A.2. Let (X, 7) be a topological space, (25)5cp € X a net.

i) X is a Hausdorff space, iff every net (zs)scp € X has at most one limit
point.
i) Ais open in X (i.e. A€ ), iff for every net (x5)5.p € X that converges to

some element of A we have x5 € A eventually.

ii1) A is closed in X (i.e. X\ A € 1), iff it contains all limit points of convergent
nets (zs) C A.
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A.1.2. Topological Vector Spaces

For a topological space (X, 7) we will write () for the set containing all neighbourhoods
ofx € X,ie HU(x):={O C X |O°> z}, where O° denotes the interior of O. A collection
P C M(x) is called a neighbourhood basis for x € X | if, for every U € $4(x), there is a set
B € % which is contained in U.

Recall the following notions from the subject of topological vector spaces: A topological
vector space is a vector space X over a field K € {R,C} equipped with a topology 7,
such that it is Hausdorff, and the addition map 4+ : X x X — X and the scalar
multiplication map - : Kx X — X are continuous (where X x X and Kx X are given the
respective product topologies). Note that in a topological vector space, the translation
maps ty : X — X, y — y + x, are homeomorphisms (since they are continuous by
definition and their inverse are given by (t,)* = t_,). Thus, ¢, maps a neighbourhood
basis for y € X onto a neighbourhood basis for (z 4 y). Hence one only need to consider
neighbourhood bases for one special point, e.g. 0, since it can be carried over to any
other point z € X via t,.

Let X be a K-vector space. A map p : X — [0, +00) is called semi-norm, if it is
homogeneous (i.e. p(Ax) = |A|p(z) VA € KVz € X) and satisfies the triangle inequality
(i.e. p(x+y) < p(z)+p(y) Vo,y € X). A family P of semi-norms on a vector space X is
called separating, if for each x € X \ {0}, P contains a semi-norm p such that p(z) # 0.

Let P be a separating family of semi-norms on X. We say, that the topology 7 on a
topological vector space X is induced by P, if the collection

U ={xeX|plx)<e}, peP, >0

forms a neighbourhood basis for 0. A basic fact from the subject of topological vector
spaces is, that a topological vector space is locally convex (i.e. admits a neighbourhood
basis for 0 consisting of convex sets), iff its topology is induced by a separating collection
of semi-norms.

In finite dimensions all relevant topologies on a vector space are actually the same:
the following result is a special case of [Sch, Ch. I, 3.2 on p.21].

Fact A.3. Let K € {R,C} and let X be an n-dimensional (n € N) topological vector
space over K. Then X s homeomorphic to K™.

In particular this means that for finite-dimensional X, there is a unique topology 7
on X that renders (X, 7) a topological vector space; and K" is the only n-dimensional
topological vector space over K, up to homeomorphisms.

As the von Neumann double commutant theorem regards closures of subsets of topo-
logical vector spaces, we will use the following criterion, which follows directly from the
definitions:

Fact A.4. Let X be a topological space, and let & be a neighbourhood basis for x € X.
Then, for A C X, we have the equivalence

r€A < VBecAB: ANB # ),

where A denotes the (topological) closure of A.

78



Appendix A. Proof of the von Neumann double commutant theorem

A.1.3. Topologies on Z(H)
On Z(H), we consider the following topologies:

e The (operator) norm topology is induced by the operator norm

LH)3 A 4] = sup [l
z||=1

e The strong operator topology is induced by the family of semi-norms

Pstrong :={ZL(H) 3 A ||Az| |z € H}.

e The weak operator topology is induced by the family of semi-norms

Pweak = {Z(H) 3 A — |(y|Az)| | z,y € H}.

Using nets, one can classify convergence w.r.t. the above topologies as follows:
e A net (As5) C Z(H) converges in norm to A € Z(H), iff ||[As — A|| — 0.

e A net (As) C Z(H) converges strongly (i.e., w.r.t. the strong operator topology)
to Ae L(H),iff Asx — Az for all z € X.

e A net (As) C L(H) converges weakly (i.e., w.r.t. the weak operator topology) to
A€ L(H), iff (y|Asx) — (y|Ax) for all z,y € X.

A.1.4. Unitality and Degeneracy
Definition A.5. We call a x-sub-algebra <7 of Z(H) non-degenerate, if

span{A{ | Ae o/, € H} = H.

We say that & has trivial null space, if

m ker A = {0}.
Acd

Lemma A.6. Let &7 be a x-subalgebra of £ (H).

i) o furnishes a decomposition of H into the direct sum of the two orthogonal
closed subspaces

= m ker A and Y :=span{A¢|Aec o, &€ H}.
Acd/

In particular, o is non-degenerate, iff it has trivial null space.
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Appendix A. Proof of the von Neumann double commutant theorem

i) The set
A = {Projy ocAoProjy | Ac o} ={Ay:Y — Y |Aec ¥}

15 a non-degenerate x-algebra in the Hilbert space Y, which is x-isomorphic
to of . Moreover, if o/ is strongly closed, then so is AB.

Proof. 1) X is closed as intersection of closed sets, and Y is inherently closed. We show
vt =X:

Yt = (spam@f?'-[)L = (spangd/H)*" = (ZH)*" = < U ran A)
Acd

= ﬂ ranA ﬂ ker A* = ﬂ ker A = X.

Aed/ Aed/ Aed

It follows that Y = H is equivalent to X = {0}, so &7 is non-degenerate, iff it has trivial
null space.

ii) As a closed subspace of H, Y is complete, hence a Hilbert space in its own right.
Consider the restriction map

g — Z(Y)
¢A+—>A’

which is well-defined, since for A € &/ we have

ran A = (ker A*)* <ﬂ kerB> = Xt=v.

Bed/

By definition of %, ¢ is surjective, and it is easy to check that ¢ is a bijective *-
homomorphism. Hence £ is a x-algebra, which is non-degenerate, since it has trivial
null space; indeed,

[V ker B={( €Y |B{=0VBe B} ={{cY|Ay{=0VAc o}
Be#
={cY|A=0VAecd} =Y NX={0}.

Finally, assume in addition that o7 is strongly closed. We show that % is strongly
closed, too. To that aim, let (Bs) C # be a net with Bs — B € Z(Y) strongly, i.e.
I(Bs — B)n|| — 0 foralln € Y. Weset As = ¢ 1(Bs) € &/, and by extending the
strong limit operator B to A € Z(H), defined by A({ +1n) = Bnfor £ € X, n €Y.

Then for £ € X, n € Y we have that ||(45 — A)(E+n)|| = ||(Bs — B)nl| — 0. So As
converges to A strongly, and since &7 is strongly closed, we infer that A € . Noting
that # > ¢(A) = A;y = B completes the proof. O
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A.2. Statement and proof

The statement and proof of the present version of the double commutant theorem is
inspired by |Dix, Ch. 1.3.4] and [Arv3, Ch. 1.2]|. It shall state the following:

Theorem A.7 (J. von Neumann’s double commutant theorem). Let &7 be a *-algebra
of operators on the Hilbert space H. Assume that o is strongly closed.

Then &/ has a unit element P, which is the greatest projection in <&/ and is equal to
the orthogonal projection onto the subspace

Y :=span{A{| Ae o, € H} CH.
Moreover, the double commutant of <7 is given by
A" = o + C-idy.
In particular, &/ is a von Neumann algebra, iff it contains idy.

We firstly prove Theorem A.7 under the additional assumption of & being non-
degenerate. In this case the first part becomes somewhat easier (since P = idy ), and the
hard part to prove is the following statement:

Lemma A.8. Let o be a non-degenerate x-algebra on the Hilbert space H. Then /" C
gstrong

o

, i.e. every element in the double commutant of &7 lies in the strong closure of

Proof. Let X € &/”. By definition of the strong operator topology, the collection

7j=1

where U2 (X) := {Ac Z(H) | ||(A— X)¢| < €}, forms a finitely N-stable neighbour-
hood basis around X € Z(H) w.r.t. the strong topology. By Fact A.4 it thus suffices to
show that X lies in every U € % .

Let us first treat the case n =1, so let £ € H and € > 0 be given. We define the closed
subspace Y := /¢ C H, let P := Projy € Z(H) denote the orthogonal projection onto
Y, and claim that P € «/’. Indeed, for any n € H we can write Py € Y as the limit
Pn = limy_, Ax€ for a suitable sequence (Ay),cy C 47, so we have for all B € &/ that

BPp=B lim Ay = lim BA € Y;
k—o0 k—00 N~~~
X4

hence BPn = PBPn. As 7 and B were arbitrary, we conclude that BP = PBP for all
B € /. Taking adjoints and replacing B by B* yields PB = PBP for all B € &/, which
together implies BP = PBP = PB for all B € &/, whence P € &/'. In particular we
obtain XP = PX (since X € &/").

81



Appendix A. Proof of the von Neumann double commutant theorem

Next, we claim that P¢ = €. Indeed, for any A € o we have (since P € </’)

Af = PA¢ = AP¢ =  A(idy — P)¢ =0,
g

so (idy — P)¢ € (e ker A = {0}, for &7 is non-degenerate and therefore has trivial
null space. This shows £ = P¢.
Putting the two proceeding steps together, we get X¢ = XP¢ = PXE € Y = /€,
hence there exists A € &7 satisfying || X¢ — A¢|| < e. This completes the case n = 1.
Now, we reduce the general case n > 1 to the case n = 1 by suitably enlarging our
Hilbert space. Consider K := H", i.e. the n-fold Cartesian product of H with scalar
product

n

<($1,"‘ 71771)’(y17'” 7yn Z x]’y]

The elements of Z(K) can be represented canonically as matrices (Tj;)" 1 With Tj; €
Z(H). We consider the *-algebra of operators

2 = {diag(A,--- ,A) e L(K)| Ae o}.
Obviously, 2 has trivial null space, iff & has. We calculate 2’ and 2”:

(Cij) €D < VAe o : diag(A, -, A)-(Ciy) = (Cyj) - diag(A, --- , A)
<— VAe o : (AC”) = (CZJA)
<~ Cije%’ Vi,jE{l,...,n},
so 9" = Mat,,(«"). Moreover,

(D) € 9" <= V(Byj) € Matn(s/") : - (By) (D) = (Dyy) - (Byj)
<~ V( ) € Mat (Z szij> = <Z Dszk]> .
k=1

Choosing (By;) = (5i15jmidy)ij € Mat, (&) for fixed I,m € {1,...,n}, we see that
(Dij) € 2" implies 6;;Dyj = Djidjm for all 4,5,1,m. Taking ¢ = [ = 1, we see that
Dy = D116jm for all j and m. Hence (D;;) must be of the form diag(F, - -- , F) for some
E € Z(H). Considering the last condition in the equivalence chain above, we actually
can infer E € &/”. Conversely, each operator matrix diag(FE,--- , F) with E € &/ fulfils
that condition; hence we conclude

2" = {diag(E,--- ,E) | E€ &"} .

Now, given &i,...,§, € H and €1,...,en > 0, we set ¢ := min?_,¢; and § :=
(&1, ,&n) € K. Applying the already established case n = 1 to Z := diag(X,--- ,X) €
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2", there exists an element B = diag(A4, --- , A) € Z such that | B — Z£|| < . Writing
this out explicitly, we get (Pythagoras)

Do lA-X)g)* <&,
j=1

which by positivity of the summands implies ||[(A — X)&;|| <e <¢gjforall j € {1,...,n},
hence A € UL (X) for all . O

Now we can finally prove the full double commutant theorem:

Proof of von Neumann’s double commutant theorem. We denote the subspace under con-
sideration as

Y :=span{A¢| A€ &/, £ € H} = span U ran A C H,
Aed

and let P := Projy € Z(H) denote the orthogonal projection onto Y.! By Lemma
A.6ii),
B ={PoAoP|Acd}={Ay:Y —Y|Ac}

is a strongly closed, non-degenerate x-algebra.

We apply lemma A.8 to # and get A" C 4, in particular Pyy = idy € A" C %. Note
that the restriction map ¢ : & — %, A — A}y is a *-isomorphism by Lemma A.6ii), and
that idy is the unit element and the greatest projection of %. Hence I := ¢~ 1(idy) € &
is the unit element and greatest projection of &7 (cf. Note 1.26). Using the decomposition
H = X@Y from Lemma A.61), we see that I}y = idy, and I;1x = 0 (as X = Nge ker A),
80 we obtain P =1 € /.

We finally prove &/” = &/ +C-idy. The “2”-direction is clear; so in order to prove “C”,
we consider the non-degenerate *-algebra of operators o = o +C-idy,. We claim that o7
is strongly closed. If idy € <7, then & = «/ and there is nothing to show, so we consider
the case idy ¢ /. Note that this means that X # {0}. Consider a net (As 4+ Asidy); C
</ that strongly converges to C' € Z(#). Using Lemma A.6i) again, we get for £ € X
that As§ = 0 by Lemma A.6i), so A\s¢ — C¢ for all £ € X, which is only possible if As
converges to some A € C. But then, As = (As + Asidy) — A\sidy converges strongly to
C — Midy, which lies in & by strong closedness. Hence C' = (C' — Aidy) +Aidy € o7, so

~—_——

B (4
4 is strongly closed. . .
Obviously we have &/ = &', hence & = &/”. So lemma A.8 applied to &/ yields
A" =" C o O

!Mind that, by now, we don’t know whether P lies in .
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