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Abstract

One-loop contributions to the Einstein-Hilbert term in toroidal minimally supersymmetric
type-1IB Z orientifolds play an important role in the quantum correction to the metric of the
scalars, which might improve our understanding of the low energy effective theory of String
Orientifold models. The main purpose of this thesis is to evaluate string one-loop contributions
to the Einstein-Hilbert term in all tadpole-free toroidal minimally supersymmetric type-1I1B
Zy orientifolds with D-branes based on the work of [I6]. The construction of the partition
function of the theory is reviewed. The classification and calculation of the contributions from
the one-loop surfaces are discussed in details as well. Moreover, the concept and procedure
of the calculation of the corrections to the Einstein-Hilbert term are recapped. Last but not
least, a new type of integral in app[B.3|is evaluated.
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1 Introduction

1.1 String Perturbation Theory

In string perturbation theory, as an example, general closed bosonic string n-point amplitudes can
be computed as the following path integraﬂ

A, = i Al9)
g=0

=> Cs, /DhDX“/d2z1...d2znV1(zl721)...Vn(zmin)e_s[x’h], (1)
g=0

where we sum over all topologies of the world-sheet and integrate over the insertion points of the
vertex operators. Uy is a weight factor which depends only on the topology of the world-sheet.

Agg ) is called the genus g partition function.

The generalization to the open oriented string is straightforward: we simply have to allow for
surfaces with boundaries. Two-dimensional surfaces with boundary can be obtained from surfaces
without boundary by removing disks. The scattering amplitude of open and closed strings is
associated with Riemann surfaces with boundaries where the asymptotic open strings are realized
as vertex operator insertions at a boundary component and closed strings are realized as vertex
operator insertions in the bulk of the surfaces.

For the perturbation theory of unoriented strings we also need to consider non-orientable
world-sheets. On a non-orientable world-sheet there are closed noncontractible paths such that if
one parallel transports a pair of vectors around they change their relative orientation. A simple
example with boundary is the Mobius strip. It arises if we consider the propagation of an open
string. We can glue the two ends of the strip to form a annulus or we can glue up to an orientation
reversal ) transformation which results in a Mobius strip. Non-orientable world-sheets can be
obtained from orientable world-sheets by adding crosscaps. A crosscap is obtained if one removes
a disk and identifies opposite points on the boundary.

The Euler number of a non-orientable surface with g handles, b holes and c¢ crosscaps is

X=2-29g—b—c (2)

The Euler number is a topological invariant. The Euler number, the number of boundaries and
orientability completely specify the topology of a two-dimensional (connected) manifold.
The Gauss-Bonnet theorem states that

x(Z) = = / VAREo + A kds, (3)
47 » 2T on

where R is the curvature scalar of h and k the trace of the extrinsic curvature on the boundary

which, in general, consists of several components. But these are precisely the terms which we can

add to the Polyakov action without changing the equations of motion. If we include in Sp the

term —\y and define g, = e*, then each term in the perturbation series will be weighted by

—242g+b+ctnet+in, —X+nct+ine
s 2 =gs 2, (4)

where n.(n,) is the number of closed (open) string vertex operator insertions. The dependence
on x is clear. The factors arising from the vertex operator insertions are also easily understood as
follows. Consider any world-sheet and add a handle to it, changing ¢ — g + 1. This corresponds
to the emission and reabsorption of a closed string, i.e. to the insertion of two closed string vertex
operators, each of which contributes g;. Consider now a world-sheet with boundary and add a
handle to the boundary. This changes b — b+ 1 and is equivalent to the insertion of two open

I This subsection is cited from [§]
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string vertex operators. In other words, we attach to each closed string vertex operator a factor
gs and to each open string vertex operator a factor gsl/ 2,

In this thesis, we will focus on y = 0 surfaces, i.e. Torus, Annulus, Klein bottle and Mdbius
strip, because they are of the first order in the perturbation theory .

1.2 Orientifold

The approach of this part of introduction is to illustrate the main ingredients of the general
procedureﬂ

1.2.1 Motivation of Orientifold

We have two main motivations for studying orientifolds.

1) New dualities: Orientifolds are particularly useful tools to establish dualities with less
Supersymmetry. This is because orientifolds are built based on theories with more supersymmetry,
and orientifold action can decrease the number of supersymmetry in the theory.

2) New Compactifications: Orientifolds have been proved to be useful for exploring different
parts of the compactified moduli space that were not accessible before as perturbative string vacua.
These new compactifications are often nonperturbatively connected with known compactifications
and have interesting duals in M and F theory.

1.2.2 Type-IIB String

The world-sheet action of the Type-II String in the light cone(l.c) gauge is given by
1 ) , ) ) o
Sle. = o /dadr(8+X’8_XZ — O’ — i)t o’). (5)
s

The bosons satisfy periodic boundary condition. Fermions can be either periodic(Ramond sector)
or antiperiodic(Neveu-Schwarz sector) on the left and on the right. In each sector one has to
perform the GSO projection to obtain the superstring. A state with oscillator number N has mass
M which satisfies the mass-shell condition

o M? = 4(N — %). (6)

The fermionic oscillators are defined by v/2b,, = ™1 +i)?™, m = 1,...,4, which satisfy the
usual anticommutation relations

{bm7 bIL} = Omn, {bm’ bn} =0, {bi‘m b;rz} =0. (7)

There is a NS and R sector for both of the left and right-movers. GSO projection in the R sector
keeps only one of the two spinors. The relative choice of the GSO projection for the right-movers
and for the left-movers is significant: we can keep either fermions of the same chirality or of
opposite chirality in the two sectors. Depending on the choice, we get either Type-ITA theory or
Type-1IB theory:

Type-IIA : (8v @ 8s) ® (8v P 8c¢)
Type-11B : (8v @ 8¢c) ® (8v @ 8c). (8)

1.2.3 D-Branes

To describe a p-dimensional soliton, consider a p-dimensional hyperplane (Dp-brane) along the
directions X',...,XP. Take the longitudinal coordinates X*, ;1 = 0,...,p to satisfy NN boundary
conditions, and the transverse coordinates X™, m = p+1,...,9 to satisfy DD boundary conditions.

2This whole subsection was cited from [10].
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Open strings are allowed to end on the p-dimensional hyperplane which can be viewed as a p-brane
at a location determined by the zero mode of the coordinates X . This configuration, called a
Dirichlet p-brane, behaves in every respect like a BPS soliton.

If there are n identical parallel D-branes, then the open string can begin on a D-brane labeled
by ¢ and end on one labeled by j. The label of the D-brane is called the Chan-Paton index at
each end. Let us denote a general state in the open string sector by [1¢,ij)\;;. Here i,j are
Chan-Paton indices, A;; is the Chan-Paton factor, 1 is the state of the world-sheet fields, and by
reality of the string wave function, AT = A. The massless excitations of the open string give rise
to a supersymmetric U(n) gauge theory on the worldvolume.

1.2.4 Orbifolds

Given a manifold M with a discrete symmetry G, one can construct an orbifold M’ = M/G. If
the symmetry acts freely on M, i.e. without any fixed points, then M’ is also a smooth manifold.
If there are fixed points then M’ is singular near the fixed points. If we now consider strings
moving on a target space M, then we are naturally led to the concept of orbifolds in conformal
field theory.

Consider a theory A with a discrete symmetry group G. One can construct a new theory A’ =
orbifold of A by G, A’ = A/G.

In point particle theory, we simply take Hilbert space of A and keep only those states that are
invariant under G to obtain the Hilbert space of A’. However, the particle propagation would be
singular near the fixed points of G. In closed string theory, we must also add the ”twisted sectors”
that are localized near the fixed points. In twisted sectors, the string is closed only up to an action
by an element of the group G. What is surprising is that after the inclusion of twisted sectors,
string propagation on the orbifold is nonsingular even near the fixed points.

1.2.5 General Remarks about Orientifolds

In general, a symmetry operation of a string theory A can be a combination of target spacetime
symmetry and orientation-reversal on the world-sheet. The group of symmetry can then be written
as a union

G = G1 UQG,. (9)

Given such a symmetry of A, one can construct a new theory A’ = A/G. If G5 is non-empty, the
resulting theory A’ is called an ”orientifold” of A. In most examples discussed recently, one starts
typically with a Zy orbifold of toroidally compactified Type-1IB theory and then orientifolds it
further by a symmetry Zo = {1,Q}. If the orbifold group Zy is generated by the element 0,
then the total orientifold symmetry is G = {1,0,...,6V"1.Q.Q0,...,90N~1} or symbolically,
G=ZNUQZp, cf. . We describe below some general features of the orientifold construction.
(1) Unoriented Surfaces:
An orientifold is obtained, like an orbifold, by gauging the symmetry G. A non-empty (2G5 means
that orientation reversal, accompanied by an element of Go, is a local gauge symmetry; a string
and its orientation reversed image are gauge equivalent and must be identified. Therefore, the
string perturbation theory of the orientifold includes unoriented surfaces like the Klein bottle.
(2) Closed String Sector:
The closed string sector of the theory A consists of states in the Hilbert space of A that are
invariant under G and which survive the orientifold projection. It is completely analogous to
the untwisted sector of an orbifold after the projection. Typically, starting with oriented closed
strings, one gets unoriented closed strings after the projection.
Besides, orbifolds also give rise the the so called twisted sector: twisted sector states are closed
on the quotient manifold but not on the original manifold.
(3) Tadpole Cancellation and Orientifold Planes:
Orientifolds often but not always have open strings in addition to the closed strings. The open
string sector in orientifolds is analogous to, but not exactly the same as, the twisted sectors in
orbifolds. In the case of orbifolds, twisted sectors are necessitated by the requirement of modular
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invariance. In the case of orientifolds, the one-loop diagrams in string perturbation theory include
unoriented and open surfaces for which there is no analog of the modular group. There is, however,
a consistency requirement for these surfaces that is analogous to the requirement of modular
invariance for the torus. This is the requirement of tadpole cancellation. These loop diagrams can
have a divergence in the tree channel corresponding to a tadpole of a massless particle. Cancellation
of all tadpoles is necessary for obtaining a stable string vacuum. This requirement is very restrictive
and it more or less completely determines when and how the open string should be added.

Physically, nonzero tadpoles imply that the equations of motion of some massless fields are not
satisfied. They occur for the following reason. The planes that are left invariant by an order 2
symmetry is called the orientifold plane. Like a D-brane, an orientifold plane is a p-dimensional
hyperplane which couples to an R-R (p+1)-form which we generically refer to as A,41. The charge
of the orientifold plane can be calculated by looking at the R-R tadpole, i.e. emission of an R-R
closed string state in the zero momentum limit. If the orientifold plane has a nonzero charge then
it acts as a source term in the equations of motion for the (p+1)-form field Ap,1:

de+2 = *J'?,p d * Hp+2 = *Jerl, (10)

where Hp is the (p+2)-form field strength of A1, Jp4+1 and J7_,, are the ’electric’ and 'magnetic’
sources.

Consistency of the field equations requires that fak xJ10_ = 0, for all surfaces o} without
a boundary. In particular, there can be no net charge on a compact space. This is the analog
of Gauss law in electrodynamics. The field lines emanating from a charge must either escape to
infinity or end on an opposite charge. In a compact space, the field lines have nowhere to go to
and hence must end on an equal and opposite charge. The only way the negative charge of a
p-dimensional orientifold plane in a compact transverse space can be neutralized is by adding the
right-number of Dirichlet p-branes so that Gauss law is satisfied and all tadpoles cancel.

(4) Open String Sector and Surfaces with Boundaries:
D-branes are hyperplanes where open strings can end. Inclusion of D-branes introduces the open
string sector in the theory. The action of the group G is represented in the D-brane sector by
some matrices, which we denote by . The v matrices act on the Chan-Paton indices:

g i = [9W) DN A= N =, My (11)
Qh [, if)Aij — [QR(P), 5N — X = g Myan. (12)

Tadpole cancellation together with the requirement that the matrices furnish a representation of
the symmetry G in the D-brane sector determine not only the number of D-branes but also the
form of the v matrices. When n D-branes coincide, the worldvolume gauge group is U(n). After
the projection onto G-invariant states, we are left with a subgroup of U(n). The group as well
as the representations are usually uniquely determined by the consistency requirements discussed
above.

1.2.6 Orientifold Group and Spectrum of Type-I
Type-I theory is an orientifold of Type-IIB theory with orientifold symmetry group

Zy, ={1,0}. (13)

Closed String Sector:

The closed string sector of Type-I theory contains unoriented strings that are invariant under
orientation-reversal. The massless states are simply the states of Type-IIB that are invariant under
Q. We know that only gi;, ¢, Bj;(R-R 2-form), and a symmetric combination of the two gravitini
survive the projection. We should notice that
Open String Sector:

Open string sector arises from the addition of D-branes that are required to cancel the charge of
the orientifold plane. Orientation reversal is a purely world-sheet symmetry, so it leaves the entire
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nine-dimensional space invariant. Thus, the orientifold plane is a 9-plane. It turns out to have -32
units of charge with respect to the 10-form non-propagating field from the R-R sector. This charge
can be canceled by adding 32 Dirichlet 9-branes which each have unit charge. The world-volume
theory of the Dg-branes gives rise to gauge group U(32) but only an SO(32) subgroup is invariant
under the action of €.

Type-I supergravity super Yang-Mills theory is anomaly free only if the gauge group is SO(32)
or Fg x Fg. It is satisfying that the spectrum determined by the requiring world-sheet consistency
is automatically anomaly free.

1.2.7 Loop Channel and Tree Channel

A massless tadpole leads to a divergence in tree channel. For calculating tadpoles it is useful
to keep a field theory example in mind. Let us consider a very massive charged particle in field
theory with charge @. At low momentum, the charge acts as a stationary source for a massless
photon. One can calculate the charge @ of the particle by calculating the amplitude for vacuum
going into a single photon in the background of this charge. Alternatively, one can calculate the
interaction between two particles each of charge ) at zero momentum exchange. The Feynman
diagram has 1/¢® where ¢ is momentum exchange and the residue is proportional to Q%. If we
write 1/¢2 as fooo dl exp(—q?l), then the zero momentum divergence corresponds to the divergence
of this integral coming from very long propagation times I[.

D-branes and orientifold planes can be treated similarly. A D-brane is like a very massive
charged particle. The interaction between the i-th D-brane and the j-th D-brane due to closed
string exchanges between the two branes can be computed by evaluating a annulus diagram with
one boundary on the i-th brane and the other boundary on the j-th brane. In string theory, unlike
in particle theory, because of conformal invariance the tree channel and loop channel diagrams
are related. For example, the tree channel annulus diagram can also be viewed as a loop-channel
diagram that evaluates the loop of an open string with one end stuck at the i-th brane and the
other end at the j-th brane. Similarly, the interaction between an orientifold plane and the i-th
D-brane is given by the Mobius strip diagram which has one boundary stuck at the i-th brane
and one crosscap stuck at the orientifold plane. Recall that a crosscap is a circular boundary with
opposite points on the boundary identified. Because some of the elements of the orientifold group
leave the orientifold plane invariant, the closed string that emanates from the plane has further
identifications under the symmetry and it looks like a crosscap.

To summarize, we can imagine that a crosscap is stuck at the orientifold plane and the boundary
is stuck at a D-brane. With an orientifold with charge @ and with N D-branes of unit charge, the
total charge is (Q + N)?, which can be written as Q? + N? + 2QN. The term N? is proportional
to the interaction between the D-branes and is computed by the annulus diagram, the interaction
2QN between the D-branes and orientifold planes is computed by the Mobius strip diagram and
the interaction between orientifold planes Q2 is computed by the Klein bottle diagram. An efficient
way to evaluate these diagrams is to compute them in loop channel and then factorize them in
tree channel.

The loop-counting parameter in string theory is the Euler character. A k-th order term in
string perturbation theory which goes as the k-th power of A\ corresponds to Riemann surfaces
with Euler character & — 1, where e* = g,.

A surface with no crosscaps is orientable, otherwise it is nonorientable. We are interested in
the first quantum correction, i.e. Riemann surfaces with x = 0. There are four surfaces that
contribute: a torus (one handle), a Klein Bottle (two crosscaps), a Mébius strip (one boundary,
one crosscap), and a Annulus (two boundaries) and we follow the conventiorﬁ of [2]. These surfaces
can be defined as quotients of tori under different involutions (cf. fig.

I (z) =Im(2) =1—2%, Ix(z)=1—2z+4171/2, (14)

where 7 = 11 4 i1 is the modular parameter of the defining torus. The fundamental cells of the

3The following paragraph is also cited from [2]
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involutions can be chosen as follows:

1 1
A: 26[0,5] x [0, 72] M 26[571]><[0,72] K: z€][0,1] x [0,72/2]. (15)
The open string boundaries, corresponding to the loci of fixed points, are drawn as thick lines in
fig[T] There are no fixed points for the Klein bottle representing the evolution and orientation flip
of a closed string. Notice also that the three covering tori plus the torus case are characterized by

different modular parameters:

(24 1 at

TT:it7 TICZQit7 TA = 57 ™™ :§+§ (16)
T =iz T=3+ik
/ /
B e Mt B = THR
a i a /
/ /
/o [} /
Ab e ° f M | M Ap /
M| A / /
/ /
. / /
LW o Ny ’/ A/
| , / /
0 1 0 i
Annulus Mobius strip
T = 20k
[ ]
M

Klein bottle

Figure 1: Covering tori and fundamental cells for the three one-loop surfaces o = A, M, K.
Cited from figs. 1 of [2]

For now, if we transform the tree channel to loop channel according to fig[I} we can easily get
the relations

1

Annulus : t= 7

1

Klein bottle : t=—

ein bottle v

1
Mobius : t=— 17
Obius 1 (17)
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1.3 Minimal Supersymmetry

Minimal supersymmetry in 4D means supersymmetry with ' =1 in 4D, i.e. only one supercharge.
The D = 4 supersymmetry algebra must be A/ = 1 because the gauge-couplings in the Standard
Model are chiral. Otherwise it will lead to non-chiral theory which is in contrast to Standard
Model Phenomenology. This is the phenomenological reason for us to be interested in models
with minimal supersymmetry.

Therefore the phenomenological requirement of 4D N = 1 minimal supersymmetry gives us
another important reason for studying orientifold. String theories compactified on Calabi-Yau
manifolds can preserve 1/4 of the original supersymmetry. To further reduce the number of
supersymmetry to A/ = 1, orientifold is a very good tool, thus makes it particular important.

1.4 Motivation of the corrections to the Einstein-Hilbert term

This section is cited from app. B of [19].

In the string low energy approximation, the low energy effective action depends on three
functions: the superpotential W (®); an arbitrary holomorphic function f,,(®) replacing the gauge
coupling g, 2; the Kihler potential K (®,®*) which is a general function of the superfields. The
purely bosonic part of the Lagrangian density is

‘Cbos _ 1 _ 2R Y PV 1 a buv
(*G)% - 2[{2R K7ijDu¢ D ¢ 4%(fab(¢))F;LuF
1
=3 S(far(@)e™ T F Fy, = V(6 67). (18)
The potential is
- 1
V(g,¢*) = exp(k*K)(KYWiW,; — 3:°W*W) + 3 fapDOD". (19)

Here K’ is the inverse matrix to 0;0; K and

W, = W + k?0; KW (20)
R(fab(0))D* = =26, — K it (21)

The negative term proportional to 2 in V (¢, ¢*) is a supergravity effect.
The kinetic term for the scalars is field-dependent. The second derivative

2 *
Ky - ZEG) -
0P
plays the role of a metric for the space of scalar fields.

We know that the one-loop contributions to the Einstein-Hilbert term in toroidal minimally
supersymmetric type-IIB orientifolds with D-branes have potential applications to the determi-
nation of quantum corrections to the moduli Kéhler metric in these models. We can directly see
this through in sec. And we can see from above that the Kihler metric and Kihler
potential show up in most terms of the low energy effective Lagrangian. Thus we can conclude that
the correction to the Einstein-Hilbert term may play a potential role in the low energy effective
action, which might be phenomenologically important. This is the motivation of this thesis: Try
to complete the calculations of the correction in all tadpole-free Z models.
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2 General Structure

All the notations and main calculations follow [8]. For I" orbifolds, we have SO(D) generators 6
and twist vector ¥. We always use the light-cone gauge.
First we directly give the general partition function for the world-sheet o:

1+9Q L+ (-DF _ -
U~+T or D—branes 2nt(Lo+L 12
(1-loop)y = Z, =T NER [ 5 .P. 5 e—2mt(Lot+Lo—c/ )]

_ Vio-p < dt k gt
- DN |, Y L Ll e

k., s=even

with

N—
-~ ; (24

Zal0')(Ta,8) = Z9910°) (T, 8) + Zss[0) (7., 8) + Zo[0] (7.4, 9), (25)

Zml0°)(Tans 8) = Zo[0)(Tan, 8) + Z510°) (T 5), (26)

Z)C [9€]<TA’ 5) = Zuntwisted[la 96](TK7 5) + Z thisted [9k7 9@](T}C7 3)7 (27)
k=1
N-1

ZT[GZ](T./h S) = Zuntwisted[la 95}(77’; S) + Z Ziwisted [ok; 96](7—7—7 S)- (28)
k=1

Here 7, is defined in 1+Q is the orientifold projection and P is the Z symmetry projection.
Spin structures can be expressed in (a, B) or s, cf. table I And we should also notice that there
is no twisted sectors for A and M, because both of the two surfaces can be considered as open
string in loop-channel, thus have no twisted sector.

We are considering here 1-loop amplitudes, i.e. Euler Number x = 0 surfaces. Thus we need
to consider o as Torus, Annulus, Klein bottle and Mobius strip. For the Torus and Klein bottle,
we use U 4+ T to label the untwisted/twisted sectors. As we know, while Annulus and Mobius
strip are the propagators of the closed strings propagating between two D-branes, they are also
equivalent to closed 1-loop amplitudes of open strings with end-points on the two D-branes. In
this sense, we can calculate the amplitude using open string theory. We use D-branes to label
where the open strings are attached.

2.1 Bosonic partition function

We will compute the bosonic partition function of type-II string compactified on a toroidal Zy
orbifold first.

2.1.1 Non-compact dimension

For non-compact dimension, the computation is standard. We have the partition function

1
T

for each non-compact dimension.
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2.1.2 Compact dimension

Mode expansion We use the complexified coordinates
_ 1
V2
. 1 A .
ZM = (X ix?%
\/5( )

Z7 (X271 43X

and we have:
elzje—ﬁ _ eQTriZUj Z]
HZZ*jofl — 672772'@1)]- Zj (29)

v; is the twist vector which is determined by the crystallographical structure.
The mode expansions are

. ; M ) / Jj . / ~
Zi(o% ot) =2 + a’foo + NIRo' +1iy/ % XS: %6—15(00—01) +i /% zt: %e—zt(go—i-gl). (30)

M7 and N7 are complexified internal momenta and winding numbers respectively. W.l.o.g. we
consider the right-mover. We can find that

l jpp—¢ _ 2milv; j
0°al 07" =e i,

0'al o= = 2™l (31)
for Z7 and
9€a2j97€ _ 6727!’1.(1)]'0[2].,
0‘arig—" = e~ 2mitvi g (32)
for Z*J,
Imposing _ _ _

Z9(00, ot + 27m) = 2™ 71 (60, o1), (33)
which is valid for a complex boson in the k-th twisted sector, fixes the frequencies of the mode
expansion to s = n + kv; and t = n — kv; with n integer. Furthermore, 2z} must satisfy
(1 — e2mkvi)) = 0 mod 27mA (A is the torus coordinates lattice), i.e. it must be a fixed

point of the orbifold action and, therefore, states in the twisted sectors are localized at the fixed
points. _ _
For the complex conjugate Z*7 there is an analogous expansion with coefficients a:J_ ko, = (o, +ko, )f

for the right-movers, &’ = (&’ n_kvj)T for the left-movers and z;’ = (z))! for the center-
of-mass position. Canonical quantization results in the following commutator relations for the

oscillators

[O‘i,wkuiaa:ikyj} = (m + kvi)5 8 im0,

(6o @20 ] = (2 = k)5 80, (34)
The creation Qperators are ozj_nij, n > 0 and O‘ijn—kujv n > 0 for the right-movers and dj_n_,wj,
n > 0 and di]nJrkvj, n > 0 for the left-movers. Here we consider the case where 0 < kv; < 1. The
occupation number operators are
oo
J _ ] *J .
NR - Z : an+kv]~a—n—kvj ]
n=—o00
o
J _ L =] =% .
NL - Z ' anJrkvjafnfk:'Uj °
n=-—oo
with normal ordering : :. Note that the eigenvalues of N; and Ny in the twisted sectors are

multiples of 1/N.
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Zg[1,1] untwisted sector For untwisted sector (k = 0)
. 1 . _
L§(1) = 3 (r)? + Nk =0)
_ 1 . .
Lh(1) = Sl + Ni (k=)

pi and p% are the Kaluza-Klein momenta for the left and right movers on the (compact) j-th
dimensions. Lo without j is just the sum of L} over j.
The bosonic partition function is

Zuntw1sted ZB[]., 1] — T,r,(qLofl%qliof 12)

bosonic
1 1 1,32 1 2
_ § § i(m+4n)° -2 (m—1in)
= q2 2 q2 2 s
In() P

mpr,mpEA* ng,np €A

m is quantized momentum and n is winding number. A* is the dual lattice of the torus coordinates
lattice.

Zy projection For ¢ # 0 twisted sectors, i.e. for complex bosons which satisfy the boundary
conditions ' ' 4
Z3(0% + 277, 01 4 277y ) = ¥ 73 (60, 0 1), (35)

we need to evaluate the trace with an #¢ insertion. Since we assume that #¢ leaves no directions
unrotated, thus neither quantized momenta nor windings survive the trace. 8¢ is Z group element
insertion. We only need to consider states obtained from the Fock vacuum by acting with creation
operators for which the complex coordinates are eigenvectors of §'. The Fock vacuum is defined
to be invariant under 6

*

‘n{a név - nlj, ”2]> ce) = (04];1)n1 (Oéjfz)m cee (aijﬂnl (O‘*jé)n; ... 10).

Z[1,0"] sector Then, for instance, for the right movers in Z7, using and , we find the
contribution

i1 L o o i}
Tr(9'qFoM—12)) = ¢~ 12 Z (n,nd,....n0 ny . 0% L o@ind nd, .. o0 n, )
nip,nnd
_ 1—12(1+q627rz€vj + qe” 2milv; +. ) (36)

where the first term is the contribution from the vacuum, the second and third terms from states
obtained by acting with o’ ; and o™ on the vacuum, and so on. It is not hard to see that the
whole expansion can be cast into the form

TT(QZqLé(l)fll—z)) _ q7$ Z (H(qme27rilvj ) (qm6727ri2vj)nfn)

all ny,,nk, m
:q—%H(Z m ZTrzZUJ az m —27rz€vJ )
m a b
-1 m 2milv;\— m ,—2milv;\—
=q 121_[(17(] 62 ZJ) 1(17(]62ZJ)1
m=1
= —2sin(¢mv;) 771(7) . (37)
Tt o
*%76’1}]‘

The last step is derived by using the definitions of ¢ and n functions, cf. (189)) and(193).
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Taking into account left and right-movers for all compact coordinates we obtain

; % @ |
Z13,0) = TrV (0'q™~ T gho =) = x(0)| [ %
j= 2
’ 119[ —3 — v }m

1 means untwisted and 6' means Z, element inserted.
Since P defined in must act crystallographically on the torus lattice and since L = n;e;
with integer coefficients n;, in the lattice basis € must be a matrix of integers. Hence the quantities

D/2 D/2
Tro" = Z 2cos(2mlv;) and x(0') = H 4sin®(mlv;) (38)
j=1 5=1

must be integers. In fact, by the Lefschetz fixed point theorem, x(6¢) is the number of fixed points
of 8¢, and this can be explained as the result of the crystallographical structure.

General Bosonic Partition Function Use modular transformations of ¥ and n functions, we
can get the partition functions of twisted sectors

S:iT— ——, (39)
T

o[
_ k T
=X 15
j—lﬁ{ 2 TR
2
D/2 oo 2
= x(0")(qq) =+ T [T - )@ — gty =
j=1n=1

= Z[9k7 1]7

where Z[0%,1] means 6% twisted sector and no Zy element inserted, and (cf. (10.166) in [8])

Bl = g ke } (1~ ko)), (40)

D/2

Bi= Y 5k} (ko)) (1)

is the vacuum expectation value of Ly in the twisted Fock vacuum which is annihilated by all
positive oscillator modes. We define 0 < {z} < 1 as the fractional value of z : {z} =« — |x]. (cf.
p.304-305 of [8])

We can continue generating pieces of the partition function by employing modular transfor-
mations (198)-(201). The general result can be easily found to be

2

D/2 )
, (ktv; ¢ Z or Z + 5) (42)

n(7)

H [1+kvj ](T)

Z10*,0] = x(6*,6")

=19
% +€’Uj
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x(0%,60°) is the number of simultaneous fixed points of #¥ and §°. This formula is valid when
6% leaves no fixed directions, otherwise a sum over momenta and windings could appear. In
addition, x(6*,6") should be replaced by ¥(6,6'), the number of fixed points in the sub-lattice

14k,
gfl”jj]/
has a prefactor (2sinmfv;), as follows from the product representation of the ¥-function. Thus
the actual coefficient in the expansion of is X(0%,0') = x(0%,0°)/ T1; o, ez 4sin? Tlv;.

effectively rotated by 0*. y and y differ because when kv;=integer, the expansion of 9]

Summary The bosonic piece of the partition function of the type-II string compactified on a
symmetric Zy orbifold is:

) 1 8-D _ b/ n(7) ? 1
Zplo*, 0" = (ﬁnﬁ) X (6%, 6% ]1;[1 19[ % - ]lf”j }(7) , (ktv; ¢ Z or Z + 5) (43)
3 T

D is the number of compact dimension.

2.1.3 Number of Fixed points y and y
From (A.4) of [I3] we know
X(1,0") =1, X(0™,0") = x(0™,0") if x(6™) #0,
x(0™,0") = x(6™,6™) = x(0™,0™)/ H 4 sin® mnw; if x(0™) =0, (44)
jmuvj;€Z

where x(6™,0™) is the number of simultaneous fixed points of 6™ and 6™. If ™ leaves fixed tori,
ie. x(0™) = 0, we must use x(6™,6™) which is the number of simultaneous fixed points in the
subspace actually rotated by 8. This is the same as we discussed above.

As we will see in sec. only 6V/2-twisted sector will survive, thus we are only interested in
x(ON/26™) cases.

From p.4 in [I5], we see that the Zx orbifold group action is generated by

027 — i (45)

with twist vector ¢ (cf. app. .
From p.301 on [I1], we can conclude that (using x4, to represent arbitrary x(6™,60")) if e is
the identity element of Zy,

D/2
Xe.g = X(Fy) = det(1 — g) = x(6°) = [ 4sin®(wtv;). (46)
j=1

Since z is a fixed point of gh, if it is a fixed point of g and a fixed point of &, one sees that

Xg,h = Xg,gh- (47)

Similarly,
Xg,h = Xg=1,h (48)

L are identical. This is also true for h and h~!, thus we have

since the fixed point sets of g and g~
Xg,h = Xg,h—1- (49)

Moreover, the number is symmetric under exchanging g and h, so we have
Xg,h = Xh,g- (50)

Using all these facts we can evaluate all terms of the form xgm gn.
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2.2 Fermionic partition function

Now we come to the fermionic part. Since the Torus compactification has no action on fermionic
degrees of freedom, we don’t have to distinguish compact or non-compact dimensions. Also be
aware that the twist vectors of fermion v; is different from the twist vectors of compactified bosons
v;, because fermions are not compactified thus they are in different dimension than the bosonic
case. However, the twist vectors of fermions won’t change the uncompactified dimensions of
fermions, therefore we take those components of the twist vectors to be 0.

2.2.1 Fermion

We now compute the one-loop partition function of a complex fermion with twisted boundary
conditions. ~
We define ¢ = %(wl +i1?) and ¢ = %(1/}1 —i1?). W.lo.g, we observe the action of the

right-mover _
S = %/d%;ﬁmw (51)
with energy-momentum tensor )
- _
T = Z($0_v +$0_9). (52)

Again, using mode expansion and canonical quantization, we can get the Hamiltonian H =
LO - i with

oo 1\ - 1 B a2
LO = Z {(m +a— Z)b—m—a+%bm+o¢—é + (m — Q= 2>b—m+a+ébm—o¢—é} + ? (53)

m=1

and ¢ = 1 for one complex fermion. « is the parameter of the twisted boundary condition defined
in below.
Then we impose the twisted boundary conditions. For torus spatial direction

$(0% 0t +2m) = —e (0, o),

Y0, 0t +21) = —e 200, oh).
For torus time direction

(00 + 2170, 0t 4 217y) = —e T2 (00, o),

P(0° + 2170, 0 + 2771) = —e TP (00, 01).

The minus signs correspond to path-integral with anti-periodic boundary conditions. If we want
periodic boundary conditions we have to insert (—1). a, 8 € {0, %} are spin structures, namely o
stands for NS or R sectors, and /3 stands for (—1)¥ inserted or not. But we still need to implement
the S-twist (i.e. GSO projection) on operators, i.e. we look for an operator Pgso which satisfies
27ri,8b

-1
PesobniatriPaso =€ hptatls

7 -1 _ _—2mif7
PGSObn-s-oé-s-%PGso =e bn+a+%a

and thus the GSO projection is implemented by Pgso-
This operator is easily found to be

Pago = e2miBIN=-N)

where N, N are the number operators

N=> by, N=Y b_yb, (54)

n>0 n>0
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The partition function in the «, 8 sector is

Z[3](r) = Tr(Pasoq™ 1)
- Tr ( 21iB(N—N) Lo—2—14)

%721—4 H 1+qn+a 26 2#15)(1+qn a— 26+27m5)

n=1

L2510

) (55)
n(T)
cf. ([187) for the definition of q. We can get the full result by adding the left-mover part.
2.2.2 Partition function
Now we consider the orbifold symmetry, which imposes additional boundary conditions
wj (0_0, 0_1 4 27‘(’) — _e+27ricx627rikv7ﬂ, wj (O’O, 0_1)’
V(00 + 2mmy, ol + 277y = —eFETIB 2T (69 o1, (56)
And the partition function on the j-th complex compact dimension is
1 Jpky_ 1 _7i(pk
Z510F,0") = Tr(ysers(vseR) (PGSOaéqLow )= 6"~ ) (57)

The trace is over the left and right NS and R sectors for the fermions. This is equivalent to
summing over « € {0, %} Similarly, the GSO projection amounts to summing over 5 € {0, %}
Using the result from [2:2.1] we get the partition function of fermion

. [ o+ kvj ]

ek 9@ B EUJ

; (58)

sap(k, £) is the spin structure coefficients. By convention we take soo(k, ¢) = 1. Imposing modular
invariance, notice that > v; = 0, we check

so0(k, £) = —s10(k, €) = 1,591 (k, £) = =™ 2% = —1 = Fs11(k, ) (59)

11
22
leads to a modular invariant partition function.

Note that £ = N should give the same solution as k = 0. This gives, once more, the condition
>_v; = 0. Note further that the sign of s11(k,{) is not fixed by modular invariance. Choosing

opposite(equal) signs in the left and right-movers corresponds to orbifold compactifications of
Type-1TA(B) strings (as one can see by looking at the k = £ = 0 sector).

2.3 Orientifold 2 symmetry
There are two distinct orientifold groups possible:

Yy = {1,065}, k=1,2,...,N, @F=e*k/N Q= 2mk/NQ (60)
and

N
Wy = {1,072 Qor_1}, k= 1,2,..., 5, Neven. (61)
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) action and CP factors All conventions follow sec.2 of [I]. We now elaborate the action of
the orientifold groups on the states in the open string sector, on D-branes. A generic state can be
written as A;;|X,4j) where ¢, j label the end points of the open strings, A is a CP matrix, and X
collectively labels the world-sheet oscillators that are involved in that state.

The orientifold elements have two possible actions on a generic D-brane state. In addition
to the obvious action on the oscillator states, they also act on the CP indices with a matrix
representation of the orientifold group. It is generated via matrices 7y

0% 2 |X,i5) — ex(vi)ir|0F - X, 75" (v M) (62)
Q1 X, i5) — €q, (v, )ir|0" - X, 5'7) (vg, )5 (63)

where e, €q, are signs. Note that the () elements interchange also the string end points. The
group property 0% = (61)* and 6 = 1 implies

w=Em)"  (w)" ==L (64)

Furthermore, the condition that Q2
0?1 |X,ij) = (v (1) ™ a1 X, 75 (W0 i (65)

is equal to the identity requires that
=0, =1 (66)

Note that the adjoint action on the CP indices implies that the representation of the orientifold
group on the CP sector is defined up to a sign.

To evaluate the trace of partition functions under €2, we require the action of the orientation
reversal on the bosonic oscillators

Qo =al, QarQ~t = ok, (Closed String) (67)
Qo ! = (=1)kat, Qar ! = (-1)kax, (NN boundary condition for Open String)
(68)
Q™! = (—1)* 1ok, Qar ! = (-1)*ak, (DD boundary condition for Open Stzini),
69

and 2 also transforms ND boundary conditions to DN ones.
For the fermionic ones, we have

D, Q7 =1, W, Q7 = —1,, (Closed String) (70)

2, Q7 = (=), QP Q7 = (1), (NN boundary condition for Open String)
(71)
Qp, Q1 = (=1)" e, Qp, Q71 = (=1)" e, (DD boundary condition for Open String).
(72)

The extra minus sign in is inserted in order for the product 1,1, to be orientation invariant.
This choice does not affect the GSO-invariant states.

Moreover, we should notice that only the left-right symmetric sectors (NS-NS and R-R) survive
the Q projection.

Lattice Sum on 7” under 2 We only have the lattice sum in the case of that there is fixed
tori, i.e. x(0™) = 0, or equivalently, fv; is integer or half-integer. Otherwise there is no windings
nor momenta in the compactified dimensions. And we need to compute the traces of the lattice
states, which is what we are going to do to here: Lattice Sum. We use complex torus coordinates
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to represent the coordinates of the compact dimensions, thus we complexify the momenta and
windings
Mj = Maj_1 —|—2'm2j j=1l...—, (73)

Nj =MNgj—1 +in2j j =1... (74)

NSNS

This is allowed because if we observe the mode expansion of X

Xi(o,7) =2 +apT+LRa+u/ Z ab emIT=0) 4 i omin(THo)y (75)

n;ﬁO

we see that the momenta m; = p; - R and windings n; = L follow the same 6 transformation as
X". Thus there will be no problem to complexify those parameters.
The orientation reversal acts on momenta and windings as

Q|Mj, N;) = |M;, —Nj), (76)

then only momenta survive the trace when no Zy element 6 is inserted

D
(M;, N;|Q|M;,N;) =[] 6w, 0- (77)
i=1

On the other hand, due to and , we can get
0Z|Mj7 N]> — |627riévj Mja e?wi@vj Nj>7 (78)

we observe that the state survives the 6 action after trace only when fv; is integer, because m;
and n; have to be integers.
Furthermore,
QO°|M;, Nj) = [0 M, 27— 2 N, (79)

We can easily see that the state survives the Q0% action after trace only when fv; is integer or
half-integer. However, momenta and windings will not simultaneously survive the Q6 action after
trace. If fv; is integer, then momentum survives. If fv; is half-integer, then winding number
survives.

Chapter 4.18.5 ”"Multiple compact scalars” of [I7] gives the details of the calculation. The jg
current of Ly is changed due to the toroidal compactification, which results in a lattice sum over
the internal momenta and Windings, cf. section 4.2.2 [9]. The general result is

Ztorus .

2

lattice — \/7T2n 2 Z gt B/ mate)(m' T)(mJJrnJT) (80)
gi; is the metric of the 2-torus in the target space, B;; is antisymmetric constant background value
of the two-index antisymmetric tensor over the 2-torus. We won’t consider B in our calculation,
thus set B;; = 0. We define V; = ,/g to be the regularized volume of the torus. j stands for the
j-th coordinate of the torus. G is the determinant of the metric g;;.

Since in the following sections, momentum and winding won’t simultaneously appear in the
partition function. After performing a Poisson re-summation, we summarize and rewrite the
momentum/winding sum along the j-th torus with volume V; and metric g([f[} from as

. [4]
LM _ e~ FmImegy (81)
4dr2alt m;fﬂ
2./ )
o) AT S g 2)
Vjt 1 2

nl,n

These sums are expressed in the closed string channel. Details could be found in (8.2.9) of [18].
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Twisted Sectors Here we need to consider the insertion of the Orientifold element Q2. We know
that only left-right symmetric states will survive the 2 insertion after trace. Using the results from
we can easily see that only when s =n + kv; and ¢t = n — kv; (k is the k-th twisted sector)
are the same index set, the state is left-right symmetric. This is equivalent to requiring kv; is
integer or half-integer for all j. However, this could only be possible for £ = 0 or % Then we
know that for twisted sectors of Klein bottles, only the %—th twisted sector survives.

2.4 D-branes on TP /Zy

Refer to 9.14.3 of [I7] and Section 2.2 of [I]

The tadpole of Klein bottle amplitudes will be canceled by the insertion of Dg-branes filling
all ten dimensions. Through T-duality, we can further see the existence of Ds-branes because T-
duality transforms Dg-branes to Ds-branes. And the tadpole must be canceled by the addition of
Ds-branes as well. After that, we will also see that O-planes cancel D-brane charges over compact
space.

Ds-branes will be stretching in the non-compact dimensions. The orbifold now acts on the
transverse positions of the branes. Therefore, there are two main options to consider.

We may consider a group of branes sitting at a fixed point of the orbifold action. In such a
case there is no further restriction on the transverse position. We may also consider a group of
branes at a generic position 2° on TP. Orbifold invariance imposes that we also include a mirror
brane group at the position —z°.

In the orientifold we are considering, the Ds-branes will have vanishing twisted tadpoles and
therefore will not be fractional. Fractional means branes which are fixed to the orbifold fixed
points. This means we won’t have to worry about those fixed branes.

In order to accommodate the orbifold action on the CP factors of Dg-and Ds-branes we must
introduce matrices 7909 and yg/0,5. They satisfy the constraints — coming from the
orbifold group property.

For the trace of the CP factors, using we may evaluate the trace as in (5.3.24) of [17]

D 01906 5) = > Gl ) ()i (10 )i = Trivg g ')- (83)
ij iji’§’
And we have similar results for 6

D G106, 5) = D (4151 (rer Jisr (e s = Trlvgevan' ) (84)

ij iji’ 5’

Fixing signs According to the detailed discussion in section 7.3 of [I7], in the NS sector there
is an € phase for each of the 9-9 and 5-5 strings as follows
Q9 —9,p;ij)ns = €09(V02.0)ir 19 — 9,75 51 ) s (70,9) 75 (85)
Q5 — 5, p; i) ns = €s5(V0,5)i]5 = 5,051 ) vs (v5) ;- (86)
Similar arguments as in section 7.3 of [17] fix

539 = 5%5 = -1, YQ,5/9 = C5/97£,5/9a C52 = (3 =1 (87)

In the 5-9, 9-5 sectors, however, we may write

Q5 —9,p;i5)ns = €so(V.5)i 19 — 5,05 51 ) v s (70.9) 755 (88)

Q19— 5,p;ij)vs = €s0(10.0)iir |5 — 9,055 ) ns (v0.5) 775 (89)

Imposing 92 = 1 we obtain
€29C5Co = 1. (90)
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The phase €59 captures the transformation properties under Q of the SO(D) twisted spinor as
well of the NS open string vacuum. If two 9-5 states interact, they may produce a 5-5 or a 9-9
state. Therefore, a nontrivial coupling of two 9-5 states to the massless 9-9 or 5-5 states should be
allowed. This implies that €2y = —1. Thus from , the CP projection is opposite for Ds-branes
compared to that of Dg-branes,

(509 = —1. (91)

Boundary conditions We have to notice that in the case of effective open string surfaces of
Annulus and Mobius strips, due to the boundary conditions, we have the general properties: NN
directions have only momenta, DD directions have only windings, and DN have none of both.

Ds-branes Due to tadpole cancellation, only Z.,e, type-IIB orbifold has Dg-branes filling the
space and Ds-branes transversal to 1-st and 2-nd tori and parallel to(wrapped around) 3-rd torus.
So it means Ds-branes only exist for Zg,., models.
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3 Analysis of the 4 Euler Number y = 0 surfaces

Since the calculation of the partition function of the surfaces is related to the twist vector v; of a
certain Zy group, we’ll give the general idea first, then give the examples in detailed orientifolds
in the following sections.

From now on we’ll concentrate on phenomenally interesting D = 4 case.

3.1 Partition Function

This section follows closely to sec.3 of [16].
Using the results of partition functions we derived in section [2| we get the general partition
functions of the 3 different xy = 0 surfaces except torus

7 (75, 8) = (—2m)C Py X (—2sin(m7y3) (Hf %) (Vi hiy 9) (92)

with Z?(;, hi, g;) being the ¥-dependent part of the partition function given by

19[ ! } [ o+ hy } [ o+ ha } [ ! ]
9 54 B+ + g1 B+ 2+ g2 B+ s
Zs (’Yiahhgi) = Nap 1 1 1 1 ; (93)
vy 2 Pl Pl ]
3 sTn+ton 5 +tr2t+g2 5 1t73
where the spin structure relation between s and («, ) can be found in Table I And ¢’ [2, 2] =

—2mn3, cf. (193). o stands for the surfaces of Klein bottle X, Annulus A and Mobius strip M,
with world-sheet parameters 7 = 2it, 74 = %, ™ = % + % More details can be found in [2].
C P, stands for the corresponding Chan-Paton factor of the open string world-sheets and CP =1
for the Klein bottle cf section [2.3] ﬂ Values for CP,, Xo, Vis f(7;), hi and g; can be found in
Table [2| Formula (92)) holds for all tadpole-free Zy type-11B orlentlfolds Orientifolds Wlth even
N have Ds-branes wrapped around the third torus leading to the distinction of 3 in . And
therefore the 3-rd torus always has NN boundary condition no matter whether it is attached to
Dg or Ds-branes.
We choose

tT(’Yﬁiﬂgbs) = —tryas (94)
and

tr(’Ys;zl,g’Ygz,g) = tryae,9- (95)
The minus sign is due to the GPE| action of Q, cf. sec. 2.3 and eq.(2.41) of [I].

51 101G 0

Table 1: Spin structures

3.1.1 N > 2 sectors

In these cases (—2sin(mys)) []2 =1 f(7;) vanishes. N = 2 sectors are characterized by that along
exactly one i,-torus, h; vanishes and v; + g; is integer. A/ = 4 sectors are characterized by that
along all three torus, all three h; vanish and all three 7; 4+ g; are integer. In these cases,

4@Gimon and Polchinski



3.2 Torus 25

o cp X ¥ flv) (=lor2) h1 ha g g2
Ku 1 1 20v; —2sin(7my;) 0 0 0 0
Ks 1 XON/2,00) 200, 1 119 g
Aogg (trvye,9)? 1 Lv; —2sin(7y;) 0 0 0 0
Ass (trve,5)? 1 Lv; —2sin(my;) 0 0 0 0
Ags  (trye,0)(trye,s) 2 Lv; 1 % _% 0 0
My try2e,9 -1 v —2sin(my;) 0 0 0 o0
Ms tryae,s -1 Lv; 2 cos(my;) 0 0 % ,%

Table 2: Refer to [16]. K, and K; denote the Klein bottle contributions with untwisted and ON/2 twisted closed
strings running in the loop. )Z(ON/2, 92) denotes the number of simultaneous fixed points of 6V/2 and 6¢. The CP
factors corresponding to the Ds-branes assume that all Ds-branes are sitting at the fixed point at the origin of the
compact transverse space, details cf. sec. 2.3 of [I]. Derivation of these constants in the table will be explained in
the following subsections.

has a well defined limit 77% of singular part, but one has to include internal momenta or windings,
therefore we should substitute these singular part with momentum/winding lattice sum and
2.

For A and M the momentum sum £VM] appears if the j-th torus is parallel to the branes
whereas the winding sum £W] appears if the j-th torus is transversal to the branes, and this
actually is related to the boundary conditions of the open strings attached to the D-branes. For I
the situation is as follows: If «y; is even, the corresponding torus is not reflected. The orientation
reversal €2, however, reverses the winding modes. Thus only the momentum modes survive. On
the other hand, if y; is odd, the corresponding torus is reflected (i.e. kv, is half-integer). Combined
with €2, this leaves the winding modes along this torus invariant. The terms ”momentum” and
”winding” are used here referring to the open string channel.

3.2 Torus

Topologically Torus is the 1-loop closed string amplitude, without Orientifold symmetry 2 action.

This part is just the type-IIB orbifold thus is trivial and has no tadpole.

3.3 Klein bottle

Topologically Klein bottle is the 1-loop closed string amplitude, with Orientifold symmetry €2
action.

In the operator form, the amplitude of Klein bottle is

N—-1
< dt Q1 L+ (=D o minir_
Ae = =T u+4+T |t - 92_ 27 (2it)(Lo—c/24) 96
K /0 2t " 2 N; 9 ¢ (96)

Be aware that 2 can act on bosonic and fermionic oscillators as described in —. Q
projects out NS-R and R-NS sectors. The action of 2 on the bosonic and fermionic oscillators
results in a nonzero contribution in the trace only if the state has the same left and right oscillators.
This effectively sets Ly + Lo — 2Lg for such symmetric states and causes the final amplitude to
have a modular parameter 27 instead of 7.

Also, since Q exchanges 6% with 6V~ we only have twisted strings with & = 0 and k = %, N
even.

CP factors Since Klein bottle is not attached to D-branes, thus the CP factor is 1.



3.4 Annulus 26

v; Due to the Q action, Lo+ Lo — 2L will also double the «;. This can be easily seen from the
calculation of .

3.3.1 Untwisted sector

x and f(v;) Since Q action leaves only left-right symmetric states, from we can see that we
no longer have 4sin?(rfv;) for f(;), but only have —2sin(2m/v;).

Lattice sum cf. para. 2 in sec. 3.1.1

. . —2sinmy; 1
v; = even-integer, i =1,23: —_— ELU,M] (97)
2
3+ }
. . —2sinmy; L w
v; = odd-integer, i=1,2,3: ——— = LY (98)
3 Ui
2]
3+%

3.3.2 Twisted sector
From the para. ” Twisted Sectors” in sec. we know that only %-twisted sector is allowed.

hi Ky is 0N/2-twisted, thus kv; = half integer. And this is equivalent to shifting the a of ¥
functions in the T* direction(1-st and 2-nd tori) by h;, cf. (42).

x and f(v;) As we discussed after , here % -v; is integer, thus we have X(6N/20°) for X.

Lattice sum cf. para. 2 in sec. |3.1.1

—2si 1 .
Y3 = even_integer . % - $£[1,M] (99)
s
3+
. —2sinmys L iw
73 = odd-integer : ————— = <L (100)
ST
1
3t

3.4 Annulus

Annulus surface represents closed string propagates between two D-branes, without Orientifold
symmetry  action. Topologically and effectively we can consider it as the 1-loop open string
amplitude, without Orientifold symmetry 2 action.

In the operator form, the amplitude is

N-1

> dt 1 T+ (=DF o ievir_o/oa

ra= [ g 5 o 30 e (101)
0 2t ’ N; 2

N | =

Now we need to consider D-branes. According to earlier discussion about tadpole cancellation
in section [2.4] we know that we would only consider Dg and Ds-branes. Follow the discussion in
section and section 9.14.3 of [I7], we have non-trivial CP factors in the partition function for
Annulus.

Recall that open string boundary conditions on compactified dimensions have the results: NN
directions have only momenta. DD only windings, and DN none of the above.
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3.4.1 Ay

CP factors Agg is attached to two Dg-branes. Therefore we have the CP factor as square of
tT"}/g’k.

Lattice sum Here we have NN boundary conditions in the T* directions of Agg, and also NN
boundary conditions in the 3-rd torus. Then the compact directions have only momenta. And we
need to substitute

—25i i 1
M N ?E[l,M] (102)

Yi — in(eger7 7/ - 1,273 :
|: 7 i| n
/y.

=+ i

1
2
3.4.2 Ass

CP factors 55 is attached to two Ds-branes. Therefore we have the CP factor as square of

tT’75’k.

Lattice sum Here we have DD boundary conditions in the T# directions of Ass, and NN bound-
ary conditions in the 3-rd torus. Then the 7% compact directions have only windings. And we
need to substitute

) ) —2sin(my;)n 1
Y = integer, i =1,2: ————— — n—QE[ Wi (103)
3+
—2si 1
~3 = integer : w — —2/3[3’M] (104)

iy, ]
5+

3.4.3 Ags

CP factors Ags is attached to one Ds-brane and one Dg-brane. Therefore we have the CP
factor as the product of trys ; and tryg k.

h; and f(v;) .Ags has Dirichlet-Neumann boundary conditions along 1-st and 2-nd torus. And
the presence of 4 DN directions effectively Zo-twist the T* space(1-st and 2-nd torus), cf. sec.
13.4 in [T9]. This is equivalent to the #/2-twisted sector in Therefore we have the same h;

and f(v;) as in

X Aogs actually has two orientation, which are Ags and Asg. Thus this contribute a factor of 2
to the partition function.

Lattice sum Here we have ND boundary conditions in the T* directions of Ass, and NN bound-
ary conditions in the 3-rd torus. Then the T compact directions have no momentum or windings.
And we need to substitute

—2si 1
s = integer - M 5 3] (105)
of | 2 }
% +73
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3.5 Mobius strip

Mobius strip surface represents closed string propagates between D-brane and orientifold plane,
with Orientifold symmetry 2 action. Topologically and effectively we can consider it as the 1-loop
open string amplitude, with Orientifold symmetry €2 action.

In the operator form, the amplitude is

N-—1
> gt Q 1% 14 (—)F
A :/O %T,,WR[Q.N 3 .#e*2ﬂ(%+7)(%76/24) . (106)
£=0

Be aware that  in the TT[QqLD_C/24] is equivalent to adding a minus sign to ¢ because of the
action of Q on Lg, cf. -. This is equivalent to substitute the torus parameter 7 in the
partition functions with the half-shifted torus parameter
1 it
™ =5+

— 1
St (107)

as we have mentioned before about world-sheet parameters, cf. .
Since €2 changes the orientation of the string, 9-5 strings do not contribute to the trace. For the
same reason, only strings starting and ending on the same Ds-brane contribute after Zs projection.

3.5.1 My

Lattice sum Open strings on Mg has NN boundary condition, thus only K-K momentum states
survive.

—94i ) 1 .
yi = integer, i=1,2,3: — U $£[‘7M1 (108)
9] | 2 }
%JF%'

CP factors My is attached to Dg-branes, and it has 2 action, thus we have C Py, = tr(’y@l’gvgbg) =
tryae,9, cf. (2.36) of [IJ.

X Due to the Q action on the fermionic state for NN boundary condition(cf. (71))) and the
action on the vacuum states(cf. (7.3.10) and (7.3.16) in [17]), we have Q(¢|0)) oc —%|0), i.e. we
2 2

have an extra minus sign in x, also cf. (3.11) and (3.12) [14].

3.5.2 M

Lattice sum Open strings on M5 has DD boundary condition, thus only winding states survive.

2 ; —1)
~; = half-integer, i=1,2: e (773) LliW] (109)
ity ]
%+%+%
— 25 1 .
3 = integer : w — —3£[3’M] (110)
! 1
o175 ]
% + 73

g; Because now we have DD boundary conditions for T directions, according to , the T*
directions have an extra minus sign. This is equivalent to an insertion of /2 element in the trace,
and thus equivalent to shifting the 3 in ¥ functions in the T* direction(1-st and 2-nd tori) by g;.

f(v:) Due to the insertion of #/2, this will shift the sin(7y;) in f(v;) for 7/2, or equivalently
shift v; to v; + g;, and thus turns — sin into cos function for each of the 1-st and 2-nd tori.
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CP factors and ¥ M5 is attached to Ds-branes, and it has @ action, thus we have C'Py, =
tr(yggﬁfy&ﬁ) = —tryg5, cf. (2.41) of [I]. But here we take C'Ppq, = trvyses, thus we move the
minus sign to x, which means we get x = —1.
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4 One-loop corrections to Einstein-Hilbert term

This section follows very closely to [16].

4.1 Effective field theory

In this section we review how the quantum corrections to the Einstein-Hilbert term influence the
form of the low energy effective action of string compactifications. cf. sec. 2 in [4].

The quantum corrected kinetic term of tree level modulus 7(9) coupled to gravity in string
frame and up to 1-loop order is given by

Sy = % d%ﬁl(em‘* + 5E)%R+ (GO + D)o, rOonr©O| 4 (1)
4

where §FE denotes the correction to the Einstein-Hilbert term, including tree level o’ corrections
and corrections from 1-loop. G stands for the tree level metric including o’ corrections and G
stands for the contributions to the string frame metric arising at 1-loop level. Here we choose T
as an example for concreteness. Furthermore,

ky? = 2V kE = (na/) ! (112)
and
e 21 = 7210 ot = 0(0)7'1(0)7'2(0)7:;0), (113)

where e=2%10 i the ten dimensional dilaton and
0'(0) = €7¢10t1t2t3 y TZ-(O) = eiq)wti. (114)

Here the t; are the dimensionless torus volumes measured with the string frame metric. The
definition of the Kéhler variables in general gets quantum corrected

=70 4 o, (115)

where 07 is a moduli dependent function.

Starting from and performing a Weyl transformation to go to the Einstein frame, we
see that the quantum correction to the metric of the quantum corrected Kéhler modulus 7' (with
imaginary part 7), is given, up to 1-loop order, by

2
(1) _ 28, (1 094 2B,
GLL(T) =e*P+G! >(T)+12<W> SEe*® 4+ 6

0By DOE oy
e 4
or(0) 97(0)

— B GO) (1) + i57’ - L 907

27-3 ﬁﬁ e e e (116)

We can see that 6 F showed up in different terms. Therefore we can conclude that § E does play
an important role to the quantum correction to the metric.

4.2 General Analysis of Graviton 1-loop 2-point function

In this section we derive some general formulas needed for computing the 1-loop correction to the
Planck mass in ' = 1 type-IIB toroidal orientifolds. And these will be applied to tadpole-free Zg,
Z7 and Z15 models (tadpole-free condition is discussed in [I]). Here we follow closely to the sec.
3 in [16].

Begin with the amplitude of two gravitons(with momenta p; and polarization tensors ¢;)

(Vy(p1,€1)Vy(p2;e2)) = Z (Vg(p1,€1)Vy(p2;€2))0 (117)
oe{T ,K,AM}
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where the vertex operators are given by

290 . o -y o T\ ip- X
Vo(p.e) = = ey, (10X + Tp-p ) (i0X* + Sp- ¥ ) e (118)
e
with €, = 1. Using the on-shell, transversality and tracelessness conditions

p? = p% =DP1-pP2= plugllw = pQ;LESV = 77/11/5;1“/ = 77/11/551/ =0, (119)

the amplitude (117) has to be proportional to the only remaining contraction, i.e.

(Vy(p1,e1)Vy(p2.e2)) = AiVagipherwn” eanop] + O(p). (120)

We have to compare this to the relevant term in the action which leads to the linearized Einstein
equations. We read off

M3 1 5
5= /d“x( — Shunoh on), (121)
where
G,uv = N + h;wv (122)

for a symmetric fluctuation hy,. h,, and €,, have the relation in momentum space showed by

the vertex operator (118))

By = —4mgee e . (123)
Using ([111)), we have
1
M} = — (e 4+ 4E). (124)
Ky
Thus we compare (120]) with
1
- Znﬁ / d*z5Ehy,, ,h" P ", (125)
And we get
K3 o
SE=_—LA=_—A 126
82 8 (126)

The amplitude A gets contributions from all 1-loop surfaces, i.e. T, I, A, M.

4.3 Torus and Sphere contribution

We read off the torus contribution from eq. (5.3) in [3]. Including also the o’ correction to the
Planck mass from the sphere it gives

e—2<1>4 2

OB)sisr = s (X 55—+ 5); (127)

where V is the overall volume (in units of (27v/a/)%) and, due to the orientifold projection, we
added a factor of 1/2.
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4.4 Contributions from K, A and M

Here we closely follow the calculation in [12]. Neglecting the momentum conservation ¢ function
arising from the bosonic zero mode integration we have

Aa: 47T a Z / ZZZ) To,y S /d2V1/d |%9]

s=even

(<5X18X2>a<<w2w1>z> + (0X10X2) o (ath)3)?
H(OX10X)o (t01)5)? + (9X10Xa) o (D21)3)°) (128)

where o stands for the different world-sheet topologies K, A and M, with world-sheet parameters
T =2it, Ta=% (=144 Z5 ® (7o, 8) is the contribution to the partition function from
the 6° element inserted sector The spin structure sum only runs over the even spin structures s.
Note that there is no contribution to A, from eight fermion terms, cf. sec. 3.4 in [4].

From [I2], we use

()1 (0))2)? = —821n Dy (v, 7) + B2 22| (129)
?9( )v:O

It is the sum of a spin structure independent term with a spin structure dependent term. The
contribution to A, involving the first term in (the spin structure independent term) does
not survive the sum over spin structures in the super-symmetric case. On the other hand, the
spin structure dependent term does not depend on the vertex operator position and, thus can be
taken out of the v integrals. Besides, provided that it does depend on the vertex operator position,
this is the same for ((21h1)5)2, ((1h2101)%)2, ((ha1p1)%)? and ((1h21p1)%)2. Take care of the relative
minus signs arising from conventions, the resulting v integral can be solved using [2]

/dzul/dzyg(@Xl@Xg)a (010X, — (DX10Xa)s + (9X10Xa), ) = ST00Z - (130)
Taking into account (126]), we finally achieve
o Ys(v,70) &' 7S(7,)
(@) s y o o
OE)s = — g SN @) ggen/ Z 21005 00y 2 B
N 1
(0/)2 1 / dt 7T\Y 2 ¢ s (Ua Ta)
= — ) Z0 (1, 8) 1L
8 8N(47T2OZ/)2 0 £Z v s Zev:en 7 (T ’ S) 795 (07 To’) -0
N 1

_ (o)? 1 dt7r\s 19/(0 )
= — 871' 8N(47T20/)2/0 Z Z Z Tg—, W (131)

{=0 s=even

The lattice sums can be done after performing the spin-structure summation. Thus the sum
over spin-structure in (131)) can be performed using and for the partition function. Then
we need the formula (cf. eq.(130) in [5])

1 + h;
vl o

19" 0) < Ttvita
Z s(0) Z L4 h, '
s=even i=1 99 1 2 + h (O)
5t+%+ 3

(132)
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With this, (131)) reads

N—

1
Z CP, X sin(mys)
=0

t
(PR U
[

(OE)y = ——) /O * dt (7o)

32N (4m2a’)? 12

53

%+%+%

~<Hf(7j)> > oy (133)
j=1 i=1 99 2 v

%—F%-ng }(0)
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4.5 N =1 sectors

Following secs. 3.8-3.11 of [4], N = 1 sectors contribution to the Planck mass is

OE)N=D =3 "(GE)V=D = - 64]\7;((4W2a, / Z > CPoY. (134)

o o Le{N=1}
Here
2
o) = &,X 4 sin(mys (H fly ) for ¢ € {N =1} (135)
j=1
with
1 f
&y = or A,M (136)
4 for K
and .
=+ h;
3 79/[ 1 2 ' ] (0)
5T+
LCE P U (137)
. 5 + h'L
S, o
5t7%t g
For later use, we also introduce
o — 1 for A 7 (138)
4 for M, K
From (136)-(138]) and table [2| we have
K9 =16 sin(27lvs) sin(2mlv, ) Sin<27T£’U2)I€1(f),
IC(Z = 4%(6N/2,0%) sm(27r€113)IC ,
A99 = 4 sin(mlv3) sin(mlv ) bln(ﬂ'fvg).Agg ,
A55 = 4 sin(mlv3) sin(mlv ) sin(ﬂﬁvg)Aé?,
A95 = 2sin(7r€v3)Ag?,
My) = —4sin(mlvs) sin(mlvy) sin(ﬂﬁvg)/\;lé@,
Mé@ = —4sin(mlvs) cos(mlvy) cos(ﬂévg)/\}lg). (139)

Note that for odd N there is no contribution from K;, Ass, Ags and Ms.
Making use of (202) and the fact that the even/odd spin structure ¥ functions are even/odd
functions of their argument, together with the super-symmetry condition ), v; = 0, we can get

GNE) — 450 foralle, 6 ED =450 for K,
olaNE) — 5(0) for all o, o2 £ = 50 for K. (140)

q is an arbitrary integer. These identities allow the individual sectors to be related to each other.
For N = 1 sectors with h; = 0, the t-integral in (134) can be performed using (115)-(117) of
[], i.e.(assuming 0 < v < 1 for A and K, and 0 < v < 1/2 for M)

< dt ) (y,7,)
Tac(y :/ Z b le)
/IC( ) egﬁ 2 791(,%7_0)

= com(1 = 29)A% + o 7' (7) = ¥/ (1= 7)), (141)

dt9i(v, 5 + %)
IM(’V)_/fA t2 191(’)/,24-”)

= 8r(1 — 4)A% + TR () — (1 — ) — (2

1,1
D 5V (5 +7) + 51/1 (5 - 7)) (142)
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Here ¢'(x) denotes the trigamma function, i.e. the derivative of the digamma function ¥(x) =
I(x)/T(z).

The t-integral of terms with h; = +1/2, appearing in K; and Ags, is computed in app
where we find (for 0 <y < 1)

L) = [ GHETS = eonl =N - e )~ ) (149

Furthermore, the t-integral for M when ~ > % is computed in app where we find (for
1
s<vy<1)
2

L 12 191(77 %)
= 8r(3 — 4N = [0 (v =) 0 G —m) + 21— )~ 2 ()] (144)
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4.6 N > 2 sectors

N = 2 sectors are characterized by the fact that along exactly one torus (say the n-th torus) h,
vanishes and 7, + g, is integer. Thus we need to take the limit of (133

<mmm%+%mw[5+”
o

I—=

1
0 v { 2 ] (0)
+9n } © N 3+ 'Vn3+ gn £ M/ W]
Jo "
= (=2m)(—1)"mF9n Ll M/ W], (145)

SN

(SIS

3+ +gn

To summarize, the A/ = 2 sector contribution is given by

2 o0
W=2) _ w2 _ __ 7(@)* / dt P, 14
(6E) > GBS AN ), B > > P, (146)
o o Le{N=2}
Here
oW = 1é, 3. DY LMW for | e {N = 2}, (147)

and the constant factor D,(f) is given by
3
DY) = (—1Fo I f() (148)

with f(y3) = —2sin7ys. n depends on ¢ and o.
Let us express and collectively as

Cln.M/W]

l:[n,M/W] - _ e—%mambg,[:;’M/W] (149)
t ml,m?
where
ClnM/W] _ #;"a: for M (momentum sum) (150)
47{/7”" for W (winding sum)
and
[n,M/W] _ g,[;g] for M (momentum sum) (151)
o glnlab for W (winding sum)
ie. gg;’w] is the inverse matrix of gﬁ’M].
Now we split £I+M/W] a9
£lnM/W] _C[n,M/W] ( Z ei%mambg[n M/W]>
mez2\0
[n,M /W]
with
£/ M/W] Cln,M/W] e_%mambg['rz,lﬂ/w] (153)
; .
mez2\0
Then we have
/1 t—2£[ M/WT — f+/0 t—Zﬁ'[ M/W], (154)
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Here we set A = oo in the second term on the right hand side since it is finite in the limit A = oco.
It can be evaluated using (see app. [B.2)

> dt m b (0, M/W]
F[n,]\/[/W] E/ o § e~ TMIM 9gy
t3
0 o P

mezZ2\0
U a)” gy () for M
_ 2(U™) or M (momentum sum) (155)
WEQ( — ﬁ) for W (winding sum)

where U is the complex structure of the n-th torus and Es is a non-holomorphic Eisenstein
series, cf. .

For N/ = 4 sectors h; vanish and +; + g; are integer along all three tori. Thus, the numerator
of has a triple zero which can not be balanced by the simple zero in the denominator.
Consequently the N = 4 sectors do not contribute.

Now we collected all the relevant formulas to evaluate the 1-loop correction to the Planck mass
in explicit models. We will do the calculation for 3 specific models in the next section.
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5 Examples

Here we use the techniques and methods from above sections to calculate 3 specific models Zg, Z7
and 212.

5.1 Zs

The twist vectol’| of Zg is v = %(1, 1,—2). Since the torus lattice has to be invariant under the
orbifold action, the complex structures of all the three tori are fixed. The model has both Dg and
Ds-branes wrapped around the third torus. For simplicity we assume that all the Ds-branes are
sitting at the fixed point at the origin of the compact transverse space as in [16]. In the table
we present the volume factors of different N sectors of the model.

5.1.1 AN =1 sectors

The N =1 sector sum is
S R = 3 (KO KO 4 ()AL + ()AL
o te{N=1} 0=1,2,4,5

+ (trd) (v AR + ()M + (1) M) (156)

Using (139)), (140)), Chan-Paton traces [1]

tryg =trys =0; (=1,3,5,

tr'yg = tr'yg =4,

t’r’ﬁ% = tT’Yé = _47
=78 = -1,

tr’yS = trfyg = —32,

tryd = tryd = 32 (157)

and
X(0°,0Y) = X(6°,6%) = x(6°,6") = x(6°,6°) = 1, (158)

X(63,0°) = x(6°,6%) = 16, (159)

Srefers to app
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we obtain

Z CP,o) =
oMe{N=1}

= > (lCSP + IC?)) + 16(,4%) +AD + Ag?)

£=1,2,4,5

+16(Af + A + AR)

+ (MY + M = M = M = M = M+ M+ M)
—4(k® + V) + 32(AF) + AR + AD)

+ (M + M) — (M + M)

3 A A
= 4(16 H sin(27v;) K + 4sin(27r113)l€§1)>
j=1

3 3
+ 32 (4 H sin(27rvj)/ig(,29) +4 H sin(27wj)/l§25) +2 sin(27r113)/lé25)

j=1 j=1

N——

3
+ 8( —4 H Sin(m)j)/\;lgl) — 4sin(mvs) cos(mvy ) cos(ﬂvg)/\;lél))
j=1

3
- 8( —4 H sin(27rvj)./\;lé2) — 4sin(2mv3) cos(2mvy ) cos(27rv2)/\;l§,2))
j=1

= —24V3KM — 8v3KY — 48342 — 48V3AR) — 32v/3A4
+4vV3MY +12v3MEY — 12v3 M — 43P

(160)
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Then we do the t-integral using (141)-(144))
dt - . . .
/ = { 24K — 8KV — 48 A2 — 48 ALY — 324
0
+ M) + 120 — 12 — 4| =

© dt - 1  dt - (1) 2) t +(2)  dt ~(2)
:—24/1 tjlcg)—g/l tIC 48/ A99—48/ —2A55—32/1 A%
EN aAn A A AN

4A 4A
Tt o) Tt o) 5(2) dt 4@
aN 4A 4A an
1 1 1
= —24-3Ic(3) - 8[2- Ik (3)+Iic( -2 a8 3IA 32[2- +L4(3>]

2

1. - 1
+4[2-IM(6)+IM(§

) —4[2~IM<§> FIu(3)

1 1
1-2-2)-3-32(1—-2--)-3
3) ( 3)

W =

)] + 12[3~IM(§)] - 12[3~IM(

—~

:ﬂAZ(—24-4(1—2-;)-3—84(1—2-;)-3—2-48

+4~8{(1—4-%)'2+(374.§)} +12.8{3.(3,4%)}
—12~8(1—4-%)~3—4-8{(1—4~%)~2+(1—4- ;)D

72 B v G -8~ 2 T G) - v + S (5) ~ W )]

~ 288 ' (2) ~ ¥ 2] —32[— 2. %W(%) ~ YN+ el (5) v )]

P2 D) —9(C) — 59 () + 2 ()] - () ¥ () + 2 (3) — 29/ (2]
+36[ - Q) — () + 2 (5) 20/ )]

~36- W) -2 - 59 C) + 59 (3]

4o [ S G) v G2 () 20/ ()]

F WG Y G) - 59 () + 5 (D]
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S 0 [1]2] 3 [4]5
\%

’Cu Vl Vv2 ‘/23 Vo %/1

Ky V3 V3

Agg || ViVaV3 Vs

Ass VY%/2 Vs

Ags Vs Vs

My || ViVaVs V3
e

MS V3 i %/2

Table 3: Volume factors for the different A sectors of the Zg orientifold. Fields with no entry correspond to N' =1
sectors, fields with a single volume factor correspond to N’ = 2 sectors and fields with three volume factors denote
N = 4 sectors. Volumes in the numerator/denominator are accompanied by momentum/winding sums.

!/ 1 / 2 / 1 /! 5
=0-7A% - 307y (5) + 3071 <§) — 271 (6) + 21y (6)
= —607rw'(%) + 4073 — 47r1//(é) + 8r®
= —sow’(%) + %n?’
- —160\/377(]12(%), (161)

where we used the properties of the trigamma function

/ Y 1 ’ / . 2

¢(’Y+1)*¢(7)*?, ¢(1*7)+¢(7)*m (162)

and the special relations (cf. (81) and (82) in [16])

/2__/1 éz /1_ /1_%2 /?__/1 E2
W) =)t W =)~ arh W) =)+ S (16)
and
¥(5) = 4sin(D)CL(5) + 2r? (164)
g/ T ool iy T gT

to simplify the result of the integration. Here Cly is the second Clausen function and Clg(%) =~
1.015. We see that the UV divergences (ox A?) cancel and only finite constant is left.
The result of the N' = 1 sector is (cf. (134)))

EEYN=D =N (E)NY =

___ ) \/é[— 160v/37Cl (f)}
64 - 6(4m2 )2 '3
15 T
= 552 (3): (165)
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5.1.2 N = 2 sectors
Now we consider the A” = 2 sectors. Using table [2] and table [3] the contribution is

Z CP,o" Z IC @ 4 + (trvg) .A( ) + + (try2)? .A

olte{N=2} £=0,3
+ 3 @) AR] + ) MEY + () mE)
£=0,3

= 3" KO+ (1) (D) AR + (tr) MY + (trd) MY
¢=0,3

= 3 K +102445) — 32M$ + 3207 (166)
¢=0,3

From (148) we have

Te X,C)D(O) = 64m,
me X,(C)D,(C) = 64m,
TE X54) fogS =27

T M (3) D(3) =4,
~ ~(0 0
X<M>5D§M)5 = —4m. (167)

Using (138), (150)), (154) and (155) we can easily find that
oo dt
- E © —
/ 2 CP,o'\" =

ok ote{N=2}
< dt * dt
= [3,M] [3,M]
1287r/1 t2£ —l—20487r/1 t2£

ek el
> dt > dt
- 1287r/ t2£[3 M 1287r/ — LM

1 1 2
IV EIVE

C[S,M]AQ
=
+ (128 + 2048 — 128 — 128)7xC13MIPBM]

C[B,M]AQ

(1286, +2048¢%,, — 128¢3,, — 128¢3,,)

-0 + 19207 CBMI3:M]

_ 7680ma/
R
We see again the UV divergences cancel as expected. Thus
2
(FE)YN=2) — __ o m)® /Oo dt S cpe®
0

. 2 N2 2
64 - 6(4m2a’) i

By (UB). (168)

5 o
== Ey(UBh. 169
Adding the contributions from the sphere and the torus (cf. (127)), N =1 and N’ = 2, the
final result is

0E = (0E)syrr + (0E)N=Y + (6E)N=2
6_2‘1)4 w2 5 T 5 o
(27r) (24( ) * ?) T Toaz2(3) 1ﬂ2V3E2<U[3])' (170)
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The Euler number of the Zg orientifold is x = 2(h(MD) — (21 = 48, cf. table 20 in [7]. And the
numerical value of the contribution from A = 1 part is 0.0080345.
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5.2 Z;

The twist Vectorﬁ of Z7 isv = %(1, 2,—3). And only Dg-branes exist in odd case, cf. sec. 2.2 of
[1]. Moreover there are no N = 2 sectors nor non-trivial A" = 4 sectors(i.e. £ = 0) as discussed in

sec. 24 and sec. .6
The contribution to the Planck mass is determined by (cf. (134))

Y ero® = 3[R+ (trah) Al + (108 My|

o Le{N=1} ¢=1,...,6
=2 3 K0+ 1645 +am)]
0=1,2,3
3 A A ~ A A ~
— 39 < [[sin m) ( > KO+ Al - M) - [ + 445 - M| > .
j=1 0=1,2

(171)

In the second equality we used (140) and the tadpole conditions tryy = tryg = 4 = tryd = trvg =
tryg = tryg = try§ (cf. (2.36), (2.37) and the following paragraph and sec.3.3 in [I], we choose
vg = 1). In the third equality we used (139).

6refers to app




5.2 Z; 45

Next we have to perform the t-integral, using (141)-(144), i.e.

> /0 ft (K0 + 448 - 4] - /OOO g (£ + 448 - &8

0=1,2
dt - dt - * dt . *dt . dt -~
(¢ () (0) ‘ (0) 0
/ 7,C ) /1 ?Agg 7/1 ?Mg ‘| B [/l thqu) +4/1 tjAgg 7/1 ?Mg ]
ix A Ix A ix

=2

(=1,2 EvN I vy A A
_ < dt 91 ([20v;]), 7xc) <dt (o)), ma) [ dE O ([Lv; ], Tan)
- Z:ZLQ]';,B (/41A t2 ﬂl(LQEUjJ),TK) +4A t2 191(I_EUJ‘J,TJ¢Q /411\ t2 ’191(|_Z’UjJ,TM>>

an

- (Be120051) + ALa(lo;]) = LnalLewg))) = D7 (Te(16vs]) + 4La([3v5)) = Laa([305)))

0=1,2j=1,2,3 §=1,2,3

= (47TA2(3 -2 > [26u]) + % > W([2605]) =9 (1= [260;])]

> dt 9 ([6v;)), 7c) dt 91 ([3v;]), TA) > dt 91([3v5], 7m)
j_1,2,3</41 tﬁl(L6ij),TK)+4A 2 91(30;), 74) / twl(pm,w))

+4mwA2%(3 -2 Z [4v;]) Jr% Z [w’(Lfij)ﬂ/(l[Evjj)})

7=1,2,3

—<4wA2<3—2 > Lo+ § 3 WonD - w1 16y
j=1,2,3

+4mA%(3 -2 13v;]) +

[¥'(
({IM )es ({ i)
e12; 1,2,3 Im >% j=1,2,3 L3”jj>%
_47TA2[3 2.1)+(3-2-1)—(3—2- 2 +47rA2[( 3-2.1)+ (3—2-1)—(3—2-2)}

—877/\2[(5—4-1)-1-(5—4-1)—(7—4-2)}

Y [Pz - = (260 ]) + 9 (L)) — (1 - )]

é 1,25=1,2,3
— 5 2 [6n ) — (1 Boy )+ ([30,]) — (1~ [30,))]

j=1,2,3
2 - @ - b ] - SO b b
+112[W%)’wl(%)*%lpl(%”%w(ﬁ)} - VG v TG )
o (W) 9 () + 2 (2) — 20/ ()] 4 o [ () — () + 20 () — 2 ()]
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=0-A2+ 2|4 4 5 'Oy sy () 1 sy
=0 A7+ 2 [4/(2) — 49/ (2) + 50/ (5) — 59/(2) — 50/ (3) + 50/(2)]
—;Tq[w@mw( Mad 5 - 2w'<;>—2w'<§>—2w’<§>

1 / 9 11 .13
P () () - ¢<14>—w<ﬁ>—w<ﬂ>}

,1 ) , 11,43 ,5 7 6
= T (2) + o <f> - —w B)+ ' (3) - 2 (3) — o ()
I ) () w<194> Vi~ @) (172)

Here |fv;] =lv;+ N, N € Z and 0 < [fv;] < 1. Moreover, we can see that all terms related to
A? cancel each other, that is just the result of the requirement of tadpole cancellation. For M, it

is possible that % < v < 1. Thus we used the new ¢-integral I (144) for this special case which
is discussed in app. [B-3}

Using (162), we can simplify the expression:

3 Lk e -] -

0=1,2,3

= TR+ wH—Ew%?) F T (3) — o (3) — (D)

7 12 7
e >+¢< ) () w'<fi4>—¢'<11>—w’<§>
%W(;) * 5“”,(?) N FWH - 125?23(7;) - 4511:?;2;) " 1281111;;5?)
S E ) = ut

+ . (173
2dsin®(%) | 24sim®(22) | 24sin?(5E) (173)

Since there is no special properties for )’ (é), we have to leave the expression without further
simplification.

Putting all factors together, the contribution from the I, A and M is

B m(a)? Loomy o 2me 3w [0 dt ()
(5E)]C+_A+M = m?ﬁsm(?)mn(—)&n(—)/o - Z CPO-O'

7 7 2
oW e{N=1}
sin(Z)sin(2F)sin(3F) |7 1, 3 2, 11 3 73 33 1173
=——1 22472 . 67”/)/(7) + 57”//(7) - EWT//(;) T Tow2/x 5y T 1o w2 3m
0 12sin (7) 4sin®*(Z)  12sin’(3F)
™ w3 w3 w3
_ + 4 . 174
12 1/}( ) 1/’( ) 1'[}( )} 24 sin” (14) 24 sin” (14) 24 sin” (14)] (174)
Adding the contribution from the sphere and the torus, cf. (127)), the final result is
0E = (0E)s,4+7 + (0E)kta+m
29, 2
X e T
= 2¢(3 -
(2@3(4() )
sin(Z)sin(2) sin(32) |7 1, 3 2. 11 3 73 373 1173
- T 22472 T ’ gﬂ-w/(?)—i_iﬂwl(?)_iﬂ—w/(i)_ 21N\ 2721 + 2731w
T 12sin”(%)  4sin”(5F)  12sin”(5F)
™ w3 w3 w3
**1&( )+¢( 7 HY() + Tt oo | (175)
12[ } 24sin*(Z%)  24sin®(37)  24sin®(37)

The Euler number of the Z; orientifold is y = 2(h(1)) — A(21)) = 48, cf. table 20 in [7]. And the
numerical value of the contribution from A = 1 part is —0.0115702.
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5.3 Zy,

The twist Vectoﬂ of Z1pis v = %(1, —5,4). Here we have the same procedure as in the Zg case.

5.3.1 N =1 sectors

The N =1 sector sum is

S0 CRoW = 3 (KO K+ ()2 Al + (1) AL
o Le{N=1} £=1,2,4,5,7,8,10,11
+ (tr98) ()AL + (93 )IME + (192 M), (176)

Using , , Chan-Paton traces [I]
trfyg = tr'yé =0; ¢+#0,4,8,
trog = try; = 4,
trog = trys = —4,
Yol =0 = 1,
tr’y&z = tr'y%Q = —-32,

tryd = tryd = 32 (177)
and
X(0°,0") = x(6°,6%) = x(6°,0%) = x(6°,6°) = x(6°,07) =
(6°,0%) = x(6°,0"°) = x(6°,0™) =1,
X(6°,0%) = x(6°,6°) = 4,
R(6°,6%) = %(6°,6°) = 16. (178)
we obtain
Z cp,o¥ =
ote{N=1}
=43 (kP + ) + 32( A5 + AL + A
(=12
+8(MEP + MP) -5 ( MY + M)
21 . WU A
= —64sin % sin %T sin —FICS) — 64sin® IIC&Z) + 16sin gl@gl)
2 N
— 165sin ?WIC( ) _ 128 sin’ 3A(4) 128 sin® .A — 64 sin EA&-))
5 21 - 2 5T -

+ 32sin % sin g sin %Méz) — 32sin % cos % cos g./\/l
— 325sin® M(4 — 32sin— 3 © cos? 5/\?1@4)

= —S\fig(}) —24v3K@ 4 8v3K" — 83K
— 48V3ASY — 483 ALY — 32340
+4vV3MP +12v3MP — 12v3MY — a3, (179)

Trefers to
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Then we do the t-integral using (141)-(144))
dt . . . A . .
/ 5 [ 8K — 24K@ 4 8K — 8K (?) — 48 ALY — 48 ALY — 324
0
+amE + 120 —1amY - 4M(4>] -
1
= —8[21x(3)
483745y — 4831402 )—32{21 (S)+1 (1)}
A3 A3 A/ AN

+Ic(3)] —24~3IK<3)+8[2I;<<6) FIe(3)] - 8[20e(5) + k()]

+4[21M(é> + I (3)} + 12[21M(3) +IM(é)}

_ A2 [—8[2-47r(1—:13)+47r(1—§)}—72~47r(1—z) 82 477(1—§)+47T(1—§)]

24 dm(1 — g) 1441 — %) .2~ 96m(1 — g) +4[2-8r(1 %) 8m(3 - g)]

+12[2-87r(3—§)+87r( g)] 36.- sm—%)—m 8n (3—1;)}

1 ) s 2 1 1 2 }

S8R ) - @) + GG - GN)] - 2[Ew G - ¥
+8[ 2T () - O + (I G) - v G))]
-8 2ATWE) -GN + GG~ v - 288[2lw/(5) ~ ¥/ (3]
—w:—ﬂﬂwwh—w/yb+@§w«§—w%§ﬂ

VG W) — ()~ () 20 (5) — 2 (5]

24[ 6 6 3
)+2¢(§)—2¢ (*))

1 1,5 1,1
3 35V () v ()] 125

+12.2(_ (E 6 6/ 27'37 "2 3

— 36
24



5.3 Zio 49

o\l 0 1123 4|5 6 7181 9 |10 11
Ku || ViV2V3 V3 VY% V3
Ky V3 V3 V3 V3
Agg || ViV V3 V3 V3 V3
Ass V‘ffz V3 V3 V3
Aogs Vs Vs V3 V3
My || ViVaV3 V3 V3 V3
Ms [ Vs Vs Vs Vs

Table 4: Volume factors for the different A sectors of the Z15 orientifold.

=00 A2 = 3y () + 30 (3) — S (5) + S ()

:—557@’(%) 1;)0 8 —6my’ (é)+127r

:_557@’(%) ;16 8 — 30my’ (%)+87r3

= —857r1//(%) + %n?)

- —170\/§7r012(§), (180)

where as for the Zg case we used (162)), (163)) and (164]) to simplify the result. The UV divergence
is absent as well.

The result of the N/ = 1 sector is
(4) N = S (GEN

7T(Oz/)2

T
= e 2 V3L 1T0VBRCh(3)

85 T
= _Cly(%). 181
s0as72 2(3) (181)

5.3.2 N =2 sectors

The contribution is

Z CP,o" =

ote{N=2}

= DK+ T KT D ()P AG + Y ()P AR

£=3,9 £=0,3,6,9 £=3,6,9 £=3,6,9

+ Z {trfyg (trvy& A(e)] Z (try2*) M(€)+ Z (try2°) ./\/l(e)

£=0,3,6,9 £=3,6,9 £=0,3,9
=S 0+ 3 kP 102445 — 32M + 32M0
£=3,9 £=0,3,6,9
(182)
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From we have
nex Xk, DY) = —16m, réx e, DY) = —16m,
Wé)cf(lctD;(gt) = 64, Wé)cf(ictD;(gt) = 167,
réx Xk, DY) = 64, ek, DY) = 167,
T AR A DY), = 27, e rmim, D), = 4n,
TeamXam, DY, = —4r. (183)

Using (T38), (T50), (T54) and (53) we can easily get that
C dt
- ) _
/ 2 E CP,oc\" =

fol otef{N=2}
= —167r/00 4t i) _167/00 At (3.0 +647T/°o d—Qt/:[?’*M]
t

LA t2 LA ﬁ LA
K K e
+ 167 / 9 LM g / & pisan 4 6 / 9 i
LA t LA t LA t
: o o
< dt < dt < dt
+20487r/ — LM _ 12877/ —LBM 1287r/ —LBM
14 12 1zt 1y 12
€A E‘.M eM
TCBMIA2 ) ) )
== {(—16 — 16 4 64 + 16 + 64 + 16)e2 + 2048¢2, + (—128 — 128)e2,
+ (=16 — 16 4 64 + 16 + 64 + 16 + 2048 — 128 — 128)7xC13MIPBM]
[3,M] A2
=0- ”Cf + 19207 CBMIpBM]
/
Vs

The UV divergences cancel again as expected. Thus

2 o0
w=2) _ ___ 7(@) / dt ®
(5E) 64 - 12(47T20/)2 2 , Z CPyo
ote{N=2}
5 O/ [3]
_ 5 ), (185)

Adding the contributions from the sphere and the torus (cf. (127)), N =1 and N' = 2, the
final result is

5E = (5E)s,+7 + (BE)N=N 4 (GE) V=2
e—2<1>4 7.(.2

X 85
~ 2n)p (2¢3) % +?)+2048w2012(

The Euler number of the Z;5 orientifold is y = 2(h(1Y) — h(21)) = 48 cf. table 20 in [7]. And the
numerical value of the contribution from A = 1 part is 0.0042683.

T o

5
)~ 57y 22U, (186)
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6 Conclusions

We determined the quantum corrections to the Einstein-Hilbert term in toroidal minimally super-
symmetric type-I1IB orientifolds at 1-loop order. And we calculated the contribution in 3 concrete
models: Zg, Z7 and Zy5. During the calculation there is a new kind of integral arising in the
case of Mdbius with % < 7 < 1. Also it is worth mentioning that the A’ = 1 contributions are
0.0080345 for Zg, —0.0115702 for Z7 and 0.0042683 for Zi5, which all of them are almost of the
same order of magnitude and are much smaller than 1. We may observe that the sum of these
three A/ = 1 contributions is 0.0007326 which is much smaller than any one of single contribution.

Until now, the 1-loop calculation of J E' is complete because we went through all tadpole-free
models. However, there are still more open questions. Observing , we can see that there are
still correction terms like 67 left unsolved. Therefore, further evaluation about these terms should
be fulfilled in order to finally complete the full 1-loop correction.
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A Useful formulas
Cited from [8] and [16].
q= e27ri7'
¥ functions:

19[2:](177 G)= Z eiﬂ(ﬁ+&)TG(ﬁ+o7)ezwi(ﬁ+5)T(ﬁ+&)7
nezZN
1 ) oo
V1 = —9[2](v,7) = 2™/ sin(7v) H(l —¢")(1 = z2¢")(1 — 27 1¢"),
2

1

3
Il

Vg = ﬁ[%](u, ) = 2™/ cos(mv) H(l —¢")(1+ 2¢™)(1 + 27 1¢"),
n=1

d5 = 0[)07) = [ (1= ") (1 + 2¢" )1+ 271g" ),
n=1

=) r) = [[a— )1 = 2" 5)(1 27" 3).
n=1
where z = 2™,
n function:
I 0,91(0,7) 3
= ql/* 1) = |21V
) = [L0-a) { a0 }
and R
19[6]((0)77-) — 627”@/6(]%2_% H(l _;'_qn"r()l—%eQTri[j’)(l —‘rq”_a_%e—?m’ﬁ).
n(r

Poisson re-summation:
9120, itG~1) = VGtV 299 (0,1t~ @)
Modular transformation S for annulus and Klein bottle:
I[§l(v,7) = (—ir) M2e2mieB T Ty B 7, —1 /7).
Modular transformation ST2S for Mobius:

19[(5](1/, )= (1- 27’)_1/26277;[32e—ﬂiyz/(‘r—l/2)19[a-22ﬁ]( v T

1—27"1-27

General Modular transformation S and 7' for ¥-functions and n-function:

IG)(r+1) = e [ o )(r),

N2 = VoI P r)  Jarg /i < g
n(r o+ 1) = e/ (),
n(=2) = V=im().

Shifts in characteristics:

19[&;1](”7 T) = 19[%](”7 ),
Ip$al(v,7) = TV [G) (v, 7).
v-periodicity formula:

"9[%](” +ar+ b, 7_) _ 6_2ﬂab€_7rm2‘r6_27rm(y+b)ﬁ[gig](V, 7_).

).

(187)

(188)

(189)

(190)

(191)

(192)

(193)

(194)

(195)

(196)

(197)

(198)

(199)

(200)

(201)

(202)

(203)
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B t-integrals
App[B.1] and are cited from app. C in [16]. App/[B.3is new.

B.1 N =1 sector t-integral
In order to evaluate the t-integral of N' = 1 sectors with h; # 0 (i.e. for K; and Ags) we need the
integral (assuming 0 < vy < 1)
o dt o, -
I:/ dt 4(7: 75) (204)
e(;#/\ t 194(777-0)

with ¢ = K, A and 7, = ¢t (e, was defined in (138)). Evaluating this integral follows very

closely a similar calculation in app. M of [4]. By modular transformation of the Jacobi 6 function
1
(using (196)), ¥4 = I[%] and J5 = V[¢]) we have
2

V4 (7, dest/2) U (—2ivl, 2il)

= —dnyl — 2il ————F—= 205
Da(y, ieat/2) Ty (—2in, 2il) (205)
where | = i Using the representation from |3(2)| < $(7,)
U5(2) (D"
=—rmtanmz + 4w ~————sin2wnz
192(2’) 7;1 1—gqgn
o0
= —mtanmz + 47 Z (=1)"¢""™ sin 27nz (206)
n,m=1
we arrive at
1o [ i
1 047, 70)
A / , .
95 (—2ivl, 2dl)
=e, | dl| — 4wyl =20l
¢ /0 ( T o (—2in1, 24l
A o
= — 271'60- / dl l<2’)/ — tanh(QTr’yl) —+ 4 Z (71)n6*4ﬂlnm smh(47rn7l)) ) (207)
0 n,m=1
Let us start with the last term, which is free of UV divergences (so we can set A = 00):
I, = —871’60/ dll Z (—1)"e~ 4™ sinh(47nyl)
0 n,m=1
oo
_ (=D)"ym
= — Teys ngil (72 _ m2)2n271—2
_ D"\ [~ m
T ’
=—e,—[¢'(1 — ' (1—
o g /(1) = /(1= )
T, , 1
=—e€r— - (1-7)——=|. 208
648[1#@) (1 =) 72] (208)

Here 9'(x) denotes the trigamma function as in and in the last line we used ¢'(1 + v) =
¥(y) = 1/92
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Now let us look at the first and second term in (207):

A
I, = —2me, / dll(27) = —2me,yA?, (209)
0

I3 = 27reg/ dll tanh(2741)
0

ey | — —— + 7TA2 + Alog(l + 6_4’YA7T) B Liz(_e—4'yA7'r)
4872 v 427

+ WAQ} (210)

A— o0

- e”[ 1842

Here Lis(z) is the dilogarithm function. In the second equality we used that the third and last
term vanish as A — oo.
In total we obtain

/OO dt 9y(y,iest/2)

1 12 0a(y, 060t /2) T () = (1= )], (211)

= I]_ + 12 + 13 = €U7T(1 — 2’)/)A2 — 6048

B.2 N =2 sector t-integral

The t-integrals appearing in N' = 2 sectors are very similar to those determining the A" = 2 sector
corrections to the Kéhler metric calculated in [6]. Concretely, they are given by

Pn, M/W) = / L I

622\0

a b[]\l/W]
_ Z/ N

ez2\0

_7{2 > L (212)

7%622\6 (mamb [’I’LM/W])

The metric g([ZZM/ W1 g given by (151). Using (151) and the expression for gL[:;] in terms of the
complex structure U™ = U{n] + iUQ[n] of n-th torus, i.e.

m V/det gl (21 Uy ) (213)

ga_ n n n
oo \o e

one can write

[n]
. 21
Vet gl ( Ui ) for M (momentum sum)

Uz[n] U[”] U[n] 2
g([ﬁ)’M/W] _ 1 | |~ bl (214)
21 U for W (windi )
U[ﬂ W U[n] |U[n]‘2 or winding suim
with O = 01" 401 =~ (ie. O =~ U2 and O = Ufjoin)).

Ul = —(UM) =1 follows from the fact that g[" W

Then we obtain

. . n
is the inverse matrix of g,;’

Z 1 {detg["] By (UM for M (momentum sum) (1)

n, [ ] _ [ ] —1 . .
MEZ2\0 (m“m g[ M/W]) det g™ Ex(—(U™)7) for W (winding sum)
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Here E4(U) is the non-holomorphic Eisenstein series

By =Y ——E__ (216)

ey |m1 +m2U|2s
me

Therefore, from and using +/det g[® = 2a" we obtain

GrolE yl! for M (momentum sum
p i = 332( - o L e
mEz(—(UW)_ ) for W (winding sum)

B.3 t-integral for M with v > 3

When % < v < 1 for M, we need to do the integral

dt ¥y (v, Tm)
I 218
A (218)
here 70 = % + % We substitute v/ = v — % for 7, and this transforms the original integral to
dt 95+, Tm)
I . 219
u= [ Gl (219)
By following the similar calculation in app. M.2 of [4], we perform ST2S modular transformations:
. -1
t 1 1 1 1 1
M= sy e 2 [ —2) =20 = =l (220)
2 2 TM TM TM 2

Here | = .. The result of ST2S modular transformation (197) is

(Y, M) =4 Ve (4912l — 3)
————— =" =167yl + 4il . 221
D2, 7a) T i 2 - ) 22
Using the representation of 9% /9 for |3(2)| < S(7,)(cf. (206)) we get
7 / dt 95(v's T:m)
Mo 2 95(v, )
O (4ir'1, 2il — 3
:4/ at( = 167yt 4 42U 1217 3)
0 Vo (4iy'1,2il — 3)
A
= —1677/ dl l(4’y — tanh(47v'l) + 4 Z 1)nimt1) g—dminm smh(87m7’l))
0 n,m=1
(222)

The integral of first and second term are the same to the term in (207). Now, let’s look at the
third term. Following the similar calculation as eq. (397) and (398) in [4]:

o0

L= Y / dl 1(—1)MmFD e=4minm ginh (87n~'1)
m,n=1 0
x /
— Z (_1)n(m+1) mry
e 4n272 (492 — m?)?

1)m+1)

_ o L

47.‘.2(47/2 _ m2)2 ' (223)

m=1
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Note that the integral converges provided that 27| < m (which is true now because v/ = v — 1).
Now we split the sum into sums over even and odd m:

R (2k)7'Lig(—1) > (2k + 1)7'Lia(1)
h=2 [4ﬂ2(4’7’2 2(2k)2)2} t2 [47r2(47’2 - (2k i 1)2)2}

k=1 k=0
’ / / / 1 / 1 / / 1 /
:ﬁ[lerV)’Wl*V)]+@{¢(5*7)*¢(5+7)} (224)
All together we arrive at

! / / ! ! /1 / /1 /

= 8n(1— 4 )A” — 5y = (W (1) =0 (1= 7) 205 =) = 20/ (5 +7)]
1 3

= 8n(3 - 4% — L [u (- 5) — 05 — ) + 20/ (1L - ) — 20'(7)] - (225)

C Zy actionsin D =4

In the table are the twist vectors for different Zy orbifold type-IIB string models on 7¢ (D = 4
space-time dimensions with 6 compact dimensions).

Z4 %1(1717_2) Z7 %(1727_3) 212 %(17_574)
ZG %(1717_2) Z8 %(1737 _4) /12 1_12(1757_6)

Cited from Table 2 of [I]. Only Zs, Zg, Z§, Z7, Z12 models are tadpole-free, which is discussed
in [1J.
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