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0 Introduction

For a complex vector bundle E on a compact Riemann surface M, the theorem of Narasimhan
and Seshadri [NS64]| gives a correspondence of stable holomorphic structures to irreducible
connections with constant central curvature or, equivalently, unitary representations of the
fundamental group. A generalization of constant central curvature connections, which can
e.g. be used to establish a similar correspondence for representations in GL(n,C), is the
notion of a Higgs bundle, introduced by Hitchin [Hit87b]. A Higgs bundle is a solution
(V, ®) of the equations

FY 4 [® A 0¥ = cidp ® w,

dVe =0, M)
where V is a unitary connection on E, ® € Q'9(End E) an End E-valued (1,0)-form and
w the volume form on M. Because M is a surface, the second equation is equivalent to
5V<I> = 0, so it expresses that ® is a holomorphic form.

These equations are invariant under unitary vector bundle automorphisms, also called
gauge transformations, and the equivalence classes of solutions form a moduli space A .
When we restrict our study to the moduli space .Z* of irreducible solutions, that is solu-
tions which cannot be decomposed into a product of solutions on lower-rank subbundles, it
becomes a finite-dimensional smooth manifold. Somewhat surprisingly, this moduli space
has an interesting geometric structure, and is therefore often studied in its own right (e.g.
[Hit87a|, [Sch13|, [MSWW14]). Most notably, it admits a Hyperkdhler structure, consisting
of a Riemannian metric and three compatible complex structures satisfying the quaternion
relations. Each of these complex structures defines, together with the metric, an independent
symplectic structure on .Z*.

While defining this Hyperkéhler structure (for the case rk E = 2), Hitchin [Hit87b] al-
ready noted that it can be formally interpreted as arising from a Hyperkéhler structure on
the configuration space by a certain quotient construction, called the Hyperkdhler quotient.
This is an analogue of the Marsden—Weinstein quotient for symplectic manifolds. Consider
a free group action on a Hyperkéhler manifold, which is Hamiltonian with respect to all
three symplectic structures. Then the combined zero set of the associated moment maps is
invariant, and its quotient by the group action is again a smooth Hyperkédhler manifold.

A goal of this thesis is to make this Hyperkéhler quotient construction of the moduli space
precise. We show that, under some technical conditions, the Hyperkéhler quotient generalizes
to proper actions of infinite-dimensional Lie groups on infinite-dimensional Hyperkédhler
manifolds, both modeled on Hilbert spaces. Then we prove that the configuration space of
Hitchin’s equations, completed to a suitable Sobolev space, is in fact such a Hyperkéhler
manifold and that the unitary gauge transformations form a proper Hamiltonian action of
a Hilbert Lie group. The moment maps are then exactly the equations (1). Furthermore,
we compute the stabilizer groups of this action and show that the irreducible solutions are
exactly the solutions where the stabilizer is minimal. After quotienting out this subgroup,
we get a free action and thus a smooth Hyperkéhler quotient.

Of course we are finally interested in smooth solutions, not only Sobolev—regular ones.
By using a suitable gauge fixing condition, Hitchin’s equations become a quasilinear elliptic
system. With this property, we show that every gauge orbit of solutions contains a smooth



solution.
One way to better understand the moduli space .Z is by studying the map

M — EmBHO(M, K®Y), [V, ®] — (51(®),...,s5m(®)),
=1

where HY(M, K®%) is the space of holomorphic sections of powers of the canonical line
bundle and s; are the coefficients of the characteristic polynomial. This map is called the
Hitchin fibration. One of the interesting features about it is that (when restricted to .#™)
it is a completely integrable system with respect to a complex symplectic structure on .#*.
Furthermore, it is a proper map, so its fibers are compact. The combination of these two
facts implies that every regular fiber containing only irreducible solutions is biholomorphic
to a complex torus. This analysis was already carried out for the rank 2 case in Hitchin’s
original paper [Hit87b| and later extended to higher ranks (see e.g. [Wenl4|). However, we
will fill in some analytical details here, in particular giving a slightly more explicit description
of the Hamiltonian vector fields than [Hit87b].

The first section reviews some basic definitions and fixes notation. It is concerned with
complex manifolds, especially Riemann surfaces, complex vector bundles and their classi-
fication on compact Riemann surfaces as well as different ways to describe holomorphic
structures on such bundles. Finally, we will state Hitchin’s equations and the class of gauge
transformations which leave it invariant.

The second section then discusses smooth group actions of infinite-dimensional Lie groups
on infinite-dimensional manifolds, both modeled on Hilbert spaces. The main part is a proof
of the slice theorem. As a consequence of this, when restricted to an open subset of points
with minimal stabilizer, the group action yields a smooth quotient. Building on this, rest of
the section exhibits the construction of the Hyperkéhler quotient in the infinite-dimensional
setting.

These results are applied to the solutions of Hitchin’s equations in the third section. First
we complete the configuration space and the gauge group with respect to a Sobolev norm.
In a next step, we describe the Hyperkéhler structure on the configuration space and show
that the gauge group action is Hamiltonian with respect to all three symplectic forms, with
the moment maps given by Hitchin’s equations. We then show that the action is proper
and compute its stabilizers. Next, we show that infinitesimally, Hitchin’s equations and the
gauge transformations form an elliptic complex. In particular, this allows to compute the
dimension of the moduli space using the Atiyah—Singer index theorem. Finally, we discuss
gauge fixing and the regularity theory of Hitchin’s equations.

The fourth and last section is concerned with the Hitchin fibration. We first discuss
symmetric polynomials in general and how to apply them to endomorphism—valued forms
to define the map. Then we prove that it is proper, using Uhlenbeck’s weak compactness
theorem and the regularity theory obtained above. Finally, we prove that regular fibers
have a basis consisting of certain Hamiltonian vector fields, making the Hitchin fibration a
completely integrable system over its regular values.



1 Preliminaries

In this chapter we will review some basic definitions, particularly concerning complex and
holomorphic vector bundles, and fix notation. Then we will introduce Hitchin’s equations,
the solutions of which will be the main object of interest throughout this thesis.

1.1 Complex manifolds

Let M be a smooth manifold of even dimension, so that it is locally diffeomorphic to
R?" =2 C". A complex structure on M is given by a maximal subatlas whose coordinate
changes are holomorphic. This allows to define holomorphic functions between two com-
plex manifolds. The tangent spaces T,M become C—vector spaces by requiring that the
differentials of the holomorphic charts be C-linear. This is independent of the chart since
holomorphic coordinate changes have C-linear differentials. Scalar multiplication by ¢ € C
on the tangent spaces yields a bundle automorphism j: T'"M — T'M which is anti-involutive,
ie. j2 = —id. A smooth map f: M — N between complex manifolds is holomorphic if
and only if its differential intertwines these complex structures, D f o jyr = jy o D f, at any
point. For M = C™ and N = C" this identity is just the Cauchy—Riemann equations.

This provides a description of complex manifolds in more differential geometric terms. Let
M again be a smooth manifold. An almost complex structure on M is an anti—-involutive
bundle homomorphism j: TM — T M. If the Nijenhuis tensor

Ni(X,Y) = —7°[X, Y]+ X, Y] + j[X, Y] - [jX,jY]

vanishes, the almost complex structure is called integrable and by the Newlander—Nirenberg
theorem [NN57| there is a holomorphic subatlas so that j is given by multiplication by ¢ as
above, so M is a complex manifold. Conversely, the almost complex structure induced by a
complex manifold is always integrable. When we speak of complex structures in this thesis,
we will usually mean an integrable almost complex structure.

1.2 Riemann surfaces

We now consider the special case that M has real dimension two. Let j be an almost complex
structure on M. Then there is always a Riemannian metric g on M which is compatible to j
in the sense that g(jv, jw) = g(v,w) for all v,w € T, M. Locally one can find such a metric
using a non—vanishing local vector field v € T'(T'M|y). Then u, ju cannot be R-linearly
dependent as ju = Au for A € R contradicts j?u = —u. So we can define g on the basis
u,ju € T, M by g(u,u) = g(ju,ju) = 1 and g(u,ju) = g(ju,u) = 0. The existence of a
global metric follows using partitions of unity. It is unique up to multiplication by a smooth
positive function: If g; and g9 are two j—compatible Riemannian metrics and 0 # u € T, M
then

gi(ju, uw) = gi(u, ju) = gi(ju, j*u) = —gi(ju,u) =0 and  gi(ju, ju) = gi(u,v)
for i = 1,2, so we can check on the basis u, ju that

g2(u,u)

, Yo, w € T, M.
gl(u7u)gl(v U}) v, w T

g2(v,w) =



The 2—form w(v,w) = g(jv,w) is trivially closed and non—degenerate since j is an isomor-
phism, so it is a symplectic form on M. It is also a Riemannian volume form for the metric
g which endows M with a canonical orientation. If e € T, M is a unit vector, then (e, je) is
a positively oriented orthonormal basis. The dual basis of Ty M is (eb, — jeb), so the Hodge
star operator x9: Q! — Q! of any j—compatible metric g equals —j.

Extending e to a local vector field we can easily check that Nj(e, je) = 0. Since Nj; is
C°°~linear and antisymmetric this implies N; = 0, so every almost complex structure on a
surface is integrable.

1.3 Complex vector bundles

Let M be a complex manifold with complex structure j: TM — TM and E — M a complex
vector bundle. To simplify notation when dealing with vector bundle—valued forms, we will
often write A* for the bundle A¥T*M and AF ® E for A*T*M @ E. The complex structure
4 on M induces a complex linear anti-involution j: A' ® E — A' ® E by mapping a ® e
to (aoj) ®e. It is easy to see that A' ® E = T*M ®g E then splits into two complex
subbundles called A ® E and A%!' ® E, both of equal dimension, on which j acts by
multiplication with ¢ and —i, respectively. We call the sections in Q1(E) == T'(A'? ® E)
and QOY(E) = (A @ E) the E-valued (1,0)-forms and E-valued (0,1)~forms on M
and denote the projections onto these spaces by pr'® and pr®!. If we view the cotangent
spaces of M as complex vector spaces with the imaginary unit given by the endomorphism
j: T*M — T*M, then A"V ® E is the complex tensor product of 7*M and F while A' @ E
is the real tensor product of the same bundles endowed with the complex structure of E. In
particular, if E = C is the trivial complex line bundle, then AMY @ C is just T*M with the
fiberwise complex structure given by j. It is called the holomorphic cotangent bundle or, if
M is a surface, the canonical bundle K of M. When we write A9 or A%! on their own, we
mean the the complex bundles A0 ® C and A%! ® C, respectively. This is compatible with
the notation A'"? @ E and A%!' ® E for the eigenspaces of A @ E.

Starting with complex vector bundles £ — M and F' — M, their direct sum F @ F', tensor
product F ® F, dual E* and homomorphism bundle Hom(F, F') are also complex vector
bundles. If E and F' carry a Hermitian bundle metric (which by convention will always be
conjugate linear in the first argument), there is also an induced metric on E® F, E® F,
E* and Hom(E, F'). A special case which will occur frequently is the endomorphism bundle
End £ = Hom(E, E). The Hermitian metric defines a conjugation on this bundle which
assigns to every ¢ € End F an element ¢* in the same fiber which satisfies (v, p*w) = (v, w)
for v, w € Er(,). The important subset

uE ={pe€End E| " =—¢}

of skew—Hermitian endomorphisms is a real subbundle of End E and the restriction of the
Hermitian metric forms a real bundle metric on uE. The subsets GL(E) of invertible
endomorphisms and U F of unitary endomorphisms are also fiber subbundles, but not vector
bundles.

There are some important (multi-)linear bundle maps on End E, namely the commutator
[0, 9] = v1p — P and the trace tr: End F — C mapping into the trivial line bundle C,
which is defined using the identification End F = E* ® E by tr(a ® v) = a(v). The induced
bundle metric on End FE satisfies (¢, %) = tr(¢*) for all p,1 € End E. For ¢, ¢ € End F,



a,B € AL, €,¢ € A? and v € AF all in a fiber over the same point € M, we further define

the following maps, which extend to multilinear bundle maps on various tensor product
bundles:

(Y®P) =y ¢
[(a®1), a® [, ¢l

[, (@@ )] = a® [, ]
[(a@y) A (B®p)
]

]
]
J=(aAB)® [, ¢
([(a®y), (B@@)]) = (a, B)[¢, ¢l
(@) (¢ @ )] = (f )[¢ﬂ
*(y®Y)=(x7)®
Here « is the Hodge star and 4 is the inner product v 2§ = (v, —). While [—, —] and ([—, —])
are antisymmetric, [— A —| is symmetric due to the antisymmetry of both parts.

Let V: T(E) — QY(E) =T(T*M ® E) be a unitary connection on E, that is it satisfies
X<Sv t> = <VX57 t> + <S’ VXt>

Then its curvature FV € Q?(End E) is skew-Hermitian, i.e. FY € Q?(uFE). If Vi, Vs
are both unitary connections on F, their difference a = Vi — V3 is a skew—Hermitian
endomorphism-valued 1-form, o € Q'(uE). Let o/ (E) be the space of all unitary connec-
tions on the complex bundle E. When V¥ € &/ (FE) and VI € &/ (F) are given, there is a
unique induced unitary connection VF®¥ ¢ o7 (E ® F) which satisfies

VEFwew) =VEvow+veVEw  WYweD(E),weT(F).

This also works if one of E, F' is a real bundle with a symmetric connection. In particular,
using the Levi-Civita connection on T*M, we get induced connections on T*M®* @ E.
There is also an induced differential operator dV: QF(E) — QFF1(E), the covariant exterior
derivative, which is uniquely defined by

dV(a®v) =da®v+ (=1)*a A Vo Va e QF v e T(E).
The covariant exterior derivative can be viewed as an anti-symmetrization of V7 M “tep
and generally contains fewer partial derivatives.

1.4 Holomorphic vector bundles

To define holomorphic sections, we additionally need a holomorphic structure on E. As
with complex manifolds, there are again different ways to describe this structure. First, we
can equip the total space E with a complex structure J and choose a compatible system of
trivializations E|y 2 U x C™ which are holomorphic with respect to J on the left side and
the complex structures on U C M and C™ on the right side. The projection £ — M is
then automatically holomorphic and holomorphic sections of £ are smooth sections which
are holomorphic with respect to J and j. Alternatively to specifying J explicitly, we could
also restrict to a trivialization with holomorphic coordinate changes, which then defines a
complex structure on F.



Now let M be a Riemann surface. A Dolbeault operator is a C-linear operator 9: T'(E) —
Q01(E) which satisfies the product rule 9(fs) = pr’! df ® s+ f0s for every section s € T'(E)
and complex function f on M. For a given holomorphic structure on E there is a unique
Dolbeault operator 0 such that ds|yy = 0 whenever a section s € I'(E) is holomorphic on an
open set U C M.

Let us briefly proof its existence and uniqueness. If two such operators exist, their differ-
ence is an End E-valued (0,1)—form which vanishes on all vectors v € E, for which there
exists a local holomorphic section s: U — E|y such that s(x) = v. But these local sections
always exist, so the two Dolbeault operators are equal. To show that O exists locally, let
s: U — F|y now be a smooth section on an open set U C M where E|y is trivial. A holo-
morphic trivialization induces a bundle map c¢: TE|g|,, = TM|y®E|y covering w: Ely — U
which is an isomorphism on the fibers and holomorphic in the sense that coJ = (j & i) oc.
The composition ds = py oco Ds: TM|y — E|y thus satisfies ds(jX) = ids(X) if and
only if s is holomorphic. If we regard ds as an E—valued 1-form, its (0,1)-part therefore
vanishes if and only if s is holomorphic. So we can set ds = pr®!(ds) on U. In particular the
Dolbeault operator exists locally. By uniqueness these local realizations coincide on their
overlaps and can be combined to a global Dolbeault operator.

Conversely, for every Dolbeault operator 0 on a complex bundle E — M there is a unique
holomorphic structure such that the kernel of J are exactly the holomorphic sections [DK90,
Section 2.2]. We can therefore specify holomorphic structures by giving their associated
Dolbeault operators. This equivalence still holds for higher—dimensional M but one has to
require an additional integrability condition for Dolbeault operators.

If we fix a Hermitian bundle metric (—, —) on E, there is a third way to describe holo-
morphic structures. For every Dolbeault operator @ there is a unique unitary connection
V:T(E) — QYE) such that 9 = pr®'oV. [Kobl4, Proposition 1.4.9]. Conversely, the
(0,1)—part of a unitary connection is a Dolbeault operator. So holomorphic structures on a
Hermitian vector bundle are in a one—to—one correspondence to unitary connections.

1.5 Tensor products and holomorphic forms

Let E — M and F — M be holomorphic vector bundles on a Riemann surface M. Then
E®F — M carries a natural induced holomorphic structure which is described by restricting
to local trivializations constructed from a pair of holomorphic trivializations of E and F'. If
{fi}i=1,..r is a local holomorphic frame of F' over some open set U € M, then ) . e; ® f; €
['(E ® F|y) is holomorphic in this structure if and only if all ¢; € I'(E) are holomorphic
sections of F.

If 5E and gF are Dolbeault operators describing the holomorphic structures on £ and F'
respectively, then the Dolbeault operator arer corresponding to the induced holomorphic
structure on the tensor product is given by

3" ew )= cxfrexd f VecT(E),fecTD(F).

This is clear by the above description using a holomorphic frame of F. Consequently, when
identifying unitary connections with holomorphic structures by projecting to the (0,1)-part,
the induced holomorphic structure on E ® F' corresponds to the induced unitary connection
on E® F.



The canonical bundle K = A'? unsurprisingly also carries a natural holomorphic structure
with the holomorphic trivializations given by the differential of a holomorphic coordinate
chart for M. If dz is a local holomorphic section of K arising as differential of a holomorphic
coordinate. Then fdz € I'(K) is holomorphic if and only if df = 0. But this is equivalent to
df € QM°C which in turn hods if and only if d(fdz) = 0. So a complex valued (1,0)-form is
holomorphic if and only if it is closed. Given a Hermitian bundle F with unitary connection
V, the tensor product bundle A ® E therefore has a holomorphic structure induced by
V and the standard structure on A'°. Then the holomorphic sections of it are exactly the
kernel of the exterior covariant derivative dV: QM0(E) — Q?(E).

1.6 Degree of a vector bundle

Let E — M be a complex vector bundle on a compact surface M and V an arbitrary
connection on E with curvature FV € Q?(End E). Its trace tr FV is then a complex-valued
2—form on M, which can be integrated to get the degree

deg(FE) = i /trFV. (2)

The degree is an integer which does not depend on the choice of connection V [Baul4,
pp. 224-225; Baul4, Satz 6.1]. The degree of direct sums, tensor products and dual bundles
satisfies the identities

deg(FE @ F) = deg(FE) + deg(F)
deg(E ® F) = rk(F) deg(E) + rk(E) deg(F)
deg(E") = — deg(E)

for all complex vector bundles E, F. This can be seen by taking connections on F and F
and calculating the curvature of the induced connections on £ & F, E® F and E*. If a
bundle admits a flat connection, in particular if it is trivial, it has degree zero. The converse
is also true. In fact, if two complex vector bundles E and F' on a compact surface M have
the same rank and degree, they are isomorphic by the following proposition.

Proposition 1.1. Fvery complex vector bundle E — M on a compact surface M decomposes
as a direct sum E =T @& L of a trivial bundle T and a complex line bundle L.

Proof. If E has a nowhere vanishing section s, the image of s defines a trivial subbundle
and we can find a complement using an arbitrary bundle metric. Iterating this gives the
proposition. So we have to show that a nonvanishing section exists if r =rk F > 2.

Let @;: Ely, — U; x C" for i = 1,...,k be a family of trivializations and ¢;: M — R a
partition of unity with supp; C U;. Then define

k

s:C*x M — E, s(U1y ..., Vg, ) = Zwi(x)cpi_l(x,vi).
i=1

This map is clearly a smooth submersion. The parametric transversality theorem [Mro04,
Theorem 18.3] then states that for almost every v € C™ the section s, = s(v,—): M — E
is transversal to the zero section Z C E, that is Ty o) E = Ty 02 + Dsy(T: M) for every



r € 5, 5(Z). But dim Ty =2+ 2r, dim Ty, ;2 = 2 and dim Ds, (T, M) = 2, so this is
impossible for 7 > 2. So for almost every v € C*, the image s,(M) does not intersect with
Z,i.e. s, is a nonvanishing section. O

Corollary 1.2. All complex vector bundles on a compact connected surface M of same rank
and degree are isomorphic.

Proof. Let By — M and Eo — M be complex vector bundles with rk(F;) = rk(F2) and
deg(F1) = deg(E2). By Proposition 1.1 there are splittings £y = T1 @ L1 and Ey = To @ Lo
with 77,75 trivial and Ly, Ls one—dimensional. The bundles 71 and 75 are clearly isomorphic.
To show that L; and Lo are also isomorphic, note that they have equal degree. By [Hat09,
Proposition 3.10] complex line bundles are classified by their first integral Chern class, of
which [KN09, Theorem 3.1] shows that it equals i(27) ' FV as a class in real cohomology.
But since H?(M,Z) = 7 for the oriented surface M, the map H?(M,Z) — H?(M,R) is
injective, so line bundles of equal degree have the same integral Chern class and are thus
isomorphic. O

1.7 Hitchin’s equations

Let V be a unitary connection on a complex vector bundle £ — M over a compact connected
Riemann surface M and ® € Q'9(End E) an End E-valued (1,0)-form on a compact
Riemann surface M. We say that the pair (V, ®) is a solution of Hitchin’s equations if (see
[MSWW14])

FV 4+ [®@A®] =cw®idg (3)
dVe =0 (4)

The form ® is called a Higgs field and the pair (V, ®) is a Higgs pair or a Higgs bundle when
V is viewed as defining a holomorphic structure on the bundle E.

Chern—Weil theory shows that ¢ is not a dynamical variable of the equation, but a prede-
fined constant, which can be calculated from properties of E and M alone. More precisely,
as tr [® A ®*] = 0, taking the trace of (3) and then integrating yields

—2mideg(F) = /M tr FV = ¢ rk(E) vol(M).

So solutions for (3) can only exist if

p(E)

— _opj )
T TS

where pu(E) = deg(F)/rk(E) is the slope of the bundle E.

Since M has one complex dimension, (4) just states that ® is a holomorphic End E-valued
1-form with respect to the holomorphic structure defined by V. Conversely, the Higgs field
® restricts V by specifying its curvature.

A special class of solutions are those (V,®) for which ® = 0. The connection V then
satisfies the equation FY = cw ® idg, i.e. it is a constant central curvature connection.



1.8 Gauge transformations

Consider the bundle
UE={g€End E|g"g=gg" =id}

of unitary endomorphisms of E. Its sections I'(U E) are the precisely the automorphisms of
E leaving its bundle metric (—, —) invariant and are called unitary gauge transformations
of E. Such a gauge transformation g € I'(U E) acts naturally on a unitary connection
V € &/(FE) by conjugation, i.e. the transformed connection is given by the composition

[(E) % T(E) - QY(B) 4275 ol (p).
To keep the notation simple, we will just write ¢*V = ¢~ o V o ¢ for this right action.
The unitary gauge transformations also act by conjugation on I'(End E) and accordingly on
Q!(End E) and the configuration space &7 (FE) x Q'(End E) of Hitchin’s equations.

One can easily see that Hitchin’s equations are invariant under these gauge transforma-
tions, i.e. if (V,®) is a solution of Hitchin’s equations, then so is (¢*V,g '1®g). So a
single solution already implies the existence of a whole family of solutions parametrized by
['(U E), although they are not all different. In particular any gauge transformation of the
form g = Aid € T(U E) with A € S! maps (V, ®) to itself.
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2 Hilbert manifolds and Lie groups

A very conceptual way of establishing a manifold structure on the moduli space of solutions
is by interpreting it as a quotient of an infinite dimensional manifold of all solutions by
an action of the infinite dimensional group of unitary automorphisms. The purpose of this
section is to find a general set of conditions for such a quotient to admit a manifold structure.

As we want to use the inverse function theorem and avoid the technical difficulties of
Fréchet manifolds, we will extend the spaces of sections involved in the Hitchin equations
to appropriate Sobolev spaces (details of this will follow in Section 3). This section will be
concerned with Hilbert manifolds. The basic theory of Hilbert (and Banach) manifolds used
here can be found in [Lan99].

As a convention, M will always denote an arbitrary smooth manifold and G a smooth
Lie group. Throughout this section, all manifolds, Lie groups, principal bundles, etc. are
considered to be modeled on possibly infinite-dimensional separable Hilbert spaces. They
are always assumed Hausdorff and second countable and are therefore metrizable using the
Riemannian distance with respect to a Riemannian metric constructed with partitions of
unity [Lan99, Sections II.3,VIL.6].

For g € G we denote by £4,74,cq: G — G the left and right multiplication and conjugation
maps defined by ¢,(h) = gh, ry(h) = hg and c4(h) = ghg™!. An action G x M — M can
also be considered a form of ‘multiplication’ in this sense, so for ¢ € G and x € M there
are also the maps f4: M — M,z — gx and the evaluation map r,: G — M, g — gx. The
unit element of a Lie group will often be called e and the Lie algebra corresponding to a Lie
group will carry the lowercase Fraktur version of the group’s name, e.g. g, b, g, gl(n),u(n)
are the Lie algebras of the Lie groups G, H, G5, GL(n), U(n).

2.1 Proper group actions

Of course, not every quotient of a manifold M by a Lie group G is itself a manifold, not
even in finite dimensions. A typical example is the irrational winding of the torus, where
the quotient space carries the indiscrete topology. However, if G is compact and acts freely,
it is well-known that M /G is indeed a manifold. Unfortunately, neither of these conditions
is true for the case at hand. That the action is not free is less of a problem, as it turns out
that the stabilizers behave very well (in the irreducible locus) and can be quotiented out
of the Lie group to give a free action. The issue of G not being compact can not be lifted
so easily. In fact, the infinite dimensional Lie group of unitary automorphisms is not even
locally compact. But its action on the configuration space is proper, which is a very useful
notion capturing many of the nice properties of compact group actions. A good treatment
of proper group actions in finite dimensions can be found in [GGKO02, Appendix B]|. This
section will generalize some of these results to infinite dimensions. In doing so, it is a bit
more general than necessary for our problem.

Definition 2.1. A Lie group G is a group which is also a manifold such that the group
multiplication G x G — G is a smooth map. An (embedded) Lie subgroup H C G is an

embedded submanifold with is also a subgroup.
Remark 2.2. Smoothness of the inversion map g — ¢! is sometimes stated as another

axiom. However, this follows automatically using the inverse function theorem: Consider
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for a Lie group G the map ®: G x G — G x G given by ®(g,h) = (g,gh). Its derivative
at a point is given by Dy ®(X,Y) = (X, Dgrp(X) + Dply(Y)), which is inverted by
(X, Z) = (X, Dgnly-1(Z—Dyrp(X))). So @ is alocal diffeomorphism by the inverse function
theorem and, since it is bijective, a diffeomorphism. So the inversion map po®~'oi is smooth,
where p is the projection to the second factor and i(g) = (g, e).

Lemma 2.3. Let G be a Lie group and H C G an embedded Lie subgroup. Then H is closed
as a subset of G.

Proof. Let H be the closure of H in G. If m: G x G — @ is the group multiplication,
then m~!(H) is a closed subset of G x G. Since H x H C m~*(H) C m~'(H) this implies
that H x H = H x H C m~'(H) and H is thus a closed subgroup of G. In particular, left
multiplication by some g € H is a homeomorphism of H onto itself. Since H is locally closed,
there is an open neighbourhood U of the identity in G such that H NU = H NU. Hence
gHNgU = HNgU is an open subset of H for every g € H. But gH = Ugregn §HNG'U, s0
gH is open in H. As H is a disjoint union of such open orbits, each of them is also closed
in H. In particular H = H. O

Though many of the following statements are only stated for left group actions G x M —
M, their obvious counterparts also hold for right actions M x G — M and will sometimes
be used in this form (most prominently, the gauge group acts on the solutions of Hitchin’s

equation from the right). This can usually be seen by considering the associated left action
1

(9:@) —zg.
Definition 2.4. An action G x M — M is proper if the map G x M — M x M, (g,z) —
(gx, ) is proper, i.e. the preimage of every compact subset of M x M is compact.

Since G and M are metrizable, there is another characterization of proper group actions:

Lemma 2.5. The action G x M — M 1is proper if and only if for all sequences x; € M and
gi € G such that x; and g;x; both converge in M, g; has a convergent subsequence.

Proof. Assume that z; — x and g;x; — o’ and f: G x M — M x M,(g,x) — (gz,x)
is a proper map. Then the set K = {(goxo,x0),...,(z',2)} € M x M, consisting of all
elements of the sequence and its limit, is compact, so f~!(K) is compact. Therefore, the se-
quence (g;, z;) € f~1(K) has a convergent subsequence and in particular g; has a convergent
subsequence.

For the converse, let K C M x M be compact and let (g;, ;) be any sequence in f~1(K).
Then (g;z;, z;) € K has a convergent subsequence (g;,7;;,z;;). If the criterion in the lemma
is satisfied, this implies that a subsequence Yij, of g;; converges. So (gi].k , xi].k) is a convergent
subsequence of (g;, z;) and therefore f~1(K) is compact. O

The most direct consequence of a proper action is that the quotient topology is Hausdorff.
This is of course very important if we want to have any hope that the quotient becomes a
manifold.

Proposition 2.6 (Infinite dimensional version of [GGKO02, Proposition B.8]). If G acts
properly on M, every orbit of G is closed and M /G is Hausdorff.
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Proof. For x € M let g;x be any sequence in the orbit Gz converging to y € M. Since the
action is proper, a subsequence of g; then converges to some g € G, which satisfies gr = y
by continuity. So y € Gz and therefore Gz is closed.

Next assume M /G is not Hausdorff and let x,y € M be such that their orbits cannot be
separated. In an arbitrary metric on M, let U, and V,, be balls of radius 1/n around z and
y. Then for every n € N there exist g, € G, z, € U, and y, € V, such that y, = gpan,
as otherwise G - Uy, and G - V,, were disjoint and their projections to M /G would therefore
separate x and y. Since z,, — « and y, — y and the action is proper, a subsequence of g,
converges to some g € G with y = gz, so x and y are in the same orbit. O

There is another technical condition that a group action should satisfy to have a smooth
quotient. If G or M are finite dimensional, this is automatically satisfied.

Definition 2.7. A smooth map between manifolds splits if its differential has a closed image
at every point. A group action G x M — M splits if for every x € M the map r,: G — M
splits.

Remark 2.8. Let f: N — M be a splitting map and = € im f. As we assume M to be
modeled on a Hilbert space, there is a scalar product on T, M compatible to its topology.
This induces a direct sum decomposition of T, M into im D, f and a complement, which is
however generally not unique.

The purpose of the following lemma is to clarify the technical details of the smooth struc-
ture on a quotient. Its proof is mostly straightforward.

Lemma 2.9. Consider a smooth action G x M — M such that M /G is Hausdorff. Assume
that M is covered by open subsets {U; }ier which are G—equivariantly diffeomorphic to prod-
ucts P; X Q;, where G acts transitively on P; and trivially on Q;. Then there is a unique
smooth structure on M /G such that the projection m: M — M/G is a smooth submersion.
With this structure, M /G is locally diffeomorphic to Q;.

Proof. 1f {V;}ier is a countable topological basis of M, then {7(V;)}iecr is a basis of G/M
where m: M — M/G is the canonical projection. This follows from the surjectivity of =
together with the fact that 7(V;) is open in M/G since 7~ 1(7(V;)) = Ugec 9Vi-

To prove the existence of a smooth structure, let U C M and (omitting indices from
now on) ¥: P x Q — U be a G—equivariant diffeomorphism as in the lemma. Then for an
arbitrary p € P define @Z :Q — U/G by J(q) = m(¢(p, q)). By transitivity and equivariance
this does not depend on the choice of p. Consequently, ¢ (prg(¢~!(x))) = [z] for every

[z] € U/G, so 1% is surjective. It is also injective, as for ¢q1,qs € Q with J(ql) = (q2), we
have ¥(p,q1) = g¥(p,q2) = ¥(gp, q2) for some g € G, so g1 = o since ¥ is bijective. To
show that ¢ is an open map, let O C Q be open. Then ¢(0) = m()(P x O)), which is
clearly open in U/G. So 1; is a homeomorphism.

To show that these maps {5 are smoothly compatible and define a smooth structure,
consider two such diffeomorphisms, ¥1: P x Q1 — U and ¥g: P, X Q2 — U,Nrestri~cted to a
subdomain small enough that their images coincide. We have to show that 15 Youpy: Q —
U/G — Q2 is smooth. But t1(q1) = 12(q2) is equivalent to 1(p1,q1) = g¥2(p2,q2) =
wa(gp2, q2), SO ¢;1(¢1(q)) = prg, (@02_1(@01 (p1,q))), which is smooth. So there is a smooth

structure on M /G such that the maps v are diffeomorphisms.
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The canonical projection 7 can be locally described as 7|y = {/; oprg o1~ ! and is therefore
a smooth submersion. For the uniqueness part, assume we have two smooth structures on
M /G such that m: M — M/G is a submersion. By the inverse function theorem, there are
local charts in M and M /G in which 7 is just a linear projection onto a closed subspace. So
in particular there exists a smooth local section. Composing this with the projection onto
M /G equipped with the other smooth structure, we get a smooth identity function, which
shows that the smooth structures are equivalent. O

Proposition 2.10 (Infinite dimensional version of [GGK02, Proposition B.18|). Let H C G
be an embedded Lie subgroup. Then the set G/H of left cosets is a smooth manifold modeled
on any complement b+ of b in g and G — G/H is a smooth principal H-bundle.

The inverse of a chart of G/H around the identity is given by

U—V/H, v~ [exp(v)]

where 0 € U C b+ and e € V C G are open subsets and V is H—invariant. A trivialization
18 in this chart given by

UxH—V/HxH—=YV, (v,9)— ([exp(v)],g) — exp(v)g.

Proof. The right action of H on G is clearly proper since H is closed, so G/H is Hausdorff by
Proposition 2.6. The result then follows with Lemma 2.9 if for every g € G we can construct
an H—equivariant diffeomorphism ¥: U x H — V with U an open subset of a complement
of h in g and V an H-invariant subset of G. It suffices to assume g = e since we can always
append left multiplication by ¢ to get a diffeomorphism around g.

The assumption that H is a submanifold implies a splitting of the Lie algebra g = h @& h=+
(where h* can be any complement, orthogonality is not required). Consider the map

v f)l xH—G, (v,9)—exp(v)- g

where exp: g — G is the exponential map in G. The differential D) V: bt xh — g
is clearly the identity (it is the sum of Dgexp = idy. and D.id = idy). Continuity then
implies the existence of an open neighborhood U of the origin in h* such that D)V
is an isomorphism for all v € U. If we denote right multiplication by r4(h) = hg, then
rg-1 0 Vo (id xry) = ¥ and therefore D, ;¥ is also an isomorphism for every g € H. So
Uy« g is a local diffeomorphism.

In fact, by making U smaller one can also ensure that ¥|yxp is injective, and therefore
a diffeomorphism onto its (open) image. To see this, assume the contrary. This yields
two sequences (vn, gn) # (Un,hn) € bt x H with u,,v, both converging to 0, such that
exp(vyn) - gn = exp(un) - hn. Then exp(vy) - gnh, ' = exp(uy,) - e and g,h, ' converges to
e € G. But VU is a diffeomorphism in a neighborhood of (0, e), so for large enough n, it must
hold that g,h,! = e and v, = u,, which contradicts the assumption (v, gn) # (un, hn). So
Uy« g is a diffeomorphism.

We have already proved that the trivializing map in the statement of the lemma is a
H-equivariant diffecomorphism. This makes G/H a principal H-bundle. O

Lemma 2.11. Let G x M — M be a smooth action and v € M. Then the stabilizer
Gy ={9€G|gr=uz} CG isan (embedded) Lie subgroup with Lie algebra g; = ker D,ry.
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Proof. Around any g € G, we want to find a chart for G which maps G, into a linear
subspace. It is sufficient to assume g = e as we can transport this chart to every other g
by left multiplication. Consider the exponential map exp: g D U; — Vi C G on open sets
Uy, V1 small enough such that it is a diffeomorphism and U; is star—shaped around 0. The
identity component of G, NV is an open subset, so it equals G, N Vi N Vs for some open
subset Vo C G. Writing V = V4 NV5 and U = exp~ (V) the restriction exp: U — V is still
a diffeomorphism and G, NV is connected and contains the identity.

Let g, = ker D¢r, be the kernel of the evaluation map. We assert that exp(g, N U) =
G, N V. This will be sufficient to prove the lemma. First, if v € g, N U, then the curve in
M defined by ~(t) = exp(tv)z is constant since ¥(t) = Dylexp(tv)(Derz(v)) = 0 for all t. So
exp(v)x = v(1) = z and exp(v) € G,.

Conversely, let g € G, NV. Since G, NV is connected, there is a curve a: [ — G, NV
from e to g. Let Bi(s) = exp(texp~t(a(s)))z for all s,t € I. Tt satisfies

Bo(s) = =z, Bt(0) = x, Bi(s) = a(s)r =x and Bt(s) = tBl(s) =0.

So Bi(s) = B¢(0) = z for all s,¢ € I and therefore D.r,(exp~1(g)) = %‘tzoﬁt(l) =0, i.e.
exp™!(g) € ga- O

Definition 2.12. Let G be a Lie group, M a manifold, ' a Hilbert space, np: P — M
a principal G-bundle and p: G — End (F) a representation of G in the bounded linear
operators on F. Then define

Px,F=(PxF)/~,  (pg " p9)f)~([f) Vgeq.

This defines P x, I’ as a vector bundle over M with fiber F'. Every local trivialization
75 (U) =2 U x G of P induces a local trivialization of P x, F' using the identification

F — Gx,F,v— e,

1 (U)x, F —“5 UxGx,F +~—UxF

WPprl

U

If the choice of representation p is clear from the context, we will also write P xg F =
P x, F. Any p(G)-invariant subset U C F' defines a subset P x,U C P x, F.

The map F' — G x, F is a homeomorphism since it is inverted by [g,v] — p(g)v. If we
view local trivializations of P as smooth maps ;: U — G then the corresponding transition
maps 7;;: U — End (F) are given by 7;;(z) = p(¢i(z);(x)™1), so P x, F indeed satisfies
the axioms of an infinite-dimensional vector bundle (as stated in [Lan99, Section IIL.1]).

A significant example arises from the action of the stabilizer G, on the tangent space T,, M
by

Gy x Ty M — T, M, (g,X)— Dyly(X)

This defines a smooth representation p: G, — End (T,M) of G, in the bounded linear
operators on the Hilbert space T, M. It will be used together with the principal GG,—bundle
G — G/Gy to construct vector bundles G x ¢, F' — G /G, for invariant subspaces F' C T, M.
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Theorem 2.13 (Slice theorem). Let G x M — M be a proper splitting action and x € M.

1. There is a decomposition

T.M=T,(Gzx)® F
where T, (Gx) = im Dery, and F' are both Gy—invariant closed subspaces of T, M.

2. There are Gy—invariant open neighbourhoods U C T,M of 0 and V C M of x and a
G —equivariant diffeomorphism

Q:U—=V
which maps 0 to x.

3. For any F,U,V,Q satisfying the above, there are open subsets 0 € UcCUNF and
x eV CV,U being Gy—invariant and V being G—-invariant, such that the map

U:Gxq, U=V, [g.ul—g-Qu)
is a G—equivariant diffeomorphism.

Proof. For the first part, let w: T, M — T,M be a linear projection to the tangent space
of the orbit, i.e. a bounded operator with im7 = im D.r, and 7% = 7. Its image im 7 is
G-invariant, since Dyly 0 Dery = Dery o Decy for all g € Gy As 7lim« is the identity,
this implies 7g,m = g« for any g € G, (where g, = Dyly € End (T;M)). Now define an
operator T by

T = / g.mg. L dg.
Gz

Since the G-action is proper, G, is compact and this integral is thus well-defined as a
Bochner integral with respect to the Haar measure. For all g € G, the identities

f2:ﬁ T =T T =T G4 = TGy
easily follow from wg,m = g,m and basic properties of the integral. These identities show that
T is a projector with im7 = im 7 = im D.r, and that its kernel F' = ker 7 is GG,—invariant.
This gives the desired splitting and proves the first part.
For the second part, let ¢: M — T, M be a smooth map with g(x) =0 and D,q = idr, p
(such a map can e.g. be constructed in local coordinates and extended by a smooth bump
function). Define the map @: M — T, M by

Qly) = /G g9z ' (qlgy)) dg.

As above, this is to be understood as a Bochner integral on the Haar measure. The map
Q is smooth, satisfies Q(x) = 0 as well as D,Q = id, and is G;—equivariant in the sense
that Q(gy) = ¢.Q(y) for all y € M and g € G,. By the inverse function theorem @ is
a diffeomorphism in an open neighborhood of x. Its inverse @ is also G,—equivariant, i.e.
Q(gx+y) = gQ(y) for all g € G, and therefore satisfies the conditions for the second part of
the theorem.

For the third part, choose any norm || || on F' compatible with the topology and let
U, = Uger 9«B1n C I where By, is the ball of radius 1/n around the origin in F'. The
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set Uy, is open, G,-invariant, and contained in a ball of radius of 1/n - sup,c¢, [|g«|| around
the origin, which is finite since G, is compact and the function g — |[|gs| is continuous.
For n large enough that U, is in the domain of @, let V, = (J,c; 9Q(Un) and consider the
function

\I/:GXG’E Un_>vn7 [QaU]HgQ(U)

This function is clearly G—equivariant and well-defined since ¥([gh™!, hu]) = gh~*Q(h.u) =
gQ(u) = V([g,u]) for all h € G,. To see that it is smooth, note that there are neighbourhoods
0 € AC gr C g (g being a complement of the finite dimensional subspace g,) and
e € B C G such that the following is a chart for G x¢, U,, around [e, 0]:

p: Ax U, — B/G, xU, — Bxqg, Uy,

(v,u) —— ([expv],u) — [exp(v),u].

In this chart U(p(v,u)) = exp(v)Q(u), so ¥ is smooth around [e,0]. Also Do(¥ o ) =
Dery xid: g& x F — T, M = (im D.r,) x F', which is an isomorphism since g, = ker D,r.
Therefore, Dy, q¥ is an isomorphism and by continuity so is Dy ¥ for all u € By, for
large enough n. Then by G—equivariance and the inverse function theorem, ¥ is a local
diffeomorphism.

In a last step, we show that ¥ is bijective for some n € N. Surjectivity is clear from
the definition of V,,. Assume that W is not injective for any n € N, then we get sequences
[gi, ui] # [hi,vi] € G xg F such that u;,v; — 0 and \I/([hi_lgi,ui]) = ¥([e,v;]). Since ¥ is
a diffeomorphism in a neighborhood of [e, 0], this is only possible if [h; ' g;,u;] = [e,v;] for
large 4, which is a contradiction. So W is a diffeomorphism for some n € N. O

Corollary 2.14. Consider a proper and splitting action G x M — M as in Theorem 2.13
and let H C G be an embedded Lie subgroup. Then the G—invariant set

Mpy={zreM|3dg€G: G, =gHg™'}

of points with stabilizers conjugate to H is a (possibly empty) embedded submanifold of M.
If every stabilizer G for x € M contains a subgroup conjugate to H, then Mgy C M is
open.

IfG, =H, F CT,M is an H—invariant finite—dimensional complement of the G—-orbit as
in Theorem 2.13, and F is the subspace of fized points of this action, then the codimension
of Mgy in M equals dim F' — dim F'H.

Proof. Let x € Mgy, so Gz = gHg™! for some g € G. Then Gy-1, = H, so by Theorem 2.13
there is a G-invariant open neighborhood V' C M of g~'x (and thus also of z) with V =
G xp U equivariantly, so that Mz NV is mapped to (G xg U)(H). Here U is an open
subset of some Hilbert space I on which H acts linearly. The fixed point set F# C F of this
action is a closed H-invariant subspace and therefore G x g F C G xg F is a subbundle
over G/H and in particular G X g UH c G xyU is a submanifold. If F is finite-dimensional,
G x g F™ and G x g F are vector bundles of rank dim FH and dim F, so Gxg U ¢ GxzU
has codimension dim F — dim F'H.

We assert that (G xg U)g)y =G xug U H " As these sets are both G-invariant, it suffices
to check their identity at points of the form [e,u] with w € U. Clearly, the stabilizer of
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G x g U at such a point is contained in H. So if [e,u] € (G xy U) ), i-e. the stabilizer is
conjugate to H, then it must be equal to H, so [e, hu] = [h,u] = [e,u] for all h € H and
thus [e,u] € G x g UH. Conversely, if [e,u] € G x g U then the stabilizer at this point is
equal to H, so [e,u] € (G xg U)gy. This shows that around every x € Mgy there is an
open set V' such that Mz NV is a submanifold of V', which implies the first statement of
the corollary.

Now let in the above setting [g,u] € G xg U and ¢’ € Gg,). Then ¢'[g,u] = [g, u], which
means there exists h € H such that ¢’gh™! = ¢g and hu = u. In particular ¢’ = ghg™! €
gHg !, so Glgu C gHg™'. But if the stabilizer at every point in M contains a subgroup
conjugate to H, then the same is true for G| ), 1.e. there is g with gH§™ ' C Gy C
gHg™"'. Since both §H§™! and gHg~! are closed embedded subgroups of G, they carry the
subspace topology and §H§~! is also a closed subset of gHg~!. But these groups are also
diffeomorphic, so the inclusion is open by invariance of domain and, since they are compact,
both have the same finite number of connected components. So §Hg ' = gHg™! and in
particular G|y, is conjugate to H, so the image of [g,u] and therefore all of V', which is an
open neighborhood of = in M, is contained in M. O

Corollary 2.15. Consider a proper and splitting action G x M — M as in Theorem 2.13.
Then there exist only countably many orbit types, i.e. there are countably many subgroups
Hq,Hs,--- C G such that M = UiEN M(HZ)

Proof. By our countability assumptions on manifolds, M is covered by countably many open
subsets equivariantly diffeomorphic to G x U as in Theorem 2.13. All stabilizer groups
occurring at points inside G X iy U must be closed subgroups of the compact Lie group H,
of which there are only countably many conjugation classes [Pal99, Corollary 1.7.27|. This
is still true when considering them as conjugation classes in G, as two groups conjugated in
H are still conjugated in G. O

Corollary 2.16. Consider a proper and splitting action G x M — M as in Corollary 2.1}
and let H C G be a Lie subgroup. Then M(H)/G has a unique manifold structure such that
Mgy = Mpy/G is a smooth submersion.

Proof. The proof of Corollary 2.14 already shows that locally at a point @ € Mg, the
manifold M) is G-equivariantly diffeomorphic to G Xy F H for some closed subspace
F CT,M. But Gxyg F" = G/H x F# G-equivariantly, so by Lemma 2.9 there is a smooth
structure on M(g)/G as claimed. O

2.2 Hyperkihler quotients

Now that we have established conditions for a quotient of a manifold to admit a manifold
structure, we will apply this to Hamiltonian actions on Hyperkdhler manifolds to obtain an
infinite—dimensional version of the Hyperkihler quotient construction.

Definition 2.17. A 2-form w € Q%(M) is a symplectic form if it is closed and the map
T.M — T; M, v~ viw, =wz(v,—)

is an isomorphism for every z € M.
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Definition 2.18. Let M be a manifold and w a symplectic form on M. Let G x M — M
be a group action preserving w, i.e. {yw =w for all g € G. A moment map p: M — g* for
this action is a map satisfying

n(gz) = cp-1p(z) d{p, &) =M Jw Ve M,ge G,{€g

where (u,&): M — R is given by (u,&)(z) = p(z)(€), €M € T(TM) is the infinitesimal
action defined by (¢M), = Dr.(€) and c;,l,u(x) = pu(x) 0 Decg—1 is the coadjoint action. If
a moment map exists, the action is called Hamiltonian.

Lemma 2.19. Using the notation At = {f € g* | f(&) = 0 V¢ € A} C g* for A C g,
moment maps have the following properties:

1. The moment map for a given action is unique up to addition of some constant f € g*
with ¢y f = f for all g € G on every connected component of M.

2. If the moment map p splits, the image of its differential is im Dyp = (ker Dery)*.

Proof. The first part is trivial. For the second part, since (Dyu(v),&) = d{(u,&)(v) =
w(EM v) for every v € T,M, ¢ € (imD,u)* is equivalent to w(¢M,v) = 0 for every
v € T, M, which in turn is equivalent to (¢M), = D.r,(¢) = 0 by non-degeneracy. So
(im Dyp)* = ker Dr,. Reflexivity of the Hilbert space g and closedness of im D,u then
imply the statement. O

Definition 2.20. A Hyperkdihler manifold is a manifold M together with a Riemannian
metric g and almost complex structures Jq, Jo, J3 which

e are compatible with g, i.e. g(J; X, J;Y) = g(X,Y) for i = 1,2, 3,
e satisfy the quaternion relations JZ = J2 = J2 = —1 and

JiJo = —JoJ1 = J3 JoJz = —J3Jo = Jq J3J1 = —J1J3 = Ja,

e and induce differential forms w; = ¢g(J; _, ) which are closed for i = 1,2,3 and are
thus symplectic forms.

Lemma 2.21. If two Hyperkdhler structures on a manifold M have the same symplectic
forms wi,wa,ws, then they are equal.

Proof. We will write all parts of the Hyperkahler structure in terms of its symplectic forms.
Let K;: T,M — T*M be the isomorphism defined by K;(X) = X sw;. Then

Kl(X) = Xle == JlX 49 = 7J2J1X_|w2 == J3X dWy = KQ(JgX),

for any X € T, M, so J3 = Ky LK. The other complex structures Ji, Jo can similarly
be expressed by Kj, Ks, K3 and the metric is given by ¢(X,Y) = —w;(J;X,Y) for any
i€ {1,2,3}. O

Lemma 2.22 (from [Hit87b, Lemma 6.8|). Let (M, g, Ji,J2,J3) be a finite-dimensional
Hyperkdahler manifold. Then Jy, Jo, J3 are integrable.
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Proof. Applying a Lie derivative Lx on the identity w;(Y, Z) = (Y 2w;)(Z) yields
(Lxwi)(Y,Z) + wi([X, Y], Z) + wi(Y, [X, Z]) = Lx (Y 2w;)(Z) + wi(Y, [X, Z]).

Now, after eliminating and rearranging, we can apply Cartan’s formula to get

(X, Y)ow=Lx (Y ow) =Y 2Lxw, = Lx (Y aw;) =Y 2d(X 2w;). (5)
Inserting into this (e.g. for ¢ = 2) the identity

Zawy=JyZ1g=J3J1Z1g= 172 sws
on both sides gives
N[X,Y]aws = Lx(N1Y aws) =Y 2d(S1 X 2ws). (6)
We want to show that the Nijenhuis tensor
N (X,Y)=[X, Y|+ L[LX, Y]+ Lh[X, Y] = [ X, Y]

vanishes. Using (5) with ¢ = 3 on the first and fourth term of the Nijenhuis tensor and (6)
on the second an third term, we get

Ny (X,Y) sws = Lx (Y sws) =Y 5d(X sws) + Ly, x(N1Y sws) — Y 3d(J2X Sws)
+ Lx (JEY sws) — J1Y 0d(J1 X sws) — Ly, x (1Y sws) + 1Y 2d(J1 X Sws)
=0.

So Nj, = 0 by the non-degeneracy of ws. The almost complex structure J; is therefore
integrable by the Newlander—Nirenberg Theorem [NN57|. An analogous argument shows
the integrability of Jo and J3. O

Remark 2.23. It is unknown if the Newlander—Nirenberg Theorem generalizes to infinite—
dimensional Hilbert manifolds [Pat00] (it is false for Banach manifolds). So for most purposes
it would be more sensible to require integrability explicitly in the definition of infinite—
dimensional Hyperkihler manifolds. But since we are only interested in finite dimensional
quotients where Lemma 2.22 holds, the above definition is sufficient.

Theorem 2.24 (Hyperkihler quotients, generalization of [HKLR87, Theorem 3.1]). Let M
be a Hyperkdhler manifold with metric g, almost complex structures Ji,Ja, JJ3 and associ-
ated symplectic forms wi,we,ws. Let G X M — M be a proper splitting action preserving
g, J1, Jo2, J3 which is Hamiltonian with respect to wi,we and ws with the splitting moment
maps 1, p2, k3. Let H C G be a Lie subgroup such that My is open and non-empty. Then

M) |G = N/G = (Mgy Oy H(0) N g ' (0) N g 1(0)) /G

is a smooth manifold and admits a unique Hyperkahler structure g, , W9, W3, jl, fg, jg such
that
prw; = Fw;, i=1,2,3, (7)

where p: N — N/G and v: N — M are the projection and injection maps.
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Proof. As all relevant structures seamlessly restrict to open subsets, we can assume M) =
M. The map

i M= (g"), we (@), pe(e), ps(e)
can be viewed as a composition of the diagonal A3: M — M3 and [i = ju; x pg x pu3. For
any triple (x,7,2) € M3, Lemma 2.19 shows that

(im Dy y 1 i)t = (ker Dery) @ (ker Dery) @ (ker Der).

As G,,Gy, G, are conjugate to H, these summands are all isomorphic to f C g, which has
finite dimension since H is compact. So fi has constant corank 3dimb and W = i=1(0) C
M3 is a submanifold. The map A? is transversal over W: Let x € M with (z,z,2) € W,
then the subspace of (T, M) tangent to W is given by

ker D(z,x,x)ﬁ = (ker Dx,ul) D (ker Dz‘ﬂ?) D (ker Dx,u?))'

But v € ker D pu; is equivalent to 0 = (D (v), &) = d{u;i(2), &) (v) = w; (€M, v) = g(J:eM v
for all £ € g, so ker D,p; = im(J; 0 Der)t. So transversality is the assertion that {(v,v,v)
veT,M} and

)
|

im(Jj o De’l“x)J‘ @ im(Jy 0 DeT‘I)J— @ im(J;3 0 Derx)J‘

together generate (T,M)3. This is clearly true if the spaces im(J; o Der,) are pairwise
orthogonal, which follows from e.g. ps(x) =0 (since (x,z,z) € W) using

92 (1M, Jo(M) = —go (21, M) = (w3)o (€, CM) = (ps(@), €, ) =

So N =~ 1(0) = (A?’)*l(W) C M is a submanifold.

Since p;(gr) = o _1pi(z) =0 for all g € G and = € N, the G-action restricts to V. The
restricted action is also proper and splitting and has the same stabilizers as the original
action. So by Corollary 2.16 the space N/G has a smooth structure and p: N — N/G is a
submersion.

To find the induced Hyperkédhler structure on M /G, first observe that the condition
(7) determines it uniquely: Since p is a submersion, (7) completely defines the symplectic
structures Wy, We, w3. By Lemma 2.21 these in turn define the metric and complex structures.

It is useful for constructing the Hyperkéahler structure to examine the ‘horizontal subspace’
of T, N, which is the g|7, y—orthogonal complement H, = (ker D,p)* = (im D.r;)* C T,N.
It is isomorphic to T},)(N/G) via D;p and for any v € H, and £ € g we have

(Depr(J1v), ) = d{u, ) (J1v) = wi (€M, Jiv) = g(¢M,v) = 0,

(Depa(J1v), ) = wa(6M, J1v) = w3 (€M, v) = (Daps(v), ) =0,

(Depz(J1v), ) = wa (€M, J1v) = —wa(§M,v) = —(Dapa(v), ) =0,
g(eM, Jiv) = —wi (€Y, v) = —(Dep (v),€) =0,

where (€M), = D.r,(¢) is the infinitesimal action of & on M. This shows that Jiv €
ker D,fi = T,N and Jyv € (im Dgrp)* = H,, so H, is Jy-invariant. Analogously H.
is invariant under J; and J3. Thus we can define the induced almost complex structures
J1, J2, J3 on N/G by restricting Jq, Jo, J3 to H, and identifying H, with the tangent space
T, (N/G). The independence of the choice of x € [z] follows from G-invariance of J;.
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The metric g and symplectic forms wy,ws,ws carry over to g,w;,w2,w3 on N/G in the
same way, i.e. by restricting to H, and identifying this with Tj,j(N/G) via D;p. It is easy to
see that w; = §(j¢_, _ ) holds, g is a Riemannian metric, &; is non—degenerate and jf =—1.
To show (7), split the tangent space T, N into its horizontal part H, and its vertical part
Ve = ker D;p = im D.r,. By the definition of @; the identity (7) holds on the horizontal
component. If however at least one of X, Y € T, N is in the vertical component, say X € V,,
then clearly p*@;(X,Y) = 0 but also X = D.r,(¢) = &M for some € € g, so

wi(X,Y) = wi(¢M,Y) = (Dopus(Y), ) = 0.

This shows (7). Note however that its analogue for the metric g only holds on the horizontal
subspace. Using (Z ) we find that p*d&; = t*dw; = 0 and thus d&; = 0 since p is a submersion.
So (M))G,q,J1,J2,J3) is indeed a Hyperkihler manifold. O]
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3 Construction of the moduli space

3.1 Sobolev sections of vector bundles

To interpret the gauge transformations as an action of a Hilbert Lie group on a Hilbert mani-
fold, we first have to find an appropriate Hilbert Lie group of unitary bundle automorphisms
of an Hermitian vector bundle E. This can be achieved by completing I'(End E) with re-
spect to some scalar product norm and then restricting it to invertible elements preserving
the Hermitian bundle metric.

The simplest candidate for such a norm would be the L>norm. Completing with respect
to this norm would make I'(End E) a Hilbert space, but it would not necessarily be closed
under multiplication. As an example in Euclidean space, the real function |z|~"/* is L? over
a bounded n-dimensional base containing 0, but its square |z|~"/? is not.

This problem can be solved by instead completing with respect to a Sobolev norm of
sufficiently high order, as a consequence of Holder’s and Sobolev’s inequalities. To do this,
let us first define Sobolev spaces of sections of vector bundles. Manifolds and vector bundles
are finite-dimensional in this section and £ — M always is a real or complex vector bundle
over a compact oriented Riemannian manifold (M, g) with a symmetric/Hermitian bundle
metric (_, ).

If B/, F are two real or complex vector bundles both equipped with a bundle metric, there
are also induced metrics on £ @ F and F ® F' defined by

{(v,w), (', w")) = (v,0) + (w,w'), (ww,v @w') = (v, v {w,w).

There is further an induced metric on the dual bundle E* given by (o, ) = (af, B), where
of € E, is the unique vector with (af,v) = «a(v) for all v € E,. The induced metric on
Hom(E, F) = E* ® F can alternatively be written in the form

(A,B) = tr(A*B),  VA,B ¢ Hom(E,, F,)

with A* € Hom(F}, E;) defined by (A*v, w) = (v, Aw). In particular, ( , ) on E and g on
TM induce bundle metrics on a variety of derived vector bundles, e.g. on T*"M ® End FE.
Furthermore, we consider the subspaces

uE={A€End E|A*=—-A} and iuE={AcEnd F| A" = A}

of End E. If E is a complex vector bundle, these are real subbundles of the complex vector
bundle End E. As the restriction of the above metric on End E to these bundles takes only
real values, it still gives a valid scalar product on them. A slight difficulty arises however
when we consider the direct sum of a real bundle E and a complex bundle F. Then F & F
only carries the structure of a real vector bundle, so its scalar product should take on only
real values. This can e.g. be solved by just taking the real part of the complex metric, i.e.
by defining

{(v,w), (v, W) = (v,0") + Re{w, w’) Vo, v € Ey,w,w’ € Fj.

Definition 3.1. The W*? norm and the C' norm on T'(E) are defined by

k l
| / Vis|Pw Sllee = sup |Vis(x
[ Zz; M| Pw, sl =) GM\ ()],

i=0 T
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where w is the Riemannian volume form on M and V¢: I'(E) — I'((T*M)® ® E) is the

composition
*MQE

rE) YoM e E) Y L (T M) e B).

One also calls the WP norm LP and the W%2 norm H*. The H* norms arise from the
scalar products

k‘ . .
(5, 8) i = ;/Mw 5, Vithw.

Definition 3.2.

e For all [ € N we denote the space of [-times differentiable sections of E by I'ci(E).
The C' norm can be defined on this space as in Definition 3.1 and makes it a Banach
space with I'(E) as a dense subspace.

e The completion T'y(E) of T'(E) with respect to the H* norm is called the space of
k-times weakly differentiable sections of E. The H* norm extends to this space by
continuity and makes it a Hilbert space with I'(E) as a dense subspace.

Lemma 3.3 (Sobolev embedding theorem, [Weh04, Theorem B.2|). The following inequal-
ities hold for all s € T'(E):

o [|sllct < Clsllywrr ifl <k—n/p.
o ||sllyyra < Clls|lywre if l <k andl—n/q <k —n/p.

where the constants C > 0 depend only on p,k,l,n and the bundle E, but not on s.
Furthermore, the first inclusion is a compact operator, and the second is also compact if

l—n/qg<k—n/p.

Remark 3.4. As a consequence of Lemma 3.3, for any s € I'y(F) with k& > n/2, defined by
a H*-Cauchy sequence in I'(E), there is a unique C%~limit of this sequence in I'co(E). This
gives an embedding T'(E) < T¢o(E), which allows to evaluate H*-sections at points. We
will use identifications of this sort, sometimes without further mentioning.

Lemma 3.5 (Holder’s inequality). Let E, F,G be Hermitian vector bundles and B: T'(E) x
['(F) = I'(G) a C®(M)-bilinear map (or equivalently a section B € I'(Hom(E, F';G))) and
let 1/r=1/p+1/q. Then

I1B(s, t)]|zr < Clls]|ze|[t]| e

for some constant C > 0 and all s € I'(E) and t € T'(F).

Proof. Since 1/(p/r)+1/(q/r) =1 and |By(sz,tz)| < |Basl|sz||tz] at every point z € M, the
classical Holder inequality implies

/MIB(S,t)\’"w < M\S\"Itlrw < CIs[" o N N pare = NsLo It 2a,

where C' = sup,¢c,s |Bz|, which is finite since M is compact. O

24



Theorem 3.6 (Sobolev multiplication theorem). Let F1, ..., E,, F' be Hermitian vector bun-
dles and M: T'(Ey) x --- x I'(E,) — I'(F) a C®(M)-multilinear map. Then for k > n/2
there is a unique continuous extension

Fk(El) X+ X Fk(Er) — Fk(F)
of M which is in fact smooth.

Proof of Theorem 3.6. We assume that r = 2, Fy = Hom(F», F') and M(A,v) = Av is the
usual application of linear functions. We want to prove that

I(V™A) (V)2 < ClI Al elloll e

for all m + ¢ < k with A € T'(Hom(F2, F')), v € I'(F2) and some constant C' independent of
A and v.
If Kk —m > n/2, we have

(V™ A)(V)ll2 < IV Alleo V0l 2 < CIVT Al gm0l e < ClA] 0]

from Lemma 3.3. If instead k — ¢ > n/2, the same argument can be used with the roles of
A and v interchanged. So assume k —m < n/2 and k — ¢ < n/2. Then p, q defined by

— =2 te -—=s-——+¢

1 1 k—m 1 1 k-7 . k
€ = min
p 2 n q 2 n

11 kem k-t
2n 472 n 2 n
are in the interval [1,00) and 1/p+1/q < 1/2. Also this ensures —n/p < (k—m) —n/2 and
—n/q < (k—¥) —n/2. Using Holder’s inequality and Sobolev embeddings,

[(V™A) (V)2 < C1[(VTA) (V)| 1 < C1|[V™A| 1] V| o

HLl/p+1/q
< Col|[ V™ Al g | V0l g < Col| Al e[ |v]] -

Since, for all i < k, V!(Av) can be represented as a linear combination of such terms of the
form (V™A)(V*) using the Leibniz rule, the inequality || Av||gx < C|| Al gr||v||gx follows.
This implies the statement for the case Fy = Hom(Es, F') and yields a continuous map
Fk<H0m(E2,F)) X Fk(EQ) — Fk(F>
extending (A, v) — Av. Applying this twice gives a continuous map
I‘k(Hom(El,Hom(Eg,F))) X Pk(El) X Pk(EQ) — Pk(HOHl(EQ, F)) X Fk(EQ) — Fk(F)
and by iterating we even get a continuous map

Ty (Hom(Ey, ..., B F)) x Tp(Ey) x -+ x TR(Ey) = Ty(F)

extending (M, vy,...,v,) — M(v1,...,v,). By inserting the predefined M from the state-
ment in the first argument, we get the desired result. As a multilinear continuous function,
the resulting map is also smooth. O
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Theorem 3.6 implies that I'y(End E) for & > n/2 is a Hilbert algebra with pointwise
composition of endomorphisms as multiplication. The set of its invertible elements is there-
fore an appropriate completion of the space of smooth bundle automorphisms. There will
however occur some bilinear bundle homomorphisms on Sobolev spaces of an order too low
to be covered by Theorem 3.6.

Proposition 3.7. Let M be a compact surface and B: T'(Eq) x I'(Ey) — I'(F) a bilinear
morphism of vector bundles E1, Eo, F' on M and let p > 2. Then B extends to smooth maps

Fl(El) X Fl(EQ) — Fo(F) FQ(El) X Fl(EQ) — Fl(F) PLP(El) X Fl(Eg) — Fl(F),
where T'1 ,(E1) is the space of WhP—sections of Ej.

Proof. The first extension uses the continuous embedding H' < L for any ¢ and Holder’s
inequality. The second and third follow from the Sobolev embeddings H? < C° and WP —
CO after taking the derivative. O

Corollary 3.8. For k > n/2 the set
T'w(GL(E)) = {g € Tx(End E) | 3g7! € Tx(End E): gg~ ' = g7 'g = id}

of invertible H*—endomorphisms of E is open in Ty(End E) and T'(GL(E)) C T'x(GL(E))
is dense. With the composition of endomorphisms as multiplication, 'y (GL(E)) is a Hilbert
Lie group.

Proof. A standard argument using Neumann series shows that invertibility is an open con-
dition. That I'(GL(E)) is dense follows easily from the fact that I'(GL(E)) = I'y(GL(E)) N
['(End E). If g,h € T, (GL(E)), then gh(gh)™! = ghh=tg! =id = h=1g~gh = (gh)~'gh,
so gh € Tk (GL(E)). As T'x(GL(E)) is an open subset of I'y(End E), it is a smooth manifold
and multiplication is smooth. Inverses exist by definition. O

Definition 3.9. The space of smooth unitary automorphisms of E is
IUE) ={g €I'(End E) | gg" = g*g = id}.

For k > n/2 the space of k—times weakly differentiable unitary automorphisms of E is the
set
[ (UE) ={g € I'x(End E) | gg" = g"g = id}.

Proposition 3.10. I'y,(U E) is a closed Hilbert submanifold of I'y(End E).

Proof. As A (A* — A) is a continuous linear endomorphism of I'y(End F), the subspace
I'y(iuE) ={A €T'y(End E) | A* = A} is closed. Consider the map

O: Th(GL(E)) —» Th(inE), A~ A*A.

As T'y(GL(E)) is an open subset of I'y(End E), we have T4I'y(GL(E)) = I'y(End F) and
the derivative at any A € T'y(U(FE)) is

Ds®: Ty(End E) = Ty(iuE), X — X*A+ A*X.

It is surjective (insert £ AY to get ), so @ is transversal over {id} € I';(iu E) and therefore
®~1({id}) = T'4(U E) is an embedded submanifold of I'y(GL(E)). O
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Definition 3.11. The space &7 (FE) of unitary connections on F is an affine space modeled
on Q' (uFE) =T(A' ®uFE). Its H*completion o, (E) is therefore an affine space modeled
on O} (uE) =T',(A' ®uE) and in particular a smooth Hilbert manifold, for all k € N.

The spaces I'y,(UE), I'y(uE) etc. have several equivalent characterizations. They are
completions of the respective spaces of smooth sections I'(U E), I'(u E) in the Sobolev norm.
They can also be described as the subset of I'y(End FE) given by an algebraic condition like
A*A = AA* = 1 or A* = —A. For k > n/2, a third possibility is to describe them as
subsets of the space of continuous sections, e.g. I'y(UE) = I'co(UE) NIy (End E). All
these definitions coincide up to obvious isomorphisms and we will use them deliberately
without further mentioning.

Definition 3.12. We use the following shorthand notations:

¢ = o/ (E) x Q"9(End E), € = A(E) x Q,°(End E),
2 =Q*(uE)® Q*End E), Dy, = Q2 (uE) © Q3 (End E),
4 =T(UE), 4. =TR(UE).

3.2 The Hyperkahler structure

Let now M be a compact connected Riemann surface (i.e. a complex manifold of real di-
mension two) with complex structure j, metric g and volume form w and E — M a complex
vector bundle equipped with a Hermitian bundle metric. We will describe Hyperkéahler struc-
tures on section spaces of some bundles which ultimately lead to the Hyperkédhler structure
on the moduli space of Higgs bundles. Let k € N be a fixed integer throughout this section.

3.2.1 The Hyperkihler structure on Q!(End E)

The space Q! (End E) has a comparatively simple Hyperkiihler structure. To make it a ‘real’
Hyperkéhler manifold in the sense of Section 2 we first have to complete it with respect to a
suitable Hilbert space norm. So we consider . (End E). Since all relevant constructions will
be pointwise (at least for sufficiently regular sections), it is worthwhile examining a single
fiber A' ® End E,. The natural scalar product on A' ® End F is defined by

(a1 @ 1, 00 ® o) = (a1, az) tr(¢1s) Voai, o0 € Ty M, 41,47 € End E,

and extended bilinearly. We get a real scalar product (and therefore a Riemannian metric)
G by using its real part G = Re( , ).

There is an alternative expression for G. We write j for the complex structure on the
Riemann surface M, to distinguish it from the Hyperkéhler structure, for which we will use
uppercase letters. The induced anti-involutions on T*M, A' ® End E,, etc. will also be
denoted by j. Since the metric and orientation on M together already define its complex
structure, we expect j to be expressible in terms of these data. We know from Section 1.2
that j = —*. This allows us to rewrite the scalar product of ¥y, ¥ € A! ® End E, in the
form

<\I’1, \I/2> w=— tr(\lff /\j\I’g).
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In the decomposition A' ®@ End E, = (A ®End E,)® (A’ ® End E,) this can be written
(U1, @), (Uy, ®2)) = i tr(V] A Ug) — i tr(PF A Do) = i tr(TF A Uy) — i tr(Py A D)
for U1, ¥y € A% @ End E, and &1, P, € A0 ® End E,. Its real part is
G(V1, D), (Vg,P2)) = Re((Vy, P1), (Vo, Py)) = —Imtr(P] A Uy + &y A D3).

To make G a Hyperkéhler metric we need 3 compatible complex structures Jp, Js, J3. One
of them is just given by scalar multiplication with ¢, while the other two are defined using
the decomposition into (0,1)— and (1,0)-parts:

Ji(U,®) = (iV,i®)  Jo(U,d) = (&%, —U*)  J3(U,d) = (id*, —iT*)

It is easy to check that these complex structures satisfy the quaternion relations and leave
G invariant. The induced symplectic forms w; = G(J;_, ) are trivially closed since
G, Ji,Ja, J3 are constant. So A ® End E, is a (linear) Hyperkihler manifold.

Now let us return to the space Q. (End E) of Sobolev sections. The complex structures
Ji,J2, J3 defined above combine to complex structures on Qi(End E), also denoted by
Ji1, J2, J3. The corresponding Hyperkahler metric, which we will again call G, is just the real
part of the natural L?-scalar product

G((\I’l, @1), (‘1’2, (1)2)) = Re /M«\Ifl, (I)l), (\1’2, ‘1>2)> w=—Im /M tl“(\IJT AWy 4+ O A (I);)

The above consideration of A'@End E, shows that with this metric and complex structures,
Qi (End E) is indeed an infinite-dimensional Hyperkihler manifold.

3.2.2 The Hyperkihler structure on &7 (E) x Q"°(End E)

There is a Hyperkiihler structure on the space ¢ = & (E) x Q%°(End E), or more precisely
its Sobolev completion 6, = “(F) x Q,lg’O(End E), which is closely related to that on
Q!(End E) described in Section 3.2.1. The tangent space to % at any point is naturally
identified with Q} (u E) EBQ}C’O (End E). The projection of 1-forms to their (0, 1)—part induces
an isomorphism

QG uE) —» Q' (End E), 5~ n® = In+ Lin (8)

which is inverted by ¥ +— W — U*. This follows easily from the fact that the complex
structure j commutes with taking the adjoint. Using this isomorphism, the tangent space of
¢ can be identified with Qg’l(End E) x Q}C’O (End E) = Q}(End E) and therefore inherits
the metric and complex structures from Q (End E). This makes 4, an infinite-dimensional
Hyperkdhler manifold. Written out explicitly, the metric G and the complex structures
J1, Ja, J3 are at every point in o7 (E) & Q,lc’o(End E) given by

G(m, @), (2, 22) = / e A g~ T [ ax(y 1 ),
501,) = (i, )
Jo(n, ®) = (@ — @, 3n — 35n),
J3( 7(I>) (Z(I’*+Z‘I)a277+ 2]77)
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This results in the symplectic forms

r((m. ®1). (. 82)) = =5 [ txlm nm) —Re [ ax(@1 0 99),
wa(1, ®1). (1, B2)) = — I /M (B A+ A D), (9)
ws((m, @1), (m2, P2)) = Re /M tr(®1 Ame +m A Pa).

The identification (8) is motivated by the fact that it is corresponds to the bijection d + 0
identifying unitary connections with holomorphic structures. So GG can be seen as the natural
metric on pairs consisting of a holomorphic structure and a Higgs field.

3.3 The gauge group action and its moment maps

In this section, we consider the right action of the gauge group
x4 —%,  (V,8,9)— (g7 oVog,g '0g). (10)

As it contains derivatives, we now require k > 1. Fixing V € &7 (F) we can extend this
action to the respective Sobolev completions by

Cr X Ges1 — Gy (Vo+n0,2,9) = (Vo+9 1 (Vog) + g 'ng, g~ ®g) (11)

This is well-defined and smooth by Proposition 3.7 and the fact that g=1(Vog) € Qi(uE)
and it clearly extends (10). It is also independent of the choice of V by the uniqueness of
continuous extensions. So (11) is a smooth right action of a Hilbert Lie group on a Hilbert
manifold. So we can apply the analogues of the results of Section 2 for right actions to
this action. Accordingly, we will now write £y ¢): ¢ — € for the evaluation map and
rg: € — € for the action of g € ¥.

The Lie algebra corresponding to %1 is the space I'y11(u E) of (k + 1)-fold weakly
differentiable fields of skew—Hermitian endomorphisms. Every £ € I'y.1(u E) generates a
vector field E of infinitesimal actions on %%, which is given by

~

§v.a) = Deliv,a)(§) = (VE,[2,€])

The metric and almost complex structures defined in Section 3.2.2 are invariant under this
action in the sense that T;G = G, JijoDry = Dryo J; and r;wi = w; for all g € Gy1.
This is immediately obvious when inserting Dry(n, ¥) = (¢~ 1ng, g~ 1 W¥g) into the definitions
of these structures. In particular, the action (11) is symplectic with respect to all three
symplectic structures.

In fact, the action is Hamiltonian with the moment maps p;: 65 — I'k41(u E)* given by

(V.26 =3 [

M

029 9),6) =1 [ (@7 9)). (13)
(u3(V, ®), €) = —Re/ tr((deI)) g). (14)

M

tr((FV +[@ A D)) g), (12)
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It is easy to see that these maps are smooth and are ¢ 1—equivariant, i.e. they satisfy
1i(g*V,g*®) = cppi(V, ®). Using the identities

tr([®, ] A W) = —tr([® A P]E)

and
dtr(We) = tr(dV(¥€)) = tr((dVP)E) + tr(P A VE),

which are valid for any ¢ € T'(End E) and ®,¥ € Q'(End E), we can calculate for the first
moment map

d .
div ) (11, €)(n, U) = a(t:é /M tr((FY57 4+ [0+ 00 A 07 197]) €) =

= ;/Mtr((danr [® A U*] + [\If/\q)*})g) =

= ;/M tr((dvn) f) —l—Re/M tr([@ A ‘I/*]f> =
=5 | (Ve nm —Re [ u(@.gnv) -

= (§aw)(n, ).

So w1 is indeed a moment map for the action (11) with respect to the symplectic structure
wi. A similar calculation can be performed for pus:

d(v,e) (12, &) (1, ¥) = %L:O Im /M tr((dV“’?(@ + 1)) g) —
= Im/M tr((dv\lf) &+ (Inn @) 5) —
= —Im/Mtr(VgA\p+ [, €] /\77)

= (§aw2)(n, V).

This calculation is still valid if we replace ps and we by ps and ws and Im by — Re. So all
three p; are moment maps for their respective symplectic structures.

The common zero set u; ' (0) N py 1 (0) N pzt(0) of the moment maps (12), (13) and (14)
is given by exactly those (V,®) € ¢ with

FV 4 [® AP =0,

dVe =0
These equations look very similar to Hitchin’s self-duality equations (3), (4), but they are
missing the constant term cid ®w accounting for bundles E with non—zero degree. As shown
in Lemma 2.19, the moment maps (12), (13), (14) are not unique, but can be modified by a

constant element of I'(u E')* fixed by the coadjoint action. Such an object can be represented
by a 2-form ¥ € Q%(u E) with values in the skew—Hermitian endomorphisms which satisfies

| wlavsie) = [ wtvge) = [ e veeTw),
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This is equivalent to [g,¥] = 0 for all I'(U E)), which is clearly true if and only if ¥ =
ifidg ®w for some real function f: M — R. Modifying the p; in such a way, the space
171(0) N a5 1(0) N a3 H(0) consists of all (V,®) € €, with

FY 4 [®A Q") =ifidp Quw,
dVe = gidp ®w,

where f: M — R and g: M — C are arbitrary smooth functions. The equations (3) and (4)
are recovered by choosing f = —2mpu(E)/vol(M) and g = 0.

3.4 The proper gauge group action

The purpose of this section is to show that the action defined above is proper, so that we
can apply the results from Section 2. It turns out that only the action on the space of
connections is relevant for this, and we can ignore the Higgs field for most of this section.
The proof relies on the following technical lemma. Again, let k¥ > 1 be a fixed integer. We
write I for the closed unit interval [0, 1] and I for the open interval (0,1).

Lemma 3.13. Let R C M be a coordinate rectangle trivializing E and V; € o/ (E) a sequence
of connections converging in < (E). Then there exists a set G C R, which is the complement
of a Lebesque null set, such that for every pair r,y € G the sequence of parallel transport
operators

PYi € Hom(E,, Ey)

along a rectangular path v from x to y converges.

Proof. Every V, is locally represented by 7); : JEIN Hom(R?, C™*™) such that the V;—parallel
lift 4;: I — C™ is defined by the ordinary differential equation

() = = (1) (3 () Fi 0).

However, we can not directly apply ODE theory, as the limit of the sequence 7; is not
necessarily a continuous function, but only H'. This can be solved by restricting it to the
image of a suitably chosen curve and then applying the Sobolev embedding theorem in one
dimension.

Note that 7;(dy, ): 12 — C™ ™ converges in the H' norm to a limit 7(8,,) (choosing an
arbitrary representative). Therefore, the sequence

1 1
/0 /0 01 (1, 22) (Oo) — (1, 22) (D) + (V{1 22) () — Vg, 22)(D )| ity s

converges to 0, so in particular the innermost integral is a null sequence for almost every
value of 9 € I. This implies that

G T —C™™, &i(t) = milt, ) (0ry)

is an H'-convergent sequence, so by the 1-dimensional Sobolev embedding theorem it con-
verges in C°. Let G1 C I? be the set of (x1,2) such that x5 satisfies the above.
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Now let (z1,x2), (y1,y2) € G1. Assume that they only differ in the first component, i.e.
29 = y2. Define the path v: I — R by

Y(t) = (z1 +t(y1 — 1), 72),

then the equation for its V,;—parallel lift becomes

i) = (g1 — 21)&(@1 +t(yr — 21))F (1)

Now the regularity theory of ODEs with parameters in a Banach space [Lan99, Section
IV.1] shows that va iv = 7;(1) for every v € E, depends continuously on the parameter
& € C°(R; C™ ™) and therefore converges.

Repeating this procedure for the second coordinate we get a corresponding set Go C I2.
Note that for (z1,z2), (y1,y2) € G = G1NGa, the point (x1,y2) is also contained in G, so the
parallel transports along the straight path from (z1,z2) to (z1,y2) as well as from (x1,y2)
to (y1,y2) converge and so does its composition. O]

Proposition 3.14. Let V; € @.(E) be a sequence of connections and g; € 91+1 a sequence of
gauge transformations, such that V; and gV; both converge in <, (E). Then a subsequence
of gi converges in Gyy1.

Proof. We first argue that we can assume V; € &/(F) and g; € 4. Since &/ (F) is dense
in o,(F) and ¢ in ¢,,1, we can approximate each V; by a sequence V;; € &/(F) and
each g; by a sequence g; ; € ¢. By continuity g;V; ; then also converges to g;'V; for every
i. Restricting {V;;}; to a subsequence, we can make its convergence arbitrarily fast. In
particular we can achieve that ||V, ; — Villgr < 1/5 and ||g;Vi; — ¢:Villge < 1/5 for
all 4,j. Similarly we choose a subsequence of {g;;}; such that |/g;; — gil|gr+1 < 1/j and
9%V — 97 Villgw < 1/ for all 4, j. Now define V; = V;; and §; = g;; for all i € N. Then

1gi—gill <1/, V=Vl <1/i, lg; Vi—gi Vill < 197 Vi—gi Vil + 197 Vi— i Vil| < 2/,

S0 §i — ¢i, Vi — V; and ﬁfﬁl — gV, are null sequences. Now let V,V’ € @,(E) be the
limits of the sequences V; and ¢;V;. Then %Z and g; %1 also converge to V and V’. On
the other hand, if g; has a convergent subsequence, the corresponding subsequence of g; also
converges. So we can assume without loss of generality that V; € &/(F) and g; € ¢.

Let now {(Uj, ¢;)}j=1,..~ be a cover of M by open coordinate rectangles and correspond-
ing charts. By Lemma 3.13 there is a set of good points G C Uj such that parallel transports
along rectangular paths between good points with respect to the connections V; converge.
Analogously, there is a set G’ C U; of good points for the sequence V; = ¢*V;. Both
sets G and G’ have full measure in U; and so does their intersection G N G’. Choose any
rj € GNG C Uj. As UE,; is a compact set, the sequence {(gi)z;}: has a convergent
subsequence for every j. Passing to a subsequence which converges at every x;, we now
want to show that g; converges pointwise almost everywhere.

To do this, let y € GN G and let v: I — U; be a rectangular path from z; to y. If
y: I — E is the Vi-parallel lift of v, i.e. V{5 = 0, then the curve 7(t) = (gi),7(t) is
V;—parallel. So the parallel transports are related by

Py =3(1) = (9:),5(1) = (91, P (9:)av
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and thus (g;)y = Pyi (9i)z; (Pyg)_l. Now by Lemma 3.13 both parallel transports converge

and by the above paragraph (g;)., also converges. So g; converges at every point y € G NnNG'.
Repeating this argument for every U; shows that g; converges almost everywhere pointwise.

Let V € #,(E) be the limit of V; and V' € &(F) the limit of V, = ¢V;. Choose a
reference connection Vo € &/ (E) and let n; = V; — Vg and 0, = V, — V. Then n;,n, €
QY (u E) satisfy

Vogi = gin; — Migi (15)
since Vo + 1} = giV; = Vo + g; ' (Vogi) + g; ' nigi-

Since (g;)y is unitary for every y € M, its (Frobenius-) norm is bounded by v'rk E, which
is 8-integrable on the compact manifold M. So the L® dominated convergence theorem
implies that g; does in fact converge in L®. Since 7; and 7} also converge in the L®~topology
by the Sobolev embedding theorem, the right hand side of (15) then converges in L*, so g;
even converges in W14, Now by Proposition 3.7 (15) converges in H', so g; converges in H?.
From now on, we can use the Sobolev multiplication theorem to iterate further, ultimately
leading to a convergence of g; in the H*+1-topology, which was the statement we wanted to
prove. O

Corollary 3.15. The group action
Co X D1 = Gy (V,®,9) = (97" 0 Vg, g7 ' 2g)
1S proper.

Proof. This follows from Proposition 3.14 since convergence (V;, ®;) — (V, ®) in %} implies
the convergence V; — V in @7 (E). O

3.5 The infinitesimal Hitchin equations

Take any smooth solution (V,®) € 2" of Hitchin’s equations and consider the sequence ($)
being Hitchin’s equations)

Tepi1 202, Ty 506 20D T . (16)

This is a complex by gauge—invariance with first—order differential operators as maps. More
precisely, it arises as the Sobolev extension of the complex

05 TWE) 4% Q'wE)® Q" (End E) 22 Q?(WE) ® Q*(End E) — 0 (17)
with the operators d; and dy are defined by
digy = (V, [, ¢])  da(n, ¥) = (dVn + [® A W]+ [W A D], dV W + [ A D)).

These expressions can be calculated by inserting infinitesimal curves into /(v 3y and $), and
then taking the derivative at ¢ = 0. The associated complex of symbols is

05 ufb 229 AN @uE)s (A ®@End E) 2= A2 u E@ A2 @ End E — 0

for every & € T*M \ 0. This sequence is exact, so (17) is an elliptic complex. Elliptic
regularity theory then implies that, on the appropriate Sobolev spaces, the Dirac operators
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d; +dj and dj + dy are Fredholm. The operators d and d} are the L?-adjoint operators of
d; and dy and therefore themselves first—order differential operators. Explicitly, dj is given
by

di(n, ¥) = —trg Vi + 5([@*, ¥]) + ([, 7))

where the trace in this expression comes from the Riemannian metric g on M.
Using the Atiyah—Singer index theorem, we find that the index

2
x=Y (-1)idimH,  H =kerd11/imd;
=0

of the complex (17) is given by x = —4m?(y — 1) where 7 is the genus of the surface M.
Now let (V,®) € 2 be not necessarily smooth. Then, with n =V — Vy € QL (uE) and
U=23-; e, (End E), we have

diw,e) = (V, [@,9]) = (Vou, [P0, ¥]) + ([0, ], [V, ¥]) = d1yp + K.
The operator
K: Fl+1(uE) - Qll(uE) @ QII,O(End E)v Ky = ([Uﬂ#]a [‘I’Mﬁ])

for any non—negative integer 0 < [ < k can be written as a composition of the compact
Sobolev embedding H*! <« Wh* and a multiplication operator which is continuous as a
map H¥ x W'* — H! by either Theorem 3.6 or Proposition 3.7. Therefore, K itself is
a compact operator. Similarly, the operators dg,d] and d5 and therefore also the Dirac
operators d; + d3 and dj + da, at non-smooth (V,®) € 2}, are just compact perturbations
of such operators at a smooth pair. As such, the operators d; + d3 and dj + dz on H +1
are still Fredholm. This implies that d;,ds,dj,d5 all have a closed image in H I since
imd; C kerds = (imdj)*.

3.6 Regularity theory

Up to now, we have only constructed a moduli space of (irreducible) weak solutions of the
Hitchin equations modulo weak gauge transformations. But what we are actually interested
in is the moduli space of smooth solutions modulo smooth gauge transformations. We
will now use elliptic regularity theory to show that these are in fact the same. We have
already seen in Section 3.5 that Hitchin’s equations are elliptic up to a non-linearity and a
gauge invariance. While the non-linearity is relatively nice and does not interfere much the
regularity theory, the gauge invariance must be eliminated before we can apply the standard
results for elliptic operators. This is done by a gauge fixing procedure which relies on a
concrete version of the slice theorem, Theorem 2.13. Figure 1 gives an overview.

Lemma 3.16. Let k > 1 and df(v.e): QLuE) @ Q,°(End E) — Tj_i(uE) be the L*-
adjoint of the infinitesimal gauge transformation from Section 3.5 at the point (V,®) € €.
Then

1. For all (V1,<I>1), (VQ,(I)Q) € 6k,

di(v,,0) (V2 = Vi, P2 — @1) = dj(v,,6,) (V2 — V1, P2 — ©1).
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_— orbits

(Vo, CI)()) + imd; (Vo, (I)o) + ker d’{

Figure 1: Near a solution (V,®) € 2} exists a smooth pair (Vo,®g) € % such that in
a neighborhood (gray) containing (V,®) every orbit intersects (Vo, ®¢) + ker d}
exactly once. ¢*(V,®) then satisfies the gauge fixed equations around (Vg, ®g)
and is thus smooth.

2. For all (V,®) € 6 and g € G411,
A} (v, 0) (91, 6" V) = g7 (A} (v.0) (1, ¥)) g.
3. For all (V1,®1),(Va,®2) € € and g € Giy1,
df(vy,00) (0" Va—V1,0" 02— ®1) =0 & df(v,0,) (97 ") V1—=Va,(g7") @1 —Py) = 0.

Proof. Let ¢ € I'(uE) and n = Va — V;, ¥ = &g — &;. Then, for i € {1,2},

(5 w00 (1 0), ) 2 = (. D), (Vith, (@5, 6])) 2 = / (1, Vith) w + / Re(¥, [&;, §])

Subtracting these terms for ¢ = 1,2 from each other we get

[ nwhes [Rew oo == [(nahviw+ [Re((e, v),0)0
The first summand vanishes since ([—, —]) is antisymmetric and the second vanishes because

([, ), ) = (U7, W)™, %) = =(([¥", W), 9),

so (([¥*, U]), ) is purely imaginary. This proves the first part of Lemma 3.16.
For the second part, we start with showing a similar equivariance property for d;. First
of all, for any ¢ € I'(End E),

Vighg™) = (Vg)bg  +9(Vp)g ™ +gv(Vg™) = g(Vi+lg™ (V). ¥])g~" = g((g"V))g™
since Vg=! = —¢g71(Vg)g~!. Together with the identity [®, gyog~!] = glg*®,]g~! we get

di(v.a)(gvg™") = g(dl(g*v,g*q>)¢)9_1~
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The desired identity follows from this simply by dualizing (with ¢ € I'(u E)):

(d} (g vg@) (g, 97 0), ) = ((g"n, ¢* V), d1 (v g @) = (g™, 9" ), g di(v.0) (929 ")g)
= (0, 9),diw,a) (989 ")) = (g7 (di(w,0)(1, ¥)) g, ¥)

The third part of Lemma 3.16 just follows from the first two parts. O

Theorem 3.17 (Regularity). Let k > 1 and (V,®) € 2} be a solution of Hitchin’s equa-
tions. Then there exists a gauge transformation g € 911 such that g*(V,®) € Z .

If (V;, ®;) € 24 is a sequence of solutions converging to (V,®) € 2 in the H*—topology,
there is a sequence of gauge transformations g; € Y11 converging to the identity, such that
95 (Vi, ®;) € Z for alli and gf (V;, ®;) converges to (V,®) in the C*°—~topology.

Proof. We use Theorem 2.13 for the action € X %11 — 6 at apoint z = (V, ®) € 2 C G
with special choices for /' and Q. As a complement of T{y ¢)(%+1(V,®)) = imd; (v ¢) in
Tv,®)€r we choose F' = kerdj(v g), where dj(v e) is seen as an operator from H* to
H*=1. Then F is the L? orthogonal complement of T,(Gz) and clearly closed. It is also
(9k11) (v,@)—invariant due to part 2 of Lemma 3.16. The function Q: T(y ¢)6k — €} is just
given by the affine structure of %, ie. Q(n, V) = (V +n,® + ¥). Then Theorem 2.13
tells us that there is a % —invariant neighbourhood vV C ¢ of (V,®) such that every
(Vo, Do) € V is of the form ¢*(V + 5, ® + ¥) for some (1, ¥) € ker di(v,0) and g € G 11
Since € is dense in %}, we can choose (Vo, ®g) € ¢ NV. Then

dfv.e)((g7") Vo=V, (g7 o — @) = df(v.0)(n, ¥) =0
and therefore, using part 3 of Lemma 3.16,
dY(vo,d0)(9"V — Vo, 9" ® — @) = 0.

Now using the abbreviations n = ¢*V —V( € QL (uE) and ¥ = g*® — & € Q,lc’O(End E) we
can write this out explicitly:

trgVon = 5([®5, 1) + 5([®o, T*]) (18)
Hitchin’s equations for (¢*V, g*®) = (Vo +n, &9 + V) take the explicit form

dVop = —FV0 —pAn— [+ T A D, + U] + cid Quw, (19)
d¥0w = —d%0@) — @0 A 7] — [¥ A 7). (20)

The operator (1, ¥) — (tr,Von,dVon,dy ¥) is elliptic. If & > 2 then the right hand sides of
(18), (19) and (20) are H* by the Sobolev multiplication theorem, so elliptic regularity shows
that n and U are in fact H**!. Repeating this argument shows that n and ¥ are even C'®
and therefore g*(V,®) € 2. If however k = 1, so that i, ¥ are only H', then the Sobolev
multiplication theorem does not apply. But both 1 and ¥ are L® by the Sobolev embedding
theorem, so the right hand sides of (18), (19) and (20) are L* by Hélder’s theorem. Now
we can apply the LP elliptic regularity theorem [Bes87, Theorem 31, Appendix| to obtain
that n, U are W14, so their product is H' again by Holder’s theorem. Standard L? elliptic
regularity then shows that 7, ¥ are H? and we can continue with the argument above.
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Now consider a sequence (V;, ®;) € 2 converging to (Vo,®o) € Z". Applying Theo-
rem 2.13 with the above choices for F' and @ around (Vy, ®g), and neglecting finitely many
elements of the sequence (V;, ®;), we get a sequence of gauge transformations ¢; € %41 and
a sequence of solutions (7;, ¥;) € kerdj (v, a,) such that

(Vi, @) = g; (Vo +ni, @0 + ¥;) (21)

and [g;, (n;, ;)] converges to [e,0] in G x g, F. That is, by modifying g;, n;, ¥; by elements
of stabilizer, we can assume that g; converges to e and (n;, ¥;) converges to 0 in H*. Since
inversion in a Lie group is continuous, h; = g; ! also converges to e and by (21) we have 7; =
hiV;—Vo and ¥; = h'®; — ®q. So (1;, ¥;) is a solution of the equations (18), (19) and (20)
converging to 0 in the H*topology. Repeating the arguments of the last paragraph, we see
that the (n;, ¥;) are C* and converge in the C*°~topology. So h}(V;, ®;) = (Vo+n;, Po+¥;)
satisfies the statement of the theorem. O

3.7 The stabilizers

The quotient of any group action depends heavily on the stabilizers of this action. The
simplest case is that of a free action, i.e. when all stabilizers are trivial. This leads to a
very homogeneous quotient space which is similar to a quotient of a group by one of its
subgroups. The situation for our action however is a bit more involved: For example, gauge
transformations of the form g = \idg for some A € S! act trivially on all Higgs pairs. It will
turn out that these are the only trivial gauge transformations for generic Higgs pairs, but
on special reducible Higgs pairs the stabilizer can be more complex. So to have a reasonable
structure on the moduli space, we will have to restrict to irreducible pairs.

Definition 3.18. The pair (V,®) € € is reducible if there are a nontrivial orthogonal

decomposition £ = E1® FEs, unitary connections V1 on F1 and Vo on Ey and endomorphism—
valued forms ®; € QV9(End F;) and ®; € Q°(End E») such that

(Vi 0 (P 0
B O L )

The space of all irreducible pairs in € is denoted by €.

Proposition 3.19. If deg(FE) and tk(E) are coprime, then every solution (V,®) € 2 of
Hitchin’s equations is irreducible.

Proof. Suppose (V,®) on E = E; @ Es is reducible to (V1,®1) on F; and (Va, ®2) on Es.
Then the first of Hitchin’s equations states that

<FV1 FV2> N <[<I>1 A ®%] ) Aq)z]) _ _Vj(%“(E) <idE1®OJ idE2®w) '

Taking the trace of the Ej—part and integrating, the term [®; A ®}] vanishes and we get

E
—orideg(Ey) = —2m‘1€1’{g((E)) rk(E),
so u(E1) = p(E). But this is impossible since rk(F) < rk(E) and deg(F)/rk(F) is already
a fully reduced fraction. O
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Lemma 3.20. Let V € &/ (E) and g € 4 be V—covariant constant, i.e. Vg = 0. Then g
commutes with all V-parallel transport maps P, and E decomposes orthogonally as a direct
sum of subbundles E = EM @ E*? @ ---® EM on each of which g acts by multiplication with
a constant scalar \; € S*.

Proof. Let v: I — M be a smooth curve from z to y and 5: I — FE its parallel lift with
7(0) = v € E;. Then ¥(t) = g,»7(t) also defines a parallel curve with 7(0) = g,v, so
Pygv =75(1) = g,7(1) = gy Pyv.

Choose a point x € M. Since g, is unitary and therefore diagonalizable it has an eigenvalue
), i.e. the eigenspace E} = {v € E, | g,v = \v} is nontrivial. For any other point y € M
we define the subspace E&\ = PV(E:;\) C E, using an arbitrary curve «v: I — M from x to
y. This definition does not depend on the choice of v: If 4/: I — M is another such curve,
then g, (P,,-10) = P\ -1g,0 = A(P,.,-1v) for any v € EJ, so P,,-1v € E7 and thus

P

(E2) 3 Pyv = Py(Py (Py(v) = Py Py (v)) € Py (ED).

Y Y

Applying this construction at every point y € M, the spaces E?;\ combine to a smooth
subbundle E* of E: In a bundle chart ¢ for E defined on a coordinate ball, consider the
family of curves -, connecting y to the origin in a straight line. By the theory of ordinary
differential equations their associated parallel transport maps P, depend smoothly on y
and they linearly transform cp(E;‘) to the same subspace of C™. So the composition of ¢
and P,_ is a bundle chart which maps E* locally to a fixed linear subspace.

Furthermore g,P,v = P,g,v = AP,v for all Pyv € E;‘, i.e. the action of ¢ on E* is
just multiplication by \. Since E* has nonzero rank, iterating this proof on the orthogonal
complement of E* yields the desired decomposition. O

Lemma 3.21. Let g € 911 and (V,®) € € such that (V,®)-g = (V,®). Then there is
an orthogonal decomposition into subbundles E = E1 @ --- @ Ey, connections V; € o/ (E;),
fields ®; € QV9(End E;) and distinct constants \; € S* such that

Vi dq )\1
Vi P Al
Conversely, if V € o/ (E), ® € QY9(End E) and g € %11 can be decomposed in the above
way, then (V,®)-g=(V,®).

Proof. The identity (V,®) - g = (V,®) implies that g commutes with ® and Vg = 0.
This implies in particular that g € ¢ is smooth. By Lemma 3.20 there is an orthogonal
decomposition F = E1 @ ---® Ej so that g is of the desired form. We have to show that the
eigenspaces F; are invariant under ® and V. But since for v € F;, X € TM we have

gPv = Pgv = PA\jv = \;Pv gVxv=Vx(gv) =Vx(\v) =\ Vxuv,
both ®v and Vxv are again in F;. The converse is trivial. O

Now the irreducible pairs are exactly those where the decomposition from Lemma 3.21
is trivial, i.e. their stabilizers consist only of gauge transformations of the form Aidg for
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A € S To use the results of Section 2 we now consider Sobolev spaces and identify the
open subset € (g1) C €k. It can be interpreted as the set of irreducible Higgs pairs in ¢}
due to the following theorem.

Proposition 3.22. The subsel 6} = €51y C € of pairs with stabilizer ST with respect to
the action €, X 941 — Gk is an invariant open submanifold and satisfies €* = € N6}, .

Proof. The subgroup S' C %1, consisting of all elements of the form \idg, acts trivially
on 6y, so it is contained as a subgroup in every stabilizer. So by Corollary 2.14 the subset
Cr(s1) C 6k is a Gy -invariant open submanifold. The only thing left to show is €™ =
CNEE. If (V,®) € € and (V,®) - g = (V, ®) for some g € Gy, then V + g~ 1(Vg) =V,
so Vg = 0 and in particular g is smooth. Lemma 3.21 and the irreducibility of (V,®)
then imply g € S1, so (V,®) € €. If on the other hand (V,®) € ¢ N %}, then it
must be irreducible, as otherwise there is a gauge transformation acting non—trivially on
its irreducible components (for example, multiplication by —1 on one component, and the
identity on all others). O

Though this also shows that the irreducible solutions Z;* are an open set in 2}, it does
not say how common irreducible solutions are. In fact, we don’t even know yet if there exist
irreducible solutions at all, except if deg(F) and rk(FE) are coprime. As irreducible solutions
correspond to stable Higgs bundles via the Kobayashi—Hitchin correspondence, one can study
this question using algebraic methods. But we can also use purely analytic arguments to
show that 2" is dense in 2}, i.e. that irreducibility is the generic case. This is what will
be done in the remainder of this section.

Theorem 3.23. Let (V,®) € 2 be a smooth solution to Hitchin’s equations and let H =
(Gr11)(v,0) C Gir1 be the stabilizer of the 91 -action at this point. Then 2y gy C Xy is
a submanifold of codimension at least 4(1 — 1)(Iy —1 — 1) where ~y is the genus of M and I
is the maximal number of irreducible components of (V, ®).

Proof. By Corollary 2.14 the codimension of (Z}) gy in 2}, is dim F' — dim FH where F is
a subspace of Ty )£} satisfying the conditions in Theorem 2.13 and H acts on it linearly
via differentials. A natural choice for F' is the first cohomology of the complex (17), i.e. the
space of solutions (7, ¥) € Q' (uE) @ Q'Y (End E) of the equations

AVn = —[® A TF] — [U A DF],
AV = —[n A9, (22)
tr Vi = 5{[®*, ¥]) + 5{[®, T*]).

Note that we can assume that n and ¥ are smooth since (22) is a linear elliptic system. The
action of H on this space is by conjugation:

d

= gl 9 (Vi ®+t¥) = (0-'ng.g"\Bg)  Vge H

Dy ayrg(n, ¥)

Now let £ = Ey & --- @ E; be an orthogonal splitting with respect to which V and &
decompose into V; € <7 (E;) and ®; € Q'(End E;). By Lemma 3.21 there is a ¢ € H which
acts on each of the E; by multiplication with a distinct \; € S'. Every (n, ¥) € FH satisfies
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gn = ng and g¥ = Wg, which implies that  and ¥ also decompose into 1; € Q! (u E;) and
U; € QY0(End E;). Tt is clear that these solve the corresponding equations (22) for the
bundles E;. So F is contained in the product of the solution spaces of (22) for the bundles
E;, each having dimension 4m?(y — 1) + 4 (see Section 3.8 , where m; = rk E;. So

l l

dim F7 <) “(dmi(y — 1) +4) =4l +4(y - 1) > _m}
i=1 =1

and thus

dimF —dim F” > 4(y—1) Y mm; +4 -4l >4(y-1)I(1-1) - 4(-1). O
1<izj<l

Corollary 3.24. If v > 2, the subset 2;" = Zy(s1y C 2k of solutions to Hitchin’s equations
with stabilizer S* is 9Gy,,1 —invariant, open and dense and satisfies AIENT =2,

Proof. Since Z;F = €;; N Z}, it is clear that 2" is ¢4 -invariant, open in 2}, and 2;" N
X = 2. The set 23\ Z; of reducible solutions is the union of the sets (2% ) for all
subgroups S' # H C %1 which occur as stabilizers. These sets are submanifolds of 27,
with codimension at least 8y—12 by Theorem 3.23, so they are nowhere dense. Corollary 2.15
thus shows that the set of reducible solutions is a countable union of nowhere dense sets, so
it is nowhere dense by Baire’s theorem. O

3.8 The moduli space

Now we have all ingredients together to obtain a smooth moduli space of solutions of Hitchin’s
equations (3) and (4). Fix an integer k > 1. Then by Section 3.3 there is a smooth action

G X ngrl — G (23)

which is proper by Corollary 3.15 and splits by Section 3.5. According to Proposition 3.22,
there is an open %4 -invariant subset ¢, C ¢} where the stabilizer of this action equals
St C 4,1 and the smooth Higgs pairs €* = ¢, N'¢ in this set are precisely the irreducible
ones.

Furthermore, Section 3.2.2 defined a Riemannian metric G, complex structures Jp, Jo, J3
and symplectic structures wq, wa, ws on 6%, which are all compatible and ¥ -invariant and
with respect to which, by Section 3.3, the action (23) is Hamiltonian with moment maps
1, [2, 43, which split by Section 3.5 (their differentials are given by the operator dg). The
intersection of their zero sets is precisely the set 2} of weak solutions of Hitchin’s equations
and 23, N6, = 2, by definition.

Theorem 2.24 then implies that the moduli space .#; = 2" /%1 naturally carries the
structure of a smooth Hyperkéhler manifold. The map 7: 2,7 — .} is a smooth submersion
and 2" C 2 is open, so its differential Dr induces an isomorphism Ty ¢) 2%/ ker Dm =
Tiv @) #;; at every (V, ®) € 2. From the infinitesimal picture in the proof of Corollary 2.16
it is clear that ker D = imd; C QL(uE) & Qi’O(End E) and since T(y ¢) 2% = kerds, the
tangent space Tjy ¢)-# equals the first cohomology of the complex (17). To obtain its
dimension

dim H' = dim H® + dim H? — ¥,
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we use that dim H = dimkerd; = dims' = 1 by irreducibility and dim H? = 3dims' = 3
by the proof of Theorem 2.24. Then Section 3.5 tells us that y = —4m?2(y — 1), so

dim .4 = dim H' = 4m?*(y — 1) + 4.
If k,1 > 1 then .} and 4", are diffeomorphic. Indeed, consider the map
My — Ay, [V, 0] = [V, D] (24)

It is well-defined since ¥.o—equivalent pairs are also % 1—equivalent. To see that it is
injective, let (Vg, ®2) = g*(V1, ®1) for (V1,®1),(V2,®2) € 27, and g € 9j11. Then, for
any Vo € & (E), m = V1 — Vg and 9y = Vo — Vj, we have

Vog = gn2 — my,

which is H**1 by the Sobolev multiplication theorem, so g € %.o. The map (24) is also
surjective by Theorem 3.17. It is smooth because the inclusion 2%, — 2} is and as a
smooth submersion the map 277 | — ., | admits smooth local sections. Identifying the
tangent space of .#* with the cohomology H' of the complex (17) as above, the differential
of (24) is just the identity on H', which is an isomorphism since its dimension does not
depend on k. So (24) is indeed a diffeomorphism. It is evident from the definition of all
relevant structures that this is even an isomorphism of Hyperkdhler manifolds.

In particular, if we endow 2" and ¢ with the C*°—topology and .Z* = 2™*/¥ with its
induced quotient topology, there is a similar inclusion .#* < .#; which is bijective by
the same argument. It is continuous by the very definition of the quotient topology and
so is its inverse by Theorem 3.17. So it is a homeomorphism and we can therefore transfer
the smooth Hyperkdhler structure to the space .Z* respecting its topology. This does not
depend on k by the last paragraph.

In conclusion, the space .#* = 27*/9 is a (4m?(y — 1) + 4)-dimensional Hyperkihler
manifold arising as a Hyperkéhler quotient €} /%41 for any £ > 1. Its tangent space at
[V,®] € .#* is the first cohomology of the complex (17) and it is an open and dense subset
of # = Z /9. Its symplectic structures are given by the restriction of (9) to vectors tangent
to 2 (i.e. solutions of dy in the complex (17)).
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4 The Hitchin fibration

4.1 Elementary symmetric polynomials

Let V be a m—dimensional complex vector space with a scalar product. Then we can define
maps s;: End V — C for i =0,...,m by

det(tid+f) = Z si(f)tm vt € C.
1=0

They are called elementary symmetric polynomials. The limit cases are so(f) = 1 and

sm(f) = det(f).

Very similar in their properties, but easier to define concretely, are the functions
tr': End V. — C, f>trf

fori=1,...,m.

Both these families of maps are invariant under conjugation, ie. if g € GL(V), then
si(gfg™Y) = s;(f) and tr'(gfg~') = tr'(f). By representing an endomorphism f in a basis
and triangularizing the resulting matrix, it is easy to see that s;(f) and tr’(f) only depend on
the eigenvalues of f. In other words, adding a nilpotent endomorphism to f does not change
the value of s;(f) and tr’(f). The following lemma shows that every s; can be expressed as
a polynomial of the tr/ and viceversa.

Lemma 4.1. Let f € End V. The elementary symmetric polynomials s;(f) and the tr*(f)
are determined by each other via the recursive identity

%

isi(f) =D (=17t (f)siy(f) (25)

j=1
forallie{1,...,m}.

Proof. As s;(f) and tr’(f) are unchanged when adding a nilpotent endomorphism to f,
we can assume that f is normal with the eigenvalues x1,...,z, € C. In a diagonal basis
representation for f we see that

D Usi(H =t si(HET =t det(t id+f) = (1 + ta). (26)
i=0 =0 i=1

Differentiating the right hand side of this for small enough values of ¢ gives

m m m m o0 m
[Tt +tz) = T+t = [ SN (-0t | [T + tai) =
dt i=1 j=1 1+ ta; i=1 j=11=0 i=1

- (Zevwron) (Saoe)
1=0

Equation (25) then follows by comparing the coefficients of this power series with the deriva-
tive of the left hand side of (26). O
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When expressing s;(f) by tr!(f), ..., tr'(f) with recursive applications of (25), it becomes
clear that s; is a homogeneous polynomial of degree i. That is, there exists a multilinear
map 5;: (End V)! — C with s;(f) = 5(f, ..., f) for all f € End V. This multilinear map is
unique if we also require it to be symmetric.

4.2 The Hitchin fibration

Let M be a compact connected Riemann surface and £ — M a complex vector bundle
of rank m. The elementary symmetric polynomials s; and the functions tr’ then induce
maps Q'0(End E) — I'(K®%), which we also call s; and tr?, as follows. First, applying
s;: End E, — C pointwise, we get a map s;: ['(End F) — T'(C). Since it is a homogeneous
polynomial of degree 4, there is a unique symmetric multilinear map 5;: I'((End E)*) — T'(C)
such that s;(¢) = si(p,...,¢). Then we define the multilinear map

§:T((T*"M ® End E)*) — T'((T*M @ C)%?)
by multilinearly extending
i1 ® @1, 0 ® i) = 8i(p1,. .., ) 1 @+ ® oy,

for ay,...,q; € T(T*M) and ¢1,...,p; € T'(End E). This in turn corresponds to a homo-
geneous polynomial

si: QY(End E) - T((T*M @ ©)%Y),  si(®) = 5(®,..., ).

Clearly its restriction to Q'0(End E) maps into T'((Ab?)®%) = I'(K®%), where K is the
canonical line bundle on M. Applying the same construction to the functions tr® gives maps

si, tr': QY9(End E) — T(K®Y)

for every i = 1,...,m. The canonical bundle K, and thus also K®! carries a natural
holomorphic structure. The next lemma gives conditions for the result of s; and tr’ to be
holomorphic with respect to this structure.

Lemma 4.2. Let V € o/ (E) be a unitary connection and ® € Q'°(End E) with dV® = 0.
Then s;(®) and tr*(®) are holomorphic sections of K® for alli € {1,...,m}.

Proof. First we show that dtrp = tr Vo for all ¢ € I'(End E). Let X € TM and {e;} be a
V-parallel local orthonormal frame of E. Then

Xtr(p) = ZX@, per) =Y (Vxei,e) + (e, Vx(per)) = > (e, (Vxp)er) = tr(Vxp),

2 (3

so dtryo =trVe.

Now let ® € Q10(End E) be holomorphic. In local holomorphic coordinates on an open
set U C M, we can write ® = dz ® ¢, where ¢ is a local holomorphic section of End F
with its holomorphic structure given by V, i.e. Vo € QM(End E|y). Then V' is also a
(1,0)-form and so is dtrp’ = tr Vo', hence tr ¢’ is a holomorphic function on M. This in
turn implies that tr!(®) = (tr¢*)(dz)®* is a holomorphic section of K. By Lemma 4.1
s;(®) is then holomorphic for all i € {1,...,m}. O
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In particular this lets tr’ and s; induce maps
sit X — HOM,K®)  tr': 2 — H°(M, K®"),

where H(M, K®%) is the space of holomorphic sections of K®?. Since s; and tr’ are invariant
under conjugation, these maps descend to the moduli space .# and together assemble to
maps

pr M — @ H(M,K®), [V,8] = (51(D),...,5m(P)),
=1

p: M~ éHO(M, K®,  [V,®] — (tr'(®),..., tr"™(])).
=1

When restricting to the moduli space .Z™* of irreducible Higgs bundles, the maps p and p
are smooth and even holomorphic with respect to Ji. The map p is often called the Hitchin
fibration.

Lemma 4.3. The space

% = H' (M, K
=1

is a m?(y — 1) + 1-dimensional complex vector space, where v is the genus of M.

Proof. This follows from the Riemann—Roch theorem, which states that for every holomor-
phic line bundle L — M we have

dim H°(M, L) — dim H*(M, K ® L*) = deg(L) — v + 1.

When we insert the trivial line bundle for L, which has degree 0 and satisfies dim H(M, L) =
1, since its only global sections are the constant functions, we obtain

dim HO(M, K) = ~. (27)

Now we apply Riemann—Roch again with L = K. Since K ® K* is isomorphic to the trivial
bundle we get
v—1=deg(K)—~v+1,

so deg(K) = 2y — 2. Finally, we can use the Riemann-Roch theorem with L = K®! using
that deg(K®?) = i deg(K) and that K7 for negative j has no holomorphic sections to obtain

dim HO(M, K®) =i(2y - 2) — v+ 1= (y = 1)(2i — 1)
for i > 2, which added up together with (27) gives the statement of the lemma. OJ

4.3 Properness

An important property of the Hitchin fibration, which we will prove now, is that it is proper,
i.e.the preimage of every compact set is compact. In particular this implies that every fiber
is a compact subspace of .#. First, we need some estimates.
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Lemma 4.4. Every nilpotent matriz A € C™*"™ satisfies
JAJ2 < c [, 47|
for some ¢ > 0 depending only on m.
Proof. For an arbitrary matrix A € C"™*™ the Frobenius norm satisfies the inequality
IA]? = [tr A*A| = [(1, A*A)| < [[1]|[[ A" Al = v/n[|A*A]|, (28)

the right hand side of which can be expressed using

1[4, A*]||> = tr(AA*AA* — AA*A*A — A*AAA* + A*AA*A) = 2||A*A|]? — 2| A%|%. (29)
Plugging (28) and (29) together then gives the inequality

A" < gml|[A, A|[* +ml| A%, (30)

1
2
From the expansion

[AZ, A*Q] = A[A, A¥|A* + [A, A¥|AA™ + ATA[A, A*] + A*[A, A% A,

sub—multiplicativity of the Frobenius norm and the elementary fact that ||A|| = [|A*]|, we
then get the estimate

I[A%, A7) < 4]|A]1%|I[A, A (31)

We now show the lemma for every A such that A% = 0, using induction over k € N. The
case k = 0 is trivial, so let A € C™*™ guch that AT = . Using the induction hypothesis
for A2 and then (31), we get

1A% < c][[A%, A™2]|| < 4]l AlIP[I[A, A"]] (32)
and therefore, combining this with (30),
AN < gmll[A, A||? + dme| AJ]?||[A, A*]]. (33)
This can easily be solved to
IAI? < (v/m/2 + 4m?c2 + 2me)||[A, A7]|,

proving the lemma, since all nilpotent matrices are covered as soon as 2F > m. O
Lemma 4.5. Let A € C™*™ have the eigenvalues A1, ..., Ay € C. Then
m
AP < erll[A, ATl +e2 > Il
i=1

for some constants c1,co > 0 depending only on m.
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Proof. Any matrix can be decomposed into a sum A = D + N such that D is normal and N
is nilpotent. Since D is normal, Lemma 4.4 and sub-multiplicativity of the Frobenius norm
yield the inequality

INI? < ell[N, N*]|| = cl[D + N, D* + N*] = [D, N*] = [N, D*]|| < ¢l|[A, A"]|| + 4| D[IN]].

Solving this for ||N|| gives the estimate

INI| < V/ell[A, A|| + 4¢[| D% + 2¢|| D)
which can be rearranged into
AN < (1Dl + IN])? < 2¢]|[A, A*]|| + (16¢* + 8¢ + 2)|| D||*.

This is the desired result since || D||? is the sum of the absolute squares of the eigenvalues of
D, which are equal to those of A. O

A direct consequence is the following:

Corollary 4.6. Using any norm on the finite-dimensional space HO(M, K®"), there are
constants c1,ca such that, for all ® € QY°(End E),

19174 < crll[@ A @72 +e2 ) llsa(@)]*,
i=1

where m =1tk E and s1,..., sy are the elementary symmetric polynomials.

Lemma 4.7. Let V be a unitary connection on E, V the connection on T*M ® E induced
by V and the Levi-Civita— or Chern connection V¢ and let @ € QLO(E). Then e =0¢
QLY(E) is equivalent to 3 d=0¢ QOYT*M @ E).
Proof. Let ¢1,...,0om be alocal gvfholomorphic frame of E and write ® = o' ® ¢; for some
a' € Q. Then

dV(a' @ p;) = da’ @ p; — a' AV;

6(0/ ® ;) = Vo o' ® i +a' @ V.
Taking the (0,1)-parts of these equations, the last terms vanish, since ¢; is a holomor-

phic frame. Moreover, the (0,1)-part of Ve ol equals da’ by the definition of the Chern
connection. O

Lemma 4.8. Let (V, ®) be a solution of the Hitchin equations. Then ® satisfies the inequal-
ity

I[® A ][[L2 < V—Fmin|| | 2 (34)

where Kmin < 0 s the minimum of the Gaussian curvature of M.
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Proof. Let V be the unitary connection on 7*M ® End F induced by the Levi—Civita resp.

Chern connection on 7'M and the connection V on E. Lemma 4.7 together with gv@ =
dV<I>~: 0 implies that V® € QV9(T*M @ End E). Consider the 1-form on M given by X
(P, VxP)r+poEnd £- The statement of the lemma will follow by calculating its derivative

d(D, VD) = (VD A VD) + (&, FV D). (35)
The first summand is equal to
(VO AVD) = —(VP, * VO)w = i|VP||*w (36)

since * = —j and V® is a (1,0)—form. The second summand in (35) can be expressed in
terms of the curvatures of V and the Levi-Civita connection.

v * Vv,L
(D, FYO)(X,Y) = (&, —OF§ + [FYy, ®]) = (&F, —FY %) + (D, [Fy5, @) (37)

Now suppose (X,Y) = (e1, e2) is a positively oriented orthonormal basis of the tangent space
(at some point) and let ¢; = ®(e;) € End E. Then

(@ FLOr0N = (e @ pi, FLOTe; @ 05) = > (i i){ej, FLS i) = —2ki Im(p1, pa)
,J 4,J
where k is the Gaussian curvature of M. But we also have
(BAB) = (i, 050€" Nl = ({p1,02) — (P2, 01))e! A e = 2iTm (1, pa) w
,J

so the first summand in (37) equals k(® A ®@)(eq,e2) = —r(®,xP) = ix||®||>. The second
summand in (37) can be calculated using

FYL = —[® A B*(er, e0) = ([®, % %)) = i([®, *])

€1,€2

which implies

(@, [Fey e @) = (([@,9%]), FoYay) = all([@, 2> = | [@ A @717, (38)
where the last equality again follows from * = —j. Now we can combine (35), (36), (37) and

(38) and obtain N N
d(@, V) = i||VO|*w + ix|[*w + i[[[@ A 2] w.

Integrating this yields

IVe72 + /MRHCI’HQW +l[@ A @7 =0,
from which (34) follows. O
Theorem 4.9. The map

p: M — B, [V,P]— (s1(P),...,sm(P))

1S proper.
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Proof. Choose any norms on the finite-dimensional spaces H(M, K®%), let C be a compact
subset of # and let (V;, ®;) € £ represent a sequence in the preimage of C. We want to
show that a subsequence converges up to gauge transformations. Since C' is bounded, by
Corollary 4.6 there are M, c > 0 such that

19:l174 < ell[®i A 7172 + M (39)
for all . But using Lemma 4.8 we have
1@ A @{]l|72 < [minl*|Lill72 < clfminl*[|[@: A ]2 + |Fmin|*M.

Solving by ||[®; A ®}]|| 12, we see that this is uniformly bounded in L? by some constant, and
by the first of Hitchin’s equations so is F'Vi. By Uhlenbeck’s weak compactness theorem
[Weh04, Theorem 7.1] there is a sequence of gauge transformations g; € % such that a
subsequence of ¢V, converges weakly in the H I topology to some V € 27. Passing to
this subsequence, [Weh04, Theorem 8.3| implies that there is a further sequence of gauge
transformations h; € % 4 C % with, for high enough 1,

Vi =0 and |1 s < cllgi Vi — V|| a.

where we wrote 1; = hig;V; — V € Q}(u E). The embedding H' < L* is compact, so this
shows that 7; converges to 0 in the L* topology. Now consider the equation

0=dWaVial = Ve, +n; A @, (40)

Because ®, = h’g;®; is L-bounded by (39) and |n; A %12 < c||mill 2| L] 14 for some
constant ¢, we see that dV®/ converges to 0 in L2. But dV: QM°(End E) — Q?(End E) is
an elliptic operator, so elliptic regularity implies that ® converges in H I to some element
in the kernel of dV. Now the gauge fixing V*1; = 0 together with Equation 40 and the first

of Hitchin’s equations
AV = —FY = A — [®) A 7] + cid @w

gives an elliptic system with the inhomogeneity converging in L? (since 7; and P’ both
converge in the L*-topology), so 7; also converges in H1.

So we now have an H'-convergent sequence (V + n;, @) which is ¢4 —gauge equivalent to
(Vi,®;). By Theorem 3.17 the limit is gauge equivalent via g € % to a smooth solution.
The second part of Theorem 3.17 applied to g*(V + n;, ®;) then shows that a %—equivalent
sequence of smooth solutions converges in C*°. Clearly, the limit is again a solution. So
(Vi, ®;) € 27 is %—equivalent to a C°°—convergent sequence (61, &)Z) € 2. Butifg; €4
is a sequence such that ¢*V; = V; and 7; = V; — V; € Q' (u E), then V,g; = g;7; for all i,
which implies g; € 4. So [V;, ®;] € .4 converges. This shows that p~1(C) is compact. [

4.4 Symplectic structure

In this section we will examine the symplectic structure of the Hitchin fibration and show
that its regular fibers are Lagrangian submanifolds. This requires a way to find tangent
vectors to the solution space satisfying certain relations. The following lemma gives a way to
deform a vector tangent to only the second of Hitchin’s equations to one that is also tangent
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to the first equation. It can be seen as an infinitesimal version of the Kobayashi—Hitchin
correspondence, where a holomorphic Higgs field (i.e. a solution of the second equation) is
transformed into a solution of both equations.

Lemma 4.10. Let (V,®) € 2 and (n,9) € Q'(uE) ® QY°(End E) be tangential to the
equation d¥V® = 0, i.e.
AV + [n A @] =0, (41)

Then there exists £ € T'(iu E) such that (n',¥') = (n—ix V&, W+ [®,€]) in addition to (41)
satisfies
AV +[@ AT+ [W A D] =0, (42)

so that (', V') € Ty o) 2.

Proof. Let us first show that (n, ¥’) still satisfies (41). This property is independent of &
and follows from

AV[®,6] = [AVD,£] — [VEAD] = —[0 A D] = —[—ixD EAD] = —[—i%VENA D],

where we have used that i = —j = x on Q%!(End E) and that the (1,0)part of V¢ does
not enter.
Now we require & to be a solution of the equation

V*VE + ([, [®*,€]]) + ([@*,[®,€]]) = ixdVn +ix[® A T*] +ix[T A D] (43)

The left hand side of (43) is a self-adjoint elliptic operator I'(iu E) — I'(iuE), so a so-
lution exists if and only if the right hand side is L?-orthogonal to every solution @ of the
homogeneous equation

VIV + ([@,[@7, 0]]) + ([@%, [2,0]]) = 0 (44)
If 0 € Q' (iuE) solves (44), then

IVOl72 + [l[@*, 6117 + ||, 6][I7= = O,
so integrating the right hand side of (43) against # and using the identities (dVn,0) =
d(n,0) + (n A VO) and ([®* A V],0) = — (T A [®,0]) yields

—z'/ d(n,0) + (n AVO) — (I* A [D*,0]) — (U A[D,0]) =0.
M
This shows that a solution ¢ € T'(iu E) of (43) exists. Next observe that V* = —xdV« as
an operator from Q!'(End E) to I'(End E). This follows by integrating
<\IJ7V(10>W = _<*\Ij N V(P> = d<*\117(70> - <dv*\ll’ 90> = d<*\11,30> - <*dv*\lla 90>w

for U € Q' (End E) and ¢ € I'(End E). Furthermore, the second term on the left hand side
of (43) equals

([@, 2%, &]]) = *[® AK[E", £]] = ix[® A [0, £]] = —ix[® A [@, £]"]
and a similar transformation for the third term shows that (43) is equivalent to
AV (% VE) — [@ A [@,€]] — [[@,€] A ] = dVn+ [@ A T] + [T A S,
which is just (42). O
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Proposition 4.11. Let a1, a0 € B* be linear functionals on the complex vector space A.
Then the complex functions f1 = ayop and fo = Boop on ™ are Poisson—commuting with
respect to the complex symplectic structure wy = wy + iws on A*.

Proof. Let without loss of generality a € H(M, K®)* and f = a o p. By Serre duality,
there is a K®'~valued 2-form 8 such that « is of the form a(q) = [, B¢ and thus

F(V, ) = /Mﬁtr@i).

Let p: 2 — .#* be the projection map and ¢: 2™ — € the inclusion. Then Theorem 2.24
defines the complex symplectic form wy by p*wy = *©4, where

B (71, W1), (12, o)) = i / (T Ay + 11 A Ty).
M

Let X¢ be the Hamiltonian vector field for f. It is defined by df(Y) = w4 (Xy,Y) for all
Y e T.#*. Let Xy € TZ™ such that Dp(Xy) = Xy, then d(f op)(Y) = p*wyi(Xf,Y) =
04 (Xyp,Y) forall Y € TZ™. With Xy = (1, ¥y), this yields

/ ﬁ/ tr(q)i_l‘llg) = Z/ tl"(\I/l Ang+m A \112) V(772, \112) S T(v@)%*, (45)
M M

where /3 is a suitable symmetrization of 3. Now consider g/®~! ¢ QQ(K®(_1) ® End F)
and its contraction trx #/®~! € Q¥!(End E). Since the projection pr%! from Q'(uE) to
Q%1 (End E) is an isomorphism, there is a unique € Q! (u E) such that n%! = —itrx g/@* L.
Then (n,0) € Q' (u E) @ Q10(End E) satisfies (45). To see this, let z be a local holomorphic
coordinate and write locally ® = ¢ dz and V9 = ¢y dz and w = irdzZ Adz for p,v € End F
and a real-valued function r on M. Then

O = —itrg B'(d2)" @ ' = —i(x B(d2) ) trgw ® 0, ® o = qrotTldz
with the complex function ¢ = x 8'(dz)*. Furthermore,
B tr(®1Wy) = tr(¢t ) qw = igrtr(eitdz A dz) = itr(n®t A Uy)

and (n,0) thus satisfies (45). But (1,0) is not necessarily an element of T(y ¢) 2" It is
however tangent to dV® = 0 since [p A ®] = 0. So by Lemma 4.10 there is a £ € T'(iu E)
such that (n —ix V¢, [®,&]) € T(y,4)2 . This modification does not change the right hand
side of (45) since

tr([®,&] Ao — ix VEA o) = —tr([ngg A D]E) + dtr(Uaef) — tr(dV Wyf),

which integrates to 0. So Xy = Dp(n —ix V&, [®,£]). If g is another function arising in the
same way as f, with its differential represented by 3”, then

{9, 1} = dg(Xy) = d(g o p)(Xy) = /M B (1B, ]) = 0. 0
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Corollary 4.12. Let F C .#* be a reqular fiber of p: M* — HB. Then F is a Lagrangian
submanifold with respect to wy and for all x € F the map B* — T, F,a — X, 15 an
isomorphism with X;qno5 = J1 X qop-

Proof. Let x € F and Hy = {(Xaop)z | @ € B*} C T, 4" be the subspace of Hamiltonian
vector fields of the form as in Proposition 4.11. Then its symplectic complement Hj
consists of all tangent vectors Y € Tp.Z* with a(Dp(Y)) = D(a o p)(Y) = w(Xpop,Y) =0
for all « € %*, so Hy ™ = ker D,p = T, F is the tangent space along the fiber F' C .Z*.
Proposition 4.11 shows that wy (Xqoz, Xgop) = 0 for all a, B € %, so H, C Hy " =T,F,ie.
F' is a coisotropic submanifold of .Z*. Since D,p is surjective, we have dim F' = % dim .z~
so F' is indeed a Lagrangian submanifold and H, = H;* = T,F. Tt follows that the map
B* — T,F is surjective and thus an isomorphism by dimension. For all Y € T, .#*, it
satisfies

Wi (Xigop Y) = i DR(Y)) = a(DF(LY)) = wi (Xaop /1Y) = wi (Ji Xgep, V). O

Since we know by Theorem 4.9 that the Hitchin fibration is a proper map, every fiber
not containing any reducible solutions is a compact submanifold. On these fibers we can
integrate the Hamiltonian vector fields X5 to get a group action of %* on the fiber. This
gives the following result.

Corollary 4.13. Let b € % such that the fiber F = p~Y(b) of p: M — B over b contains
only irreducible solutions and assume b is a reqular value of p: M* — 9B. Then every
connected component of F is biholomorphic to a complex torus C*/A of complex dimension
d=m?(y—1)+1.

Proof. Let F be a regular fiber of p. Since the maps p and p have the same fibers, we can
use p instead for this proof. By Corollary 4.12 every a € #* induces a vector field X5
tangent to the fiber F'. Proposition 4.11 shows that any two of these vector fields commute.
Let po: R X My — M, be the flow of X5, which exists for all times since F' is compact
and all integral curves stay in a single fiber. Then («a,z) — @ (1,z) is a fiber—preserving
action of the Abelian Lie group #* on .

Now for a single regular fiber F' and x € F let ry: #8* — F be the evaluation map.
Its differential Dor,: #* — T, F' is the isomorphism a — X,.5. Therefore, the image of
Ty, which is the Z*—orbit containing x, is open in F. Since F' is a disjoint union of such
open orbits and Z£* is connected, every connected component of F' is exactly one orbit. Let
F' C F be the component containing x. Then %* acts transitively on F’. Now consider the
stabilizer subgroup A = (%*), = r;1(x). Since D,r, is an isomorphism for all « € A, A is a
discrete subgroup of %*. It does not depend on the choice of x € F’, as for Abelian groups
all stabilizers along an orbit are equal.

The map r,: B*/N — F' is clearly bijective. Its differential at f € £* is the map
Dgry(a) = (Xaop) gz, Which is an isomorphism and satisfies Dgry (i) = J1Dgry(a), so ry is
biholomorphic. It is only left to show that 2*/A is a torus, that is A is 2d-dimensional as a
Z—vector space. If its dimension was less than 2d, then %* /A would not be compact, but F”
is compact. On the other hand, if the dimension of A was greater than 2d, we could take a
2d-dimensional Z-subspace A’ C A and consider the action of Za on the compact manifold
#* /N for some oo € A\ A'. Tts stabilizer must be trivial, as otherwise o and a basis of A’
would be Z-linearly dependent. But this implies that the Za—orbit has a limit point, which
is impossible since A is discrete. O

ol



We have not addressed the question whether the Hitchin fibration p has any regular values.
But it can be shown by an algebraic argument [Hit87a, Section 5.1] that p is a surjective
map. First of all, this implies that solutions to Hitchin’s equations always exist, i.e. .Z is
not empty. Moreover, by Sard’s Theorem there is an open dense set %oy C # of regular
values of p. If in addition there exist no reducible solutions in .# (for example if deg(E)
and rk(E) are coprime), then .#eg = p~'(Preg) is locally a product of % and a complex
torus, i.e. a fiber bundle over .., with tori as fibers.
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