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Abstract
In this thesis, a unified approach to prove the boundedness of gradients
of solutions to degenerate and singular elliptic and parabolic p-Laplacian
systems is presented. At first, a Cacciopoli-type energy inequality with an
additional function f which can be chosen freely is proven. Then, Di Giorgi’s
method is applied using level sets which will lead to L®°-estimates on the
gradient of the weak solution Vu.
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1 Introduction

In 1900 David Hilbert gave his famous talk “"mathematical problems “! where
he discribed 25 at this moment unsolved problems whose solutions would
"bring an advancement to science* 2.

The 19th problem reads:

“Are solutions to regular variational problems always neccecarily
analytic?”

One subclass of the variational problems Hilbert called regular are those
with a given N-function (see section 2) ¢ and a domain {2 where we want to
find a function u € W1#(Q) (that means with [, ¢(|Vu|) < c0) such that

the functional
/ (1 Vu])

Q
is minimized.
This leads to the elliptic Euler-Lagrange equation (defining v := |Vul)

/
Aju = div <‘p£”)vu> =0

The best known special case of this is ¢(t) = t* for p > 1 where we get the
p-Laplacian equation:

Apu = div (UP_QVU) =0

We are now interested in local minimizers of those functionals. This
means we are looking for a function u with

[ evuns [ eqvu+va

supp( supp(

for all ¢ € C}(£2). This leads to

/ YW Gy ve=0

v

w

for all ¢ € Wy* (w) with w € Q.

Ennio de Giorgi proved in 1957 ([2]) the boundedness of solutions of linear
elliptic equations with a truncation method that does not rely on the linear-
ity of the problem and could be easily adopted to proof Hoelder continuity of

! Mathematische Probleme”, see [1],translation by the author
27yon deren Behandlung eine Férderung der Wissenschaft sich erwarten lisst” see [1],
translation by the author



the gradients of those solutions. Independently, Nash got similar results for
linear elliptic and parabolic equations in [3] and later Moser proved Harnack
estimates for those equations in [4].

The boundedness in cases which behave like the p-Laplacian equation was
given by Uhlenbeck in 1976 in [5] in a context of differential forms for p > 2.
The 1 < p < 2 case was solved by Acerbi and Fisco in [6]. Evans proved
in [7] qualitative L> bounds by mollification for p > 0 but had to assume
u € W1P+2 which makes the proof only practical for p > 2.

Marcellini and Papi proved an estimate on the gradient of solutions to el-
liptic p-laplacian systems in [§]

<S%p v) o N ][ e(v) +1

2B

where 3 is a ¢-dependent constant between % and % The restrictions on ¢
are so weak that linear and exponential growth cases are included.
Requiring the qualitative fact that Vu € W1 at some point in their prove
Diening, Stroffolini and Verde proved in 2009 ([9]) under the assumption 2.4
which we will also impose on ¢ the bound

sup (v) < ][ o (v)

2B

which we will get in theorem 4.4. This was further generalized (by substitut-
ing assumption 2.4 by a weaker assumption) by Breit, Stroffolini and Verde
in [10].

To get to this point we will use technical tools we develop in section 2 to get
an energy inequality in section 3.1. We will use this to prove the mentioned
L°°-bound with iterated truncations x>~ in section 4.2.

We will also look at the parabolic systems. We call a function u €

LY (I x Q,R™) N Cioe(I, LE (Q,R™)) with v := |Vu| € LY (I x Q,R) N
L% (I x9,R) alocal weak solution to u; —A,u = 0 on a cylindrical domain

I xQc R

/SDI(U)VU-VC: / u- 0

v

supp¢ supp¢
for every function ¢ € W,o2(I, L2 (Q,R™)) with |V¢| € LY (I x Q) and

compact essential support in I x 2. Equations like this appear in for exam-
ple in the study of non Newtonian fluids and other problems of continuum
mechanics. (See [11].) For the parabolic p-Laplacian systems the most fre-
quently used result is the one obtained by E. DiBenedetto in [12]: If u is
a local weak solution to u; — A,u = 0 on a cylinder I x 2 we have on a



cylinder Q = J x B @ I x Q where B is a ball of radius R, in R” and J an
interval of length R; = aR2 and (with % = 2(p—2) +r, r > 2):

sups][vp—koﬂ'pp for p > 2
2Q

-5 ‘s
sup Tv_; — S][ Q;_T +aﬁ for p <2
Q w2-p 2 %0 a2-p

We see that this estimate is not useful if the integral on the right hand
side is small. The proof itself is not very straightforward and it needs at
first a qualitative statement about v being in L*° to allow to absorb terms
on the left hand side. It starts with the very same Caciopolli-type energy
equation we will find in theorem 3.4 but uses another function f than we
will do. Similar results were obtained earlier by DiBenedetto and Friedman
in [13].
After proving an energy inequality for parabolic (p-Laplacian equation in
section 3.2 we will get in section 4.3:

_ { vs V2 } v?
min{ ——, — S][—i-vp
a nn « (@
2Q

We see that we do not have to differentiate between the singular and de-
generate cases which will allow us to generalize this result to the parabolic
p-Laplacian and whereas DiBenedetto’s estimate just provides a constant
bound for v < a2, we just have a switch of exponents. We need v > 0 or
p>2 —% and in this case r = 2 is the optimal exponent in DiBenedetto’s es-
timate. For larger r there is also an estimate for smaller p provided. Those
estimates need a higher integrability for v. DiBenedetto’s result was ob-
tained earlier by Choe [14].
Acerbi and Mingone proved higher integrability for inhomogeneous p-Laplacian
systems in [15] regaining Vu € L{ if F € L? in the inhomogeneity V - (|F[P~2F).

After proving the boundedness of the gradient of parabolic ¢-Laplacian
systems we could for example apply a result obtained by Liebermann in [16]
where he proved Hoelder continuity of gradients of those solutions if there
is Lys. regularity. If we have a cylinder J x B =: Q € I x ) with spacial
radius R, length of |J| := Ry = aR2 and M := 0]l ooy < 1 we have for
a smaller cylinder Q' := B’ x J' with spacial radius r, and |J/| = r; = ar?
and a positive exponent u:

re \"
oscor|[Vul S M (R)



2 N-Functions

We use some standard results and definitions from [17] and [18] and start
with the definition of an N-Function:

Definition 2.1. Let ¢’ : ]Rar — ]Rar be a non-decreasing, continuous function
with ¢’ (0) =0, ¢'(t) > 0 for t > 0 and lim;_ ©(t) = co. Then we call the
convex function

ww:/w@w
0

an N-Function.
Some common examples are ¢(t) = tP or p(t) = tlog(t+ 1).
Let Q C R™ be a domain. The set of measurable functions u :  — R™

with [, ¢(Ju|) < oo is called the Orlicz class L¥(Q). Its span is called Orlicz
space K%(€2). On this span we can define the so called Luxemburg norm via

[uf|, = inf t>0:/cp<‘u(tx)‘> dz <1

Q

Definition 2.2. For a given N-function we define
@1 (t) = sup{s > 0: ¢'(s) < t}

the complimentary N-function via
t
% -1
o= [ ()7 (s
0

It is easy to see that if ¢ is strictly increasing, ¢’'~! is the true inverse
function of ¢'.

The main reason for this definition is Young’s inequality which says that for
all € > 0 there exists ¢, such that for all s,¢ > O:

st < ep(s) + e (t)

This result is standard and can be found in any textbook about Orlicz
spaces, for example [18].

With our definition of the Luxemburg norm we also get a Hoelder type
inequality:

/@S%WJ%W
Q



Definition 2.3. The N-Function ¢ is said to fulfill the As-condition iff we
have a constant ¢ independent of t such that

©(2t) < cp(t)

As y is strictly increasing we can find a constant for every a > 0 such that
¢(at) < cp(t) uniformly in ¢. This also implies that the Orlicz-class L¥(2)
is a vector space and we therefore have L#(Q2) = K¥(€2). We will denote the
smallest constant ¢ fulfilling ¢(2t) < cp(t) uniformly in ¢ by Aa(¢) and for
a family of N-Functions ¢, we will denote As({ps}) := sup,{Aa(ps)}.

If Ag(p) < oo we get
) (2.1)
(

because of el %f ds < ¢/(t) and £ > tﬁ(j tA2 fo ¢'(s) ds+

¢
tAQ /(8)
If we have As ()

and therefore after setting t = ¢/(s):

P (¢'(5) ~ ¢'(5)s ~ p(s) (2.2)

In this thesis we will usually impose a stronger condition than the As-
condition on ¢:

Assumption 2.4.
¢'(t) ~ " (1)t (2.3)

Definition 2.5. For a given N-function ¢ we define the following functions
for \t € R;{ and Q € R"*™:

) = £,
v(t) = /)1
)
4@ =12
Q)
- "1a

We will now prove some useful estimates on those quantities.

Theorem 2.6. With the Definitions as above and ¢ with Aa({p, ¢p*}) < 00
fulfilling assumption 2.4 we have for all P, Q, R € R™"*™:

(a) 0;j AR (P) = wl‘(l‘alr‘) (&kgjl - Pf})p“) + @//(’P|)P|ii$j|;kl for all P € R™™

where Sﬁ- 1s the Kronecker Delta.



(b) |A(P) ~ A(Q)| S ¢"(P+|Q)IP- Q)
(©) " (IPl +1@DIP ~ @ ~ ¢/p(1P~ Q)

(d) [P— QI*¢"(|P|+1QI) ~ ¢p(IP - Q) ~ | V(P) — V(Q)|> ~ (A(P) —
A(Q)(P-Q)

(©) ¢l (IP~ Q) < ¢l (IP—RD)+¢lp(1Q - R

Proof. (a) We use 0;j Py = Sikgﬂ and 0P| =

by
[P

! P P 1/ P B / P PZ
a”<¢|(1’>\|)P“>_ |(1L!‘)5Zk53l+¢(’ )P p  @(PD Py

ki
P| [P PP P "

(b) Define the convex combination [P, Q]s := (sP+(1—5)Q) and estimate

1
|A(P) — / ]s) (P —Q)ds
i
/“” Lasp - q
0
2P|+ Q)
S

S¢"(IP+ QNP - Qf

. . P P+
The inequality fo £ \% Q?]\ 5D 45 <€ \(r|>||+\(g])|)

in lemma 5.6.

is proven in the appendix

(¢) We have

¢ (IP[+1QI)
Pl +1Q|

P — Q| ~ ¢ip(IP - Q)

¢"(IP|+1QNIP - Q| ~

¢ ([Pl + [P —QJ)
P+ [P -Q

P - Q]

where we used the assumption 2.4 on ¢, the As-condition and the fact
that [P|+(Q| ~ |[P[+[P—-Q| via |[P| +|Q|= [P| + |Q — P + P|< 2[P| + |Q — P
and [P|+|P — Q| < 2P|+ [Q|.

(d) The first similarity follows directly from point (¢) and ¢’ (¢)t ~ o(t)
For the second similarity we first note that the N-function v fulfills
assumption 2.4 and that we have ¢”(t) ~ /¢"(t). (Both facts are
proven in the appendix in lemma 5.7.) This means we can replace ¢
by ¢ and A by V in the proof of part (b) and get



[V(P)-V(Q)]* ~ [P—QP* (v"(IP|+Q])° ~ [P —QI*4"(IP|+]Q)

For the third similarity we use the the compatibility of Frobenius-Norm
with Matrix multiplication and point (b) to get:

[(A(P) — A(Q))(P - Q)| <|A(P) - A(Q)||P - Q|
<'(PL+ QNP - QP

For the other direction we first note that we get for every P, B € R™*™:

/ . B2 . B2

Bij (9ijAk) (P)Br =

P PP PP
|P - BJ? |P - BJ?
zep () (1BF - 20 ) + o (PD T

. B2 n2
(e~ (D) (1B - EBE ) - corpim + 1 - e 0

>e"(|P[)/BJ?

where we used point (a) and took ¢ € R such that @ > ¢’ (t) and

0 < e <min{l,c}.
We then estimate (A(P) — A(Q))(P — Q) using 5.6 and the fact that
p fulfills assumption 2.4:

(A(P) - A(Q)(P-Q) = [(VA)([P,S]5)(P - Q)(P - Q)ds

z [ ¢"(P,S]s)ds[P — Qf

— O —

~

"(P|+[SDIP - QP

€ o

(e) Let us at first assume that |Q — R| < |P — R| and therefore |P — Q| <
P-R+R-Q| <|P-R|+|Q—-R| <2/P—-R|. We also recall
that Az(py) is bound uniformly in A as proven in lemma 5.8 and we

10




therefore get ¢\ (2s) ~ ¢\ (t) uniformly in ¢t and X\. Then we have

#lp ([P~ Q) < ¢lp (2P — R)
~ SD\IP|(|P —RJ)
_P(P-R|+[P])

P—-R
P-wr+p] © M
/(P —R| + [R))
~ P—-R
PR +R TN
— ol ([P~ R))

< ¢r|(IP = R|) + ¢jg)(1Q — RJ)

where we used [P| + [P — Q| = [P~ Q+ Q| + [P — Q| < 2(Q| +

|P — Q|) and therefore |P| 4+ |P — Q| ~ |Q| + |P — Q|. As we have
(1P — P (IP— . .

Lol P — Q ~ S P — Q) like in the 4th step we

can interchange the roles of |P| and |Q)|.

O]

11



3 Energy estimates

3.1 The elliptic case

The main result of this section is the following theorem.

Theorem 3.1 (Energy estimate for the elliptic case). Let ¢ be an N-
Junction with As({p, p*}) < oo satisfying the assumption 2.4 and let u €
I/Vll"p(Q,Rm) be a local weak solution to

Ayu=0

on a domain 2 C R™ and let f : ]Rar — R be a non-decreasing, non-negative,
bounded, piecewise continuously differentiable function which is constant for

_ Ve'aah

large arguments. Define V(Q) = 1] Q as above and denote v = |Vu|
and let B € 2 be a ball of radius R andn a C§°(B) function with 0 <n < 1.
Then we get

][ IV V(T) 2 (0) < ][ o)V (v) (3.1)

B B

Before we prove this we restrict the choice of f.

Lemma 3.2. The assertion of theorem 3.1 holds with the additional as-
sumption f € Ct with f'(t) >0 and f'(t) = 0 for t large enough.

Proof. We denote (78)(x) = g(z + he;j) — g(z), (5;18)(x) = (7;n8)(2)
and d,g := 2?21 (0;,n8)e; and take a C§° function n with suppn C B and
0 < n < 1. We use the test function ¢ :=6; _,(f(|6pul))d;pun? where we
chose ¢ > 2 such that p(n?~1t) < n%(t) which is possible because of lemma
5.9 and we note that ¢ only depends on ¢ and not on n. We get

0 =(A(Vw), V(& _n(F(Inu])d; un)) = (5;4A(Vu), V(£(|64u])d; )
=(6;nA(Vu), f'(|0nu])V|opuld; nun? + f(16pu])6;,Vu + f(|0nul)d; puqn?™ Vi)
=:I; +1I; + III; (32)

We will at first look at I; in 3.2. We note that |6; ,u|f'(|05u]) < |dpulf'(|05u])
is bounded uniformly in h because of f’(t) = 0 for large ¢. For the integrand
of I, this gives

10;,n A (V) £ (|05 0]) V|dpuld; pun’|
<[0;n A(VW)| [V|dnul[ |f(|6nu])d;pul

1
Sﬁ!Tj,hA(Vuﬂ |7,V (3.3)

12



We now use 2.6 (b) and (c)

[(TjpA) ()| = [A((Vu)(z + ) — A((Vu)(z))]
S (1(Va)(z + h)| + [(Vu)(2)])[(7,,Va) (2)]
~ Gl (T30 (@) (3.4
Using this we return to 3.3 and denote maxj—12... n |7, Vu| = |75, ,Vu| and

note that for n < oo all p-norms of R™ including the supremum norm are
equivalent and estimate using the fact that (’0|,Vu| is increasing and 2.6 (d):

1 1
T A) @) 79 0] ~ el (7 V0 @)]) 7V
1
S5 390wul (|5 V@) |7y Yl
1

~ 7321l ([(Tjo,n V) (2)])
~ 33T nV (V) (2) ?
~[6,V (Vu)(z)[? (3.5)

As h — 0, this goes to [VV(Vu)|? in L?(B) since V(Vu) € W'lif(Q) as
proven in Theorem 5.11. This means we can use a generalized version of the
theorem of dominated convergence of Lebesgue which says that if f, — f
pointwise almost everywhere and |f,| < g, for an L' convergent sequence
gn we have [ f, — [ f.

We now need 5k7hv — 8kv, 5J7h(Akz(VU)) — alpAki(Vu)c‘)jalup and 5j7hui —
Oju;. This would be implied by Vu € Wlicl(ﬂ) It would be possible to
show this for a shifted N-function ¢, with A > 0 and then we’d have to take
the limit A — 0 in the end like in [9]. For the sake of clarity and simplicity
we will just assume this here. This gives (using the Einstein summation
convention and writing Sij for the Kronecker-Delta and after a summation

13



over j):

I _ZI _/ma (Agi(V)) 65u f'(|opul) d

7j=1

—)/81#) 8lpAk.i) (Vu)ajc‘)lupc‘)juif’(v) dz

/6(

:/ (’01(} v) (811)8 Oru; Oju; — Opv Oyetts 0Oty 8lup8kui> f'(v)dz

o~ Oy, Okl Oquy O
<5zk5pi - lf;f) +o (u)”’v’“) 0;0yup O f' (v) dz

02
B
Ok Oru; 0501y OpupOku;
+ [ o) P S OO ) g
B
! Vo - Vul? Vo - Vul?
:/<§0(v) <|V’U|2—’ v 21,1’ )+SOH(U)| v 211’ >f/(U)dl‘
v v v
B

Since we have f/ > 0 and |Vv - Vu|? < v?|Vv|? because of the Cauchy-
Schwartz inequality, we get

lim I >0 (3.6)
h—0

To estimate II; we apply theorem 2.6(d) and get like in [19]:

(7 A(V))(z) - (75, Vu)(z)
= (A(Vu(z + h)) = A((Vu)(2))) - (1), Vu)(z)
~ (750 V (V) ()]

Dividing by h? gives
(0;nA(V))(2) - (§j00) () ~ [(6;2V (Vu))(x)|?

Using this we get

11 = (6,4 A(V), £(|dnu])d;,Vun?) ][ 10,0 V(VW P F(Su)n (3.7)

We use 3.4 to estimate III; and note that

h

][ x—l—sej )ds

0

(65,n0)(

h
][|VuoTse x)| ds
0

This gives

14



[TIL;] =|( jhA(Vu) F(10pu))d; nugnt= V)|

Nhg ][][ q-1 90|vu|(|T] rVu|)|Vuo Tsej\ hIVn|f(|0pul) ds (3.8)

We now estimate the integrand using theorem 2.6 (e), Young’s inequality,
equation 2.2, h|Vn| < 1 with Lemma 5.10 and theorem 2.6 (d):

1 Gl (17 Vul) [V o Toe [ 1]V
577(1_1 (SDTVuoTSE \(‘Tj h—sVuo Ty |) + @TVuoTse.\(‘TSqu) AVl [Vuo Ty, |
<<P|VuoTSe \) (77 <P|vnoTse ((ITjp—s Vo Ty, ’))
(90\VuoTse )* ( o @\vuoTsej|(|TsVUD)
+ CeP|VuoTs., | (hIVn! |[Vuo Tsej |)
Sen? (90|VuoTsej \>* <901VuoTsej ((I7j,p—sVuo Ty, D)

+ent (@\VuoTseﬂ)* (@TVuoTsej|(|Tsvu’))

+eh?| VP ([Vuo T, )
Sen'eivuct.e;| (Tin=s Vo Tue,|) + epwuor, | (17 V) + cch* [V (Vuo Tue )
~en|7j s V(Va) o Toe, |* + en|7j,sV (V) * + cch?[Vi e ([Vuo Ty )

J

(3.9)
Putting this in 3.8 we get
ITIL| =|(0;n A (V), f(|8nul)d;nu g V)|
g 2
<o ]l ]l s V(Vu) 0 Tac, [2 F(|60u]) ds
B 0
h
19
+mff%ﬁvwwﬁﬂmmMs
B
h
ca][][gp [VuoTy,|) NIV f(|0pul) ds (3.10)
0

15



Putting 3.7 and 3.10 in 3.2 we get after a summation over j

I+1 =1+ ]i 165V (V) £ (|
m h
“2f]
=" "0

m h

v ff

I=1"g"

h

tee Y f e(|VuoTu, Vi f(|opul) ds
jlé][

0

2
f(Ionul)n? ds

Tjh—sV(V1) o T,
h

2

TV o150l ds

h

m m m
=gy MWited T +c Y 1IV) (3.11)
j=1 j=1 j=1

We now want to take the limit ~ — 0 in 3.11 and know from equa-
tion 3.6 that lim,_,0I > 0 and note that V(Vu) € Wlf)f(Q) as proved in
theorem 5.11. This means we have §V(Vu) — VV(Vu) in L?(B). Since
ue Wlif(Q) we also have dpu — Vu and therefore f(|opu|) — f(v) point-
wise almost everywhere for a subsequence and as n € C§°(B) n? is uniformly
continuous.

For I’ this means (passing to this subsequence)

][ WV (V)2 (Sl — f V(T2 (o)
B B

§][ 16,V (Vu)[* = [VV(Vw)[*] f(|nul)n? +][ VV (VW) [£(|0n) — ()]
B B
=1I) + 1

Since f(|6pul)n? < || f]lo and §V(Vu) — VV(Vu) in L?(B) I} tends to zero.
For the integrand in I5 we have the dominating function ||f|| . |[VV(Vu)|?
and this summand also goes to zero by dominated convergence as f(|dy|) —
f(v) pointwise almost everywhere. In total this gives

G %][ YV (V) 2f (o) (3.12)
B

16



We now look at IV; and use the theorem of Fubini-Tonelli:

h h
][ ][ (IVw o Toe, )|Vl £ (15ul) ds — ][ ][ (V)| VP £(v) ds
0 0

h
][][ ‘ \Vu © Tsej‘) - @(‘VUD) ’V??‘Qf(’(shum ds

0

l(IVul) [Vl (£ (|dnul) — £(v))]

m\J\m

h
<IFIVaPll, ][ ][ o(IVuo Tu, ) — (V) ds + ][ S(IVu)IF(ISnul) — £(0)] [V
0 B B

=1V}, + 1V},

To show IV’  — 0 we use dominated convergence with the dominant ¢ (v)|| f IVnl2l o
and f(|0pu|) — f(v) pointwise almost everywhere for a subsequence as
above. To estimate IV 1 we use the L¥-continuity of translations and the

third implication in lemma 5.2 and observe that

g: SH][\so(VuoTsej!)w(IWI)!

is a continuous function with ¢g(0) = 0. But with the fundamental theorem
of calculus we have

h
1 d
flfi%h/g h/g )=0
0 0

and therefore IV;J — 0 and after choosing a subsequence we get

1) = f o(vu)[Ti /) (3.13)

We now want to estimate IIT; (from 3.11) and observe using h > s:

h

[
HIj_][][
B 0

We estimate this term:

7;,s V(Vu)

h
2
f(|6pul)n?ds < ][ ][ 10,5 V(V)|? f(|6pu])n? ds =: I/
0 B

17



h

][][wgsv (VW) (|Gl ds - ]:[]P{av (Vw2 (o) ds

0

<fl ][ F15V (TP = V(TP as
0 B

h

T ][ ][ 9,V (V)RLf(Snul) — £(0) 07 ds|
0 B
—IM1Y | + 1117,

We have III}5 — 0 for & — 0 in a subsequence as we had IV, — 0 as
the integrand is bounded by | f||.|0;V(Vu)|*> € L'(B) and we can use
dominated convergence.

To estimate IIT; we note that if w, — w in L? also [lwp|/ 2 = [|wl]|;» and

we get using V(Vu) € VVIOC (Q):

o ][ (16,5 V(V)* = [0,V (V) [?)

is also a continuous function which is 0 at s = 0 and using the same argu-
ments we used for IV} we get ITI}; — 0 and therefore

11 < TI17 — ][ |0,V (Vw)[2 f (v)n (3.14)

For II; in 3.11 we first use the invariance of the Lebesgue measure under
translations. We also chose h small enough that the closure of the ball B’
with the same center as B and radius 7+ h is contained in 2 which is possible
since B € (2 and get

h
B, =|B| ][ ][
B 0

Tin—s V(Vu) o Ty, |2

f(Ionul)n? ds

h
I V(Vu)?
Tjh—s u
<f [P (sl 0 7o) s
0B’
h
7 V(Vu)|?
[P () o T, ) ds =11
0 B’/

We then have
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h

F [ 8V (0 050)) o T, ) = 10V (T ()1 ds
0B
h

< [ 1.V (V)P = 10,V(TwP] (17150 o Ty, ds

0 B/
h

o [10V TP | 1150) 0 T, — (007 (0) o T,

0 B’

ds

h
" ][ / 0;V(Vw) 2 |9 F(6))) 0 T, — 17 £ (10l ds

0 B/

*JZ / 10;V(Vu)? [ £(|6pul) — f(v)| 57 ds

0B’
=:I17 + 115 4 II3 + 1T}

We have IT{ — 0 for the same reasons as IV}, ; — 0 and I1I; ; — 0. The
integrands of IT5 and II§ are bounded by the L100 -function || fl| ., \8 V(Vu)|?
and go to zero for s — 0 pointwise almost everywhere. This means the
integrals over B’ go to zero and we can use the fundamental theorem as
before. We get IIj — 0 via dominated convergence like TII7 5.

This means in the end (using also suppn C B):

/ 11 ) 2
I, <®II = ]B[ 19; V (V)2 f (v)n? (3.15)

Now we can let h — 0 in 3.11 and get using 3.12, 3.13, 3.14 and 3.15

][ TV(Tu)2C (v) < 2 ][ V(Tu)2C (1) e ][ o) VC[2F(0) (3.16)
B B B

We choose € small enough that we can absorb the first summand of the right
hand side on the left hand side and the proof for f € C! is concluded. [

Proof of theorem 3.1. For the case of a general non decreasing bounded
piecewise differentiable function f approximate it by a sequence of non-
decreasing, uniformly bounded C! functions f; with limj_ .o fx(z) = f(x)
for all x € Rg. We use 3.2 and get
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f 2w frovesitis < f emitae = f £
B

B

As we have f;, — f pointwise everywhere, we get D — Dy, and Er — F
almost everywhere. As we have B, < | f|.|VV(Vu)*y? € L'(B) and
E, < Hf||oog0(v)]Vn|2 € L'(B), we can use dominated convergence and get
the desired result. O

Corollary 3.3. Let ¢ be an Nfunction with Ao ({p, p*}) satisfying the as-
sumption 2.4 and let u € Wl P (Q,R™) be a local weak solution to Ayu =0
and G(t) := (¢'(t) — ¢’ (v))+ with a non negative real number ~y

Then we have

][ v (Gm!) P < ][ (V)Xo [V (3.17)

B

Proof. We use f(t) = xt>~. With theorem 3.1 we get

][ V(W) Prixesy < ][ o) [V xeo
B

For the left hand side we use that |(|Q|)/| = ||Q | <1and (z4) = xp+(2)
which are both bounded which means that we can apply the chain rule for
sobolev functions and x>, = )(,52>7 almost everywhere:

2

][ V() P, > ][ IV (V) Pty = ][ Y (¢/(0)) v

][)V Xt>7772 ][‘V nae ))+> nt 2

Aswe also have G2(v) < 9/(0)2Xusr ~ $(0) X0y and [V ()] = 93 1|V <
|Vn| we get

(3.18)

2

][GQ(U) v (n)] g][gp(v)yvnﬁxtw (3.19)
B B

After adding 3.18 and 3.19 we conclude the proof with the product rule. [
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3.2 The parabolic case

Theorem 3.4 (Energy estimate for the inelliptic case). Let ¢ be an N-
Junction with As({p,p*}) < oo satisfying the assumption 2.4 and let u €
LY (JxQR™)NLE (J x QR™) with |Vu| :=v € L, (JxQ)NL2E (JxQ)
be a local weak solution to

Ayu= Oiu

on a cylindrical domain J x Q@ C RY™™ and let f : Rg — R be a non-
decreasing, piecewise continuously differentiable, bounded function which is

constant for large arguments. Define V(Q) = ~ @‘/g'QDQ as usual and

H'(t) = tf(t) and let Q := I x B € J x Q be a cylinder where B is a
ball in R™ of radius R, and I an interval of length Ry = aR% and 1 a
C3(Q) function with 0 <n < 1.

Then we get

sup - ]B{ H(o)y + R ]Cf IV V(Tu) £ (0)

SE IVIVwP|OnP ) + B f Howae (3:20)
Q Q

As in the elliptic case, we start with a lemma restricting f to differen-
tiable functions with f’ > 0.

Lemma 3.5. The assertion of theorem 8.4 holds with the additional as-
sumption f € Ct with f'(t) = 0 for large t.

Proof. As we do not have (weak) differentiability of u or v in ¢, we need to
use a standard mollifier £,(¢) in one dimension and denote g, = g x &, This
is differentiable in time for all ¢ > 0 and converges to g(z,t) in L¥(Q) for
o—0if g e L¥(Q).
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For the equation this means using the test function g:

/ AV (t2)Ve(t, z) dz
Q

= [ [ At - rajg(n Vet aar d:
_Q/ / A(Vu)(t, 2)Ve(t + 7, 7) dz & (r)dr
-/ Q/ u(t, z) (D) (t + .2) dz &y (r)dr
_ Q/ Q/ u(t — 7,2) & (7)dr (9,8) (£, ) dz

:/u(7 (Og) (t, ) d=
Q

We now use the test function g(t,z) := 0p,—;(f(|dnus|)on jusp(t)n?) where
p(t) is a C*°-approximation of x;>¢ and after a summation over j using
Einstein’s summation convention and recalling H'(t) = tf(t) we get:

][ AV, Vo (F(0n0])0nuop(t)) dz = f o (08 ({16001 6 10 p(£)7))

Q Q
][ Gy AV, V(100 )ohswop(t)?) dz = — f Bt £ (1500 ])oryuap(t) dz
Q Q
_ ][ F (1800 50 |08 s [p (£ dz = — ][ ST (8] (e dz
Q Q

2][ (|80 )0 (p(t)n7) d=
Q

H(|8us n%9sp(t) d= + - H(|Snul0)p(t) 0 d=

— | H(I8nu,))p(0)9m? dz — § p(t)0; (H(I8nus])n?) dz

O — O,
O~ — O

We now note that x¢ 7 < 1 and let p — x4 7 (as we have smoothed
the functions the limits are easily justified by the dominated convergence
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theorem) and get

T4 = ][ g A V)], (51130t (07) = + ][ (H(Iénu, ) de,_,

Q B
§][H(|6hua|)8t (n?) dz := 111 (3.21)
Q

We now want to take the limit o — 0.

- ][ (615 A(TW)], (65 V,) £ (10n11s ) p(t)n1 dz
- B AT, V(5010 1)6 (D) dz

+ 4 [0n;A(Vu)]_ p(t)V(n?)onjus f(|0pus|) dz =: 11 + 1o + 13

O~ — O — ©

We note that A(Vu) € L (Q) since
/
v

And as L¥(Q) is a vector space because of Ag(p*) < oo, we also have
Sn;A(Vu) € L¥(Q) and therefore [0 jA (V)] — &, ;A(Vu) in L (Q).
This means we have for a general g € L¥(Q) (with therefore g, — g in
L¥(Q) and ||go||L# () uniformly bounded):

) = (@ (0) ~ () € LT x )

][ [0r,jA(VU)]  go — njA(Vu)gdz
Q
3][ |[6h, A (VW)], — dn;A(Vu)| go]d2 +][ 164, A (V)| |90 — g] dz
9 Q
<2||[0n ;A (VW] — 6 AVl o 1ol 1o + 21|0h A (VO] e

9o = 9llp» — 0
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Using 6y, ;Vu € L¥(Q) and dominated convergence we get for I;:

F AT, (515 00) (51001 — 55 A(T )5V (5ot d
Q

Sllf(|5hua|)p(t)77qlloo][ [ [0n,;A (V)] (0n,;VUg) = 0n ;A (VU)op ; V| dz
Q
+||p(t)77q\|oo][ 1005 A (V)dp ;Vul [f([0nus]) — f([0nul)|dz = O
Q

For I we can use the chain rule since f is globally Lipschitz and differen-
tiable:

On ks ViR, Uy

I = ][ Gy AVW)], f(15hus) 51 o p(t)1"

Q

|0nue |

We now see that f/(|0pus|)0n ju, is bounded uniformly in o as f'(t)t is

bounded and therefore ||f’(\5hug|)%\|
g (o9}

Using this, 05, Vu € L?(Q) and dominated convergece we get

is uniformly bounded in o.

Ok phUg0p. iUy
| 50 A (T, 8T () 0
Q

0 pudy U
—6hjA(Vu)dy,,Vu f’(|5hu\)%p(t)nq dz’

O pUg0p Uy
< ' e e Ol ][ [ 605 AT, 8 Vitg — 0y, A (VU)o Vi d2
*Q
S Uy S iy Su S
+ ][ 5 A (V)0 V| f(|§pug ) 2 Br O Ba g1 5, ) ORI iy 0 s
A |Op U | |0k,nu

Treating I3 works the same way as treating I; using that || f(|0nus|)p(t) V(||
is uniformly bounded in ¢ and 6 ju € L¥(Q):

F (G AT, bt (5000 OV ) — 3 A (TS0 (5T () i
Q
<7800 70 f 1187 A T, 5120 = G A (V) ] d
Q

+][ 00,5 A(Vu)op jul [ f(|onus]) — f(|0nul))] |p(t)V(n?)] dz — 0
Q
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We now want to estimate II and III in equation 3.21. For this reason we
first note for b > a:

b

b
1) - H@) = f 56 ds < Il fsas == 2 a) 22)

a a

and since Vu € L?(Q,R™) we have |6,u,| — |6pu| in L?(Q) and get taking
the limit o — 0:

1
s Rt][ (H(6pul)n?) dz|,_,
B
1 H][H(|5hu|)8t (%) dz
Q

This means we can take the limit ¢ — 0 and the supremum over all T' €
in equation 3.21 and get

I +10 = ][ S A (VW)Y (f(|5h1,])0n up(t)n?) dz
Q

—i—% sup][ (H(|0pu|)n?) dz S][H(Mhunat (n?) dz =:1II" (3.23)
t oI
B Q

We now want take the limit & — 0. Since V(Vu) € L2 (/J, WE2(Q)) (see

loc
Theorem 5.15) we can proceed as in the elliptic case (lemma 3.2) for term I'.

For I’ and III' we note that u € L2 (J, W,"2(€)) and therefore |§5u] — v

loc loc

in L?(Q) as h — 0. Using equation 3.22 we get

1
I’ — sup ][ H(v)n?dx
1 By
B
Ir —>][H(v)8t (n?) dz
Q

This means we can take the limit h — 0 in equation 3.23 and multiply by
R? to get

sup - ]bf H(o)y + R ]é VV(Tw)f (o)

SB[ VT PIaP ) + R f H o
@ Q
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Proof of theorem 3.4. As in the proof of theorem 3.1, we approximate f
by a sequence of uniformly bounded, non-decreasing C! functions f; with
limg 00 fr(z) = f(z) for all z € Rg. As the fi, are uniformly bounded C!

functions we can apply lemma 3.5 and get with Hy(t) := f(f sfr(s)ds
1
sup][ Ak—i—][ By, :=sup a][Hk(U)qu + R?E][ |VV(Vu)*n?fi(v)
. A A A

<R? ][ V()2 Va2 fie(v) + R ][ Hy ()0 = ][ Cy + ][ Dy
Q Q Q Q
(3.24)

We have || fxll.o < M. As in the proof of theorem 3.1 Bj is bounded by
the L'-function M|VV(Vu)|?n? and Cy is bounded by M|V (Vu)|?|Vn|? €
LY(Q).

For the other terms we note that Hy(t) = fg sfr(s)ds < Ms?.This means
we have Ay < M v?n? € LY(Q) and Dy < Mv?n?=19;n € L'(Q). This means
we can take the limit & — oo and use dominated convergence to conclude
the proof. O

Corollary 3.6. Let ¢, u and v be as defined above and denote G(t) := (¢(t) — ¢(v))+
and H(t) = (v? — %) with a non-negative real number .
Then we get

sup i]lH(v)nq + Rg%][ v <G(U)77%> 2
B Q

S G0V + B H ) 0 (3.25)
Q Q
Proof. We use f(t) = xs>~. This leads to H(t) = fAfsder = (2 — 9?4

as claimed. To get £, IVV (Vu) 2 xusyn? 2 folV (G(v)n%) 2 we proceed
like in the proof of corollary 3.3. Putting this in the result of theorem 3.4
concludes the proof. O
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4 De-Giorgi-Techinque
4.1 Preliminary Lemmas
At first we proof two important lemmas.

Lemma 4.1. (Fast geometric convergence) Let a« > 0,C' > 0 and b > 1 be
real numbers and ap a sequence with the properties

ap1 < Cbka}ja
11
ag < C ab o2

1 _ 14ka
Then we have ap, < C " ab 2 —0

Proof. We use induction:

The base case k = 0 follows directly from the second property.

The induction step is straightforward: Let ap < C_%b_% for some k,
then we get

1 14ka\ lta
ap1 < CbPa; v < OO (C’_Eb o2 )
[PV J R Sk S S 1, lt(ktDe
< CH*C™ 7 ab o =(C"ab o2

From this we get an easy

Corollary 4.2. Let a > 0, C > 0, b > 1 and v be real numbers and ai a
sequence with
ap \*
ap+1 < CbFay ()
~

Then we have a, — 0 if v = agciba%
Proof. Use Lemma 4.1 on the sequence %’“ O

Lemma 4.3. Let h € CY(R{) be an increasing function with h(0) = 0,
h(2t) < dh(t) and h'(t) ~ @ and let ¢ € RT be a constant and define
Ck :0(1—2*’“).

Then we have for v > cp41

h(v) £ 24 (h(v) — hier)) ,

and the constant only depends on h.
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Proof. We calculate:

h(v) = h(v) = hley) + h(ex)
) h(c.)
= h(v) = h(ex) + h(ck+1) — h(ck)
h(cr+1)
h(ckt1) — h(ck)

(h(v) = h(cx))+

(h(chs1) = hlck))

< (h(v) = h(cr))

h(cri1)
= h(cks1) — h(cr)

If we have k = 0, we have h(cp) = 0 and the therefore % =1
For the case k > 1 we use the intermediate value theorem of differential

calculus and for some ¢ € (¢, cx41) (implying § <t < ¢) we get

hekt) h(ck+1)
h(cg+1) — h(ck) — W(1) (ckt1 — cx)
h(ck+1)t

>

(t) (c(27F —27+1))
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4.2 The elliptic case
We will start directly with the main theorem of this section

Theorem 4.4. Let ¢ be an N-function with As({p, p*}) < oo which satisfies

assumption 2.4, let u € Wllo’f(Q,]Rm) be a local weak solution to A,u =0 on

a domain Q C R™ and B C Q a ball of radius R with 2B € 2. Furthermore,
we denote v := |Vu.
Then we have

sup () 5 f (0
2B
Proof. We define

B,:=B(1+27%
(. € C§° with
XB, < Ck < XByia
ok

VGl S %
Tt =Yool —27F)

where v,, € R" is a constant to be chosen later.
In the end we want to use Corollary 4.2 on the sequence Wy, := [|o(v) Xv>+, Sl

where ¢ > 2 is chosen such that ¢( g_lt) < (fo(t) for all k € N. We esti-
mate:

Wi = HSO(U)X’U>’YI€+1C]Z+1H1 < ”(p(v)Xv>’yk+1<Ig+1HL2”Xv>’yk+1Xsupka+1”2
n— n
1 g 2
< HQDZ (U)X’U>’Yk+1ck+l ” 2n ||XU>’Yk+1 XsuppCri1 H%

We now observe that with ¢/(t) = \/¢/(t)t ~ 90% the assumptions of lemma

4.3 are fulfilled because of A(p) < oo and we get 2 (t) < 26+ (9 (¢) — o/ (7)) 5 = 2FH1GL (1)
like in corollary 3.3 for v > 7,41. We use this and Sobolev’s inequality where

we note that the Sobolev constant is proportional to R?:

1 g 2
HSDQ (U)X’U>’Yk+1 Ck2+1 H 2n ||X1)>’Yk+1 XsuppCri1 H %
P

2
i q
222Gl (v) G |l 2n IXv> 1 Xsuppcess |
-

2
n

q 2 2
522]‘3"‘2]{2”V (Gk(v)@f“) HQHX'U>’YIC+1XSUPPC]C+1 ”f

Now we can apply corollary 3.3 on the first factor. For the second factor we
see that using Xfﬁ>%+l = Xv>v, and Cx = 1 on supp(yy1 we get:

()Xo Celly Z W)Xy Gilly Z L) X052 Gl Z VR4 X 0> 3040 XsuppGis [
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Putting this in our estimate gives

2242 2|17 (G ( 3 2 2
k U)C]H_l ||2HXU>’YI€+1Xsupka+1”1

||¢(v)xv>vk62\|1>i
©(Yi+1)

<O R20(0) s [Vt 2] (

We now observe that vz41 = 7s0 (1 — 2—(k+1)) > 2= and therefore p(7.1) >
0 (%) > As(9)p(vo0) and using [V¢|? < 22K R 2 xguppe,,, < 2PR72(] we
get

2

v\ ™

9242 2211 5 (1) yyor |V 2 <H‘P(U)X > Sk 1)
lo(0) X7, [ V1 l7lly 1)

2 2
1o (0)Xom A1\ 2 We \*
S24k||90(v)xv>ykég\|1< Peoontel )" g, (1

1IN

In total we have Wi 1 < 24617, (w&/fo )) and can apply corollary 4.2 on

Wy, This means we have W, — 0 if ¢(7s0) ~ Wy but this gives xy>qy., =0
and therefore p(v) < Y(Yoo) On sUppleo = B. So in the end we get on B:

o(®) < 9 (Yoo) ~ ap = ][ (V) xu50C2 < ][ o(v)

2B 2B
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4.3 The parabolic case

At first we define for a sequence of C§°-functions (j the norm

||f||Ls(Lr)(k,) = ||||f||LS(ngx)||LT(dt) = <][ < fTCZ d$> " dt)

and based on this

0 =

Y = HQD(U)XU>'YkHL1(L1)(k)
2y = HU2X’U>’YkHL1(L1)(k)

1
Wi =Y, + —Z;
o

Lemma 4.5. Let u € LY, (JxQ,R™)NCioe(I, L2, .(Q,R™)) withv := |Vu| €
LGD

P (IxQNLE () be a local weak solution to dyu—A,u =0 on a cylindrical
domain J x Q C R and let Q = I x B C R'™™ be a cylinder in space-time
with Radius R, in space and height R; in time with Ry = aR%. Let the
sequences (i, € CF° (R1+”) and vy, € RY have the following properties:
Qk:2<1+2_k)Q::Ik X By

XQr < Ck < XQr+41

n—2
v (o)
o (67 )| s

Tk = Yoo (1 — 2‘k)

Then we have

||7)2XU>’YI¢+1 HLoo Ll)(kJrl) < 23kOéWk (4.1)

Proof. We recall the energy inequality 3.25 from corollary 3.6 with n =
n=2
(Ck-ﬁl):
m>fm @2M+WH @%T)
Q

§R;2z][ )V (Ck:+1 ) ‘2 Xv>pss A2 + R?E][ H(v)(,ii_ll)#at (Cﬁ) dz
Q Q

2
dz

(4.3)
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At first we estimate the terms on the right hand side of 4.3 and note
that (x =1 on suppiy1:

()

(V) Xv>ny, Xsuppxyi1 4%

Ri][ SD(U)XU>'Y1C
Q

Q
<2 f (o) L
Q

) n—2) 7! n=2 ok+1R2
Rx][ Hk(v) (Ck.iﬁ ) Oy <<k_;_11 ) ’ dz S R; = ][ U™ Xv>yi XsuppXk41 dz
Q Q

2k [,
s 2 f v
Q

2k 22k
= —Zk < —Zj
« «

Putting this in 4.3 gives

2
dz < 22w, (4.4)

1 _n_ g_n_
s > [ 5 an s 12 f |5 (66tn?)
B Q@

To prove 4.1 we use lemma 4.3 with h(t) = t? to get v? < 2¥Hy(v) for
v > Yp+1 and we see that ¢ < CnT_2 as 0 < ¢ < 1. Putting this in 4.4 gives
1

2 _ 2 q
v Xv>vp41 HLOO(Ll)(kJrl) = Sl}p a][v XU>'Yk+1<k+1 dz
B

1 n—2\ 9
k n
< a2 SI}p a][Hk(U) (Ck.H) dz
B
< a2’ W,

For inequality 4.2 we set h(t) = go(t)% in lemma 4.3 and get cp(t)% S
Qka(t) for t > i1 like in the elliptic case. We also use Sobolev’s inequality
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and note that its constant is proportional to R2.

a2
le(0)Xvo> sl 4 (£722) 1) = 16 (V) Xv>p 1 Cost ”Lﬁ(dx)”p(dt)

n—-2 2

1 gn—2
= H”QO(U)QXU>’YIC+1<13+17L HL%(dx)HLl(dt)
n—2 2

gn=2
S 2k|| HGk(U)CI?—Hn ”L%(dm) ”Ll(dt)

< 9k R2 221
S 2P RV (Gk(“)gz >||L2(dx) L'(dt)

- 2’“R§][ ‘v (Gk(v)g%"%z) ‘2 dz
< 93y,
O

We will now specialize to the case ¢(t) = tP. To find the optimal upper
bound in the parabolic p-Laplacian case we want to use all the information
we get from the lemma we have just proved. With the weak type estimate

HUX’U>’YI€+1 ||LT(LQ)(k+1) > ’Yk’+1 HX”U>’Yk+1 ”LT(LQ)(]{H-I) (45)
we get
3k 1
(o ||Lp<Lpﬁ>(k+l) S20 WY
1 3k 1
”UX’U>’Y]€+1HLOO(L2)(I€+1) 5 w222 Wk2
1
HUX > || & W;
||Xv>7k+1HLP(Lp)(k+1) < 0>Vt L Lo (Lp) (k+1) 5237 k (4.6)
Vik+1 Yoo

11
VX 0>7041 ||L<>O(L2)(k+1) < g azW?

HX’U>’Yk+1 HLoo(L2)(k+1) < V41 oo

HXU>7k+1HLoo(L2)(k+1) <1

As in the elliptic case we want to apply corollary 4.2 on Wj. To get to the
point where this is possible we use at first Hoelder’s inequality and then
use the interpolation of Bochner-Lebesgue-spaces (cf lemma 5.1 in the ap-
pendix) in both factors between the spaces where we have information about
the norms.
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We start by estimating Y. For simplicity we drop the 2*-factors for now.

1
Yki1 :H’UX'U>“/I¢+1 HLp(Lp)(kH)
< H'UXv>ﬂ/k+1 HLT(Ls)(k+1) HXv>’yk+1 HLT’(LS’)(;H_I)

<Jlv (PN [ I
SNUXv>yg41 LP<LPH)(I€+1) Xv>vp 41 Loo(L2)(k+1)

HXU>’Yk+1 ”z; (Lpﬁ) (k+1) HXU>’Yk+1 ”%iO(LQ)(k-H) HXU>’7k+1 H%io(Loo)(k+1)

Q+1%9+0‘71+% 1—0+ag
p o P}

p
<Wk

al+ag
o0

~

This can be rearranged to

p 1-0tay p(g+1352+51492)—1
2 0, 1-0_ a1 a3y
Wkoz p(pto +5 +73°)
Yerr S Wi plag+ag) (4.7)
p(g+1524+51+92)—1
o0
To fix the parameters we get the equations
11 1 1 1
p r s &
1 0
roop
0 n 1-6
S Paz 2 (4.8)
1 . 041
o p
1 (8% o
§ Ly 2
l=a;+a2+ a3
From this we get
a;=1-40
np(@ —1)+4
8 -1) 4 -
np
np —4
a3 =
n

and we are free to choose 6 € (0,1) as long as we ensure that the «; are
non-negative. For ay this is always the case. To get as > 0 we just have to
choose 6 large enough to have =2 —1 < 9. As as is not dependent on 6, we
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have to deal with the restriction np > 4 in another way. This will be done
later. For now we just note that because of n > 2, we do not have problems
for p > 2. We put 4.9 in 4.7 and get:

W"“O‘>z (4.10)

Yit1 S Wi (
,72

[e.9]

We will now do the same for Z:

Z]E_H :||UXU>%+1 HLz(Lz)(kJrl) < ”UXU>%+1 HLT‘(LS)(k-Jrl) HXU>’Y1¢+1 ||L7"/(Ls’)(k.+1)
0 1-6
SH/UX’U>’Y]€+1 HLF(Lpﬁ)(k—H) ||UXv>’Yk+1 HLOO(L2)(]€+1)
||X1)>’Yk+1 ||Z;<Lpﬁ)(k+1) HXU>%+1 H%;(L?)(kJrl) ||X1)>’Yk+1 ”ziO(LOC)(kJrl)
W§+%9+%+%a1702+a2
< k
— altag

Yoo

This can be rearranged to

2(2+152 450 4+92)-1

( . 1;®+a2 ) D P
2] — S ]
Wka2 §+T+T+T -1
Zp1 S Wy TCTEETY (4.11)
(T )
oo
We can substitute p by 2 in the first equation of 4.8 and get
1
o = ip -0
g = M (4.12)
n
n(4—p)—4
s = ( Qn)

One more time we are allowed to choose © freely between 0 and 1 if we
ensure that the a; are non-negative. For this to be possible for a; and ao
we need a © with %p >0>1-— % This is only possible for p > 2 — %. asg i8
independent of © and we need n(4 — p) — 4 > 0 which means p < 2(2 — 2).
In this case we put 4.12 in 4.11 and get using v := §(p — 2) + 4

2
Wea \ ™
Zy1 S Wi ( ) ) (4.13)
2
Yoo
To rule out most of the restrictions on p we first note that for n > 2 the

requirement p < 2(2 — %) can only be a problem for p > 2. We recall that
we did not have problems in this case with our estimate of Y. So we set
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and use Hoelder, Xy, ,(z) € {0,1}, the weak type estimate 4.5

1 1
2 q
an

iAo

=14
nd 4.10:

Z1 =|lv I7 < v I7 I I7
k+1 Xv>yp41 L2(L2)(k+1) = Xv>yg11 Lr(LP)(k+1) Xv>vk41 La(L9)(k+1)

2 Jux [
2 ¢ vk LR (LP) (k1)
:HUXU>%+1”Lp(Lp)(k+1)||Xv>vk+1|’Lp(Lp)(k+1) ~ %
Vol
2
Y; Wea \ "
_ l;i»l <Wk k
Yoo vy El

This shows that 4.13 is true for all p > 2 — %.

In an analogous way we are now also able to get rid of the restriction np > 4
in the estimate of Y as we see that this is only a problem for p < 2. We set
% = % + % and use Hoelder’s inequality, x>+, ., (z) € {0,1}, the weak type

estimate 4.5 and 4.13 to get

Y+ :||UXv>vk+1||zj-:p(Lp)(k+1) < HUXU>'yk+1||}£2(L2)(k+1)”Xv>'yk+1Hiq(Lq)(k_i_l)

2
P %” HUX’U>%+1 HLZ(L2)(k+1)
:HUXU>WQ+1 ”L2(L2)(k+1) HXU>%+1 HL2(L2)(k+1) ~ 3
Yol
2
Y n
_ 12€+11) < Wy <Wk2a>
Yoo v

This means 4.10 is valid for all p > 1. If we now add 4.10 and é times 4.13
we get the estimate for W:

2
Wit < Wi <min { W’“O‘, W’“OﬁQ " }) (4.14)

2

Vo Vol
We see that this is independent of ® and we still have the assumption
p>2— %. Assuming this a priori leads to an easier proof of those estimates
(and therefore estimates on v via corollary 4.2).

Theorem 4.6. Letp > 2—2 andu e L (J, W, ’p(Q R™))NCloc(J, L2, (2, R™))
with v == |Vu| € L} (J x Q) be a local weak solution to the parabolic p-
Laplacian equation Oyu — Apu =0 on a cylindrical Domain J x Q C RI*7,
Denote vy = n(p — 2) + 4. For a cylinder Q = I x B with 2Q € J x Q and
Rt = aR2 as before we have




Proof. We use the definitions from lemma 4.5 and get using equations 4.6
and 4.5:

p

_ p
Yit1 = Hva>wc+1HLp(Lp)(k+1) < HUXU>%+1HLP(LPﬁ>(k+1)

P
Xv>041 ||LOO (L%)(lﬁ-l)

4
— p n
=loxemsenlly, (o oy X0 ey

4
:”UXU<%+1 ||1£p(Lp)(k+1) ||XU<'Yk+1 ||£O°(L2)(k+1)

93hZ Yy o Wia\ =
<oy, 2 Wi o :23k(1+3)Wk< ;;oz>

- v
o

To estimate Z note that for p > 2 — % the function *~27 is increasing.

_o 4
P 2+

n

4 U2X”>”/k+1 H
n

2 2
ZkJrl :HUXU>“Yk+1HL2(L2)(k‘+1) = ”’U X’U>’Yk+1HL1(L1)(k+1) = HWT

LY(LY)(k+1)
P el

pard o> L1 (L) (1)

Te+1

< P n
~ 2uy H'U Xv>7k+1|‘L1(Lﬁ>(k+1)”vnxv>%+1”LOO(L%>(I€+1)

Yo'

1

:EH’UXU>%+1 Hp

4
7 1o (7720 ey | X0 | Eom 2y

W1 =Yr1 + aZk—i—l

2

<23k(1+;)Wk (an) +23k(1+2)lw (Wg@)
S G ’Yog

W\ 2 (WheaS z
§23k(1+n)kaaX ( ga)n, ka,,;

Voo '70%

2

:23k(1+%)W Wi
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Like in the elliptic case we conclude with corollary 4.2 that Wj — 0 for
Wy ~ min {7%,72} and we therefore get on Q:

vy 2}

-5 2 2 2 2
. v 2 . 00 v

mln{ — } < min 72771,% ~ W :][vp-i-a

(%
2-n 2-n

o 2

We remark that we have % < p for p < 2 and % > p for p > 2.

To generalize the p-Laplacian case back to the ¢-Laplacian we have to
“translate” the assumptions on p to assumptions on an N-function ¢. As
we do not have an easy relationship between | f[|,, = inf {k>0: [2<1}
and [ ¢(v) we cannot use Bochner spaces like before. The proof we got at
the end of the previous section is nonetheless easy to generalize. The final
theorem of this thesis reads:

Theorem 4.7. Let ¢ be an N-Function with As({p, p*}) < oo satisfying
assumption 2.4 where p(t)% = cp(t)t%72 is an increasing function and let

u € LY (J x Q)N Cle(J, L2 (,R™)) with v := |Vu| € LY (J x Q)N

loc loc loc

L2 (J,L% () be a local weak solution to the parabolic p-Laplacian equation

loc
Ou—Ayu=0

on a cylindrical domain J x Q. For a cylinder Q = I x B with 2Q € J x ()
and Ry = aR2 we have

2 2
min{ ”E?Z,“} S Lol
a2 « (6%

2Q

Proof. We proceed as we did in the p-Laplacian case and use the definitions
from lemma 4.5. For Y we get:

Yit1 :H‘p<v)Xv>7k+1 HLl(Ll)(kJrl) < H@(U)waﬂ ”L1 (Ln%?)(lﬁ-l) HXU>%+1 HLoo (L%)(k—&-l)

4
:H‘:O<U)Xv>7k+1 HL1 (L"%?)(k—&-l) HX?)>%+1 Hzoo(LQ)(].H_l)

2
<314 2)yy, (Wko‘> '
7%

38



And now for Z:

2
p(v)n
Zk41 :||U2Xv>’yk+1HLl(Ll)(k_H) = |‘7302X1}>’7k+1’|
p(v)n LY(LY)(k+1)
1 4
§72||<)0(U)Uﬁxv>’yk+1”L1 LYY (k
2 +1
P(Ve+1)m (ED+D
4
S.z 2 ||Q0(U)XU>’W¢+1 HLl (L”%Z>(k+1) ||an’U>’Yk+1 ”Loo (L%)(k-i-l)
P(Yoo) 7
1 2
= lo()xosvisnll 1 () m2e X025y i1 | Foo (1
p(’Yoo)% k+1 LI(L 2>(k+1) 2>yl Loo (L) (k41)
2
523k(1+%)Wk < Wia )"
(Vo)
In total, we have
1

Wii1 =Yiq1 + aZkJrl

2 2
D () Lo ()

% o P(Yeo)
2 2n\ &
<93k(142) W, max <W;;a> o Wi n
V3 P(Yoo
2
:23k(1+%)Wk Wi

and the theorem follows as before from corollary 4.2 as we have W;, — 0 for

2
min {p(;f‘;), L(‘f } ~ W:
2-n

«
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5 Appendix

Lemma 5.1. Let (1, A1, 1) and (Qa, Ag, 12) be measure spaces and denote
the corresponding Lebesque-Bochner-spaces by LP(L1) := LP(Qy, L1(Q2, R™)).

(a) Let p,pl, pg, q, q1, qg be real numbers greater than 1 or infinity with
l TR and —1 + q% (£ =0) and let f € LP* (L") and

Then we hCW@ fg € LP(L?) and HngLP(LQ) < HfHLpl(qu)HgHLP2(Lq2)

(b) Let po, p1, qo, q1 be real numbers greater than 1 or infinity and let
f € Lo (LC“) N LP2 (L) Then for © € [0,1] with 119 = pgl + 1;—06 and
1= @ + =9 we have f € LP (L9).

Proof. (a)

19l Loy = IFgl ol o < NS pon 9l o2 ]l o

< AN zoallpar Mgl poa 1 par = 1A 2ov (o) 91l Loz (a2
(b) We use the Hoelder-type estimate from above
© r1-0© €] 1—-©
Wl =152~ <1505 170N, 0

= 11 oy 115 a0

O

Lemma 5.2. Let ¢ be an N-Function with As(p) < co. Then the following
are equivalent:

(@) [lfn = fllo =0

b) [o(lfa—f1) =0
and those imply

\/wmw—/mmﬁ%o (5.1)

Proof. ([18] Theorem 3.14.12) We show the theorem for f = 0. For the
general case we can just use g, = f, — f.

(a)=(b): As we have [[fy[|, — 0 we have |[f,||, < 1 for n large enough.
This leads to

o (Mallods fu
/ﬂMM—/w<”mu>swmu/wghu>swmu%o
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(b)=-(a): Take £ > 0. Because of the Ay-regularity of ¢ we have

o (M) <e. [tz

As [(|fn]) = 0 there is an N such that [ (] fy]) < é But this means

[fnll, < e
For the last assertion it suffices to show that [ (| f+g|) S [(e(|f])+¢(lg])).
With the convexity and monotony of ¢ and the As-condition we get

As(p)
2

—_

((lf1) + ¢(lgl)

O]

P(f + g = @l fl+19l) = 5 (L@If]) + @(2l9]) <

Lemma 5.3. Let ¢ be a Ag-reqular N-function and Q a bounded domain.
Then the space of C*°-functions on Q is dense in the Orlicz space K (£2).

Proof. The proof is analogous to the L? case using that convergence in mean
and convergence in norm are the same for a Ag-regular . At first, we show
that simple functions are dense in K%:

Since ¢(|u|) € L, we can find an increasing sequence of simple functions
with [ ¢(Ju,|) 7 [ ¢(|u]) by the definition of the Lebesgue integral. Since
o(Juy|) > ¢(Jul) almost everywhere we have [ |¢(Ju|)—¢(|u,|)| — 0 and can
find a subsequence v,, with v,, — u almost everywhere. By the monotone
convergence theorem we therefore get [ ¢(ju — v,|) — 0.

As we can approximate any simple function by a C°°-function in every LP-
space we can do so in L¥-spaces as well as we have p(t) < (691 4 t*2)¢(1)
(see [20]) by taking a sequence of C*°-functions u, with (w.l.o.g. aq > a2)
[u, — uf[,, — 0. Then we get:

/sO(IHn —u)) o) (Jun —ullg] + lu, —ull53)
Q

< 1) (o = 192555 o, = wl ) 0

O]

Lemma 5.4. Let ¢ be a Asg-regular N-function and & a standard mollifier.
Denote by w® the outer parallel set of w @ Q). Then for w® € Q we have:

[etud < [ et

w we
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Proof. For Llloc-functions u we get using [ £ =1:

//fs(y —z)|u(y)|dzdz

w w€

<[ [ ew-oaumolvs [l
| J

w® wNBe(y

We now define an z-dependent measure via du, = &(y — ) dy and note
that wa du, = 1. Using Jensen’s inequality and the above result with the
L -function ¢(|u|) we get:

/so /fa(y—x)u(y)dy d:z:</<p(u lu(y)|dps | dz

S//MMMmeéfwwwmy

w we we
]

Lemma 5.5. Let ¢ be a Ao-regular N-function and & a standard mollifier.
Then for every u € L}ic we have u. := u*x& — u as e — 0.

Proof. Take an w € 2. We know that for smooth functions v we have v, —
v locally uniform and therefore also in ¢-mean and in the @p-Luxemburg
norm. Let § > 0 be fixed. For u € L¥ we chose a v € C* such that
lv —ul| < g for some gy > 0. We also chose 0 < ¢ < g small enoug

< gholds. Then we get:

p,w0

that [[ve — v||%w

||u - uEH(p,w S ||u - VH(p,w + ||V - VEH@,(,J + ||v5 - uEH(p,w

SHU - VH(p,w + ||V - vEH(p,w + ||V - u||907w50 < 5
O

Lemma 5.6. (c¢f [19] Lemma 20) Let ¢ be an N-function with Ax({p, ¢*}) <
oo and [P, Qs = sP+ (1 — s)Q as before. Then we have

jMdSNM
/ IP.aL] P[+]Q)

Proof. Because of Ay(¢*) < oo we have (cf [21] Lemmas 1.2.2 and 1.2.3) a
6 € (0,1) and an N-function p such that ¢’ ~ p with As({p, p*}) < oo and
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1
l
J(P1+ QD)7 [ 1Pl 2as
0

AN

(/' (1P +1QD)7 ([P| + |Q|>%*

(P + QNP+ IS
(P +Ql)?
(Pl +1Q)
Pl+1Ql

where we used (|P|+|Q|) ~ fol I[P, QJs| ds.
For the other direction we see using ¢(t) ~ ¢'(t)t, |[P,Qls| < |P|+|Q| and
Jensen’s inequality that

1

/tp ds / p([P,Qlsl) > ¥ <f01 ’[P7Q]s‘d5>

(1P |+\Q| 2 (IPI+1Ql)?

0

We now use that fol I[P, Qls|ds 2 ¢(|P| 4+ |Q]) (see for example [6]) and use
the Ag regularity of ¢:

/M’(HP,Qm o> 2(PIH1Q) ¢ (PI+]Q)
/Pl M E TR TPl

O]

Lemma 5.7. Let ¢ be an N-function satisfying assumption 2.4. Then the
associated N-function v defined via ' (t) = \/t¢'(t) also satisfies assumption
2.4 and we have Y (t) ~ /" (t)

Proof. We get

" (t) = — (¢'(t) + " (1) ~ VI (t) = /(1)
24/t (t)

and use this to show

" (t) ~ (1) = V! (1) ~ V(1) = 1/ (1)
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Lemma 5.8. Let ¢ be an N-function with Aa({p, ¢*}) < co. Then Aa({pxr, 3 }r>0)
is bounded uniformly in .

Proof. (cf [19] Lemma 23) As we have ¢\ (t)t ~ ¢@(t) uniformly in A and
¢'(2t) ~ ¢'(t) and A+ 2t ~ XA+t we get

"N+ 2t) O'(A+1)

()= FAT A, FATH, g

©x(2t) N+ 2t N1t ox(1)

and this proves the claim for ). The proof for ¢} is analogous. O
Lemma 5.9. Let ¢ be an N-function with As({p, ¢*}) < co. Then we have
an e > 0 depending only on Aa({p, ©*}) such that px(kt) < ko, (t) holds
forall 0 <k <1.

Proof. (see Lemma 31 in [19]) Like in the proof of 5.6 we have an N-function
p with ©® ~ p for a 0 < © < 1. Then we get uniformly in ¢ and k:

p(kt) ~ (p(kt))S ~ k& (t)

This shows the claim for A = 0 with ¢ = é —1. As we have Ax({px, ¢} }a>0)
from lemma 5.8 the proof for ¢, is analogous. O

Lemma 5.10. Let ¢ be an N-function with As({p,¢*}) < oco. Then we
have px(Ax) ~ k2p(A\) uniformly in 0 < k <1

Proof. We note that kA + X\ ~ X and ¢'(ct) ~ ¢(t) because of the Ay
condition and estimate

'(kA + A)

©
Ox(kX) ~ EAGY (EX) = k2)? Syl kA (N) ~ k2p(N)

O]

Theorem 5.11. Let ¢ be an N-function satisfying assumption 2.4 with
As({p,¢*}) <00 and u € Wllo’f(Q) be a local weak solution to Ayu =10 on

a domain Q C R™. Then we have V(Vu) € W,22(1).

loc

We proceed like in [19] and begin by showing the following

Theorem 5.12. Let u be a local weak solution of A,u = 0 on €. For a
cube Q with side-length R and 5Q € ) we have the inequality:

h 2
][\Th V(Vu)|?dz < |R’2][ | V(Vau)|* dz (5.2)
Q 5Q

The proof is split into two parts
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Lemma 5.13. Let u be a local weak solution of A,u =0 on ). For a cube
Q with side-length R and 4Q € §) we have the inequality:

][/Ts (Vu)? x<€][/|T V(Vu) ]2da:d)\+c€R2/ (IVu|)dz (5.3)

04Q

Proof. We take equation 3.2 on 2Q and f = 1, multiply with h? and take
the C* function n with xg <7 < x2¢ and |Vy| < R~ We get

0= (A(Vu), V(7 n(7jnun?))) = (1 A(Vu), V(3 nun?)
= (§; hA(V), 6, ,Vun? + 6; uqgn? V) =1+ 11 (5.4)

Like in 3.6 we get

I~ ][ 7,V (V) Py da >][|T] WV (V)| da (5.5)
2Q

and in analogy to 3.8 we get

h
s / ][ 1l (173070 [V 0 Tie, | B[] s

/][ R¢\Vu| |TJ hVu|)\Vu © Tse ‘ ds (56)

Replacing the factor h by A and and |Vn| by R~! in 3.9 we get the inequality
q—1 s A
1 el (7)) [V o Tog |
/\2
<en?|jp—sV(Vu) o se; |2 + Enq]Tj7SV(Vu)|2 + csﬁgo (|Vu 0 Tse, |)
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Putting this in 5.6 we get

h
h
II SEX /][nq]Tj7h_sV(Vu) 0 Tye,|* ds da
2Q 0
h h
h 9 A2
+5X N7 sV(Vu)|“dsdz + Ce ¢ ([VuoTy,|) dsdx
2Q 0

2Q 0
h
h 2
SEX ITjh—sV(Vu) o Te |* da
2

50 "0
\ h

+e— /][\T]S Vu)|2dsd:v—|-CgR2 /][¢(|VuoTsej|) dsdz (5.7)
2Q 0 2Q 0

We now note for a general f € LllOC and s < R

/;uﬁﬂgu>®¢r
20 0

:}/mdmwonmmmm

0 R™

:}/uwoﬂmmmmmmS

—_———
OR™  <yuo(z)

h
/][\ x)|dsdx
iQ 0

IN

46



and

/ ]h[ | (Thsf o T) ()| ds dz
2Q 0

/][ [ (raf 0 Thos) ()] ds
2Q 0

h
-} [ teeeTne) i @ asa
OR

—_—
<xaq (%)

< / ]}Z | (7o) ()] ds da
4Q 0

Putting those 2 estimates in 5.7 and putting it with 5.5 in 5.4 we get

h
h A2
][|Tj,hV(Vu)|2daz < S5 /][ |Tj78V(Vu)’2dI + Cc / (IVu|) dz  (5.8)
Q 4Q 0 4Q
We note that we get for any L'-function g:
A

h 1 1
]lh]lfg(s)’deh: )\12//X(o,h)(S)X(o,,\)(hﬂg(S)!deh
1 11 e A A
AO/O/x P (®g(s >rdsdh:]f S/dhlg(s)]ds

>| =

Integrating 5.8 via fg dh proves lemma 5.13. O

To conclude the proof of theorem 5.12 we need a lemma from [19]:

Lemma 5.14. Let 71, 2 functions such that ~v;(R, h) is non decreasing in h
and %. Let f € L7 () and g; € L2, .(Q) be functions such that the following
statement is true: For every e > 0 there is a c. > 0 such that for every cube

Q with side length R and 4Q € §2 and every 0 < h < R holds:

][/|T f|2dx<s][/7'sf dxds+cs§:% (R, h) /gzdx (5.9)

04Q 4Q
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Ro

10 and

Then there exist constants No(n) and ¢ such that for every 0 < h <
every cube Qg with 5Qy € 2 holds

2
[mitasseS e [ g (5.10)

Qo =1 5Qo
Proof. [19] Lemma 13. O
We are now able to prove theorem 5.12.

Proof of theorem 5.12. From lemma 5.13 we know that the assumptions of
2

lemma 5.14 are fulfilled with f = V(Vu), 71(R,h) = %3, 72 = 0 and

g1 = ¢(|Vu]). To conclude the proof we note v;(NoR, Noh) = v1(R,h) O

Proof of Theorem 5.11. We divide equation 5.2 by h? and get
1
][|5hV(Vu)|2da: < RQ][ V(Y2 dz < 0o
Q 5Q

This implies the existence of VV(Vu) € L?(Q) for every Cube @Q with
5Q € Q. For any other w € Q we denote by R = dist(w, 0€2). Take the
open covering w C Nyew@r(r) C €2 since w is compact we have a finite
subcovering of cubes Q; ::()Qﬂ(ac,-), i =1,..., N, with 5Q; € Q. Therefore
we have ’

N
1
fahV(vu)dex <> ][ V(Y dz < 0o
w =1 5Q;
0

Theorem 5.15. Let ¢ be an N-function satisfying assumption 2.4 and u €
LY (J xQR™)NCloe(J, L*(Q,R™)) be a local weak solution to Ayu = u on

a cylindric domain J x Q C RM™™ with v := [Vu| € L7 (J xQ)NLY (JxQ).
Then we have V(Vu) € L2 (I, W*(Q,R™)).

loc loc

In analogy to the elliptic case we divide the proof.

Lemma 5.16. Let ¢ be an N-function satisfying assumption 2.4 and u €
LY (IxQ,R™)NCloc(J, L*(2,R™)) be a local weak solution to Ayu = dyu on

loc

a cylindric domain JxQ C R with with v := |Vu| € L} (JxQ)NLY (Jx
Q). Then for every space time cube Q of sidelength R with 4Q € J x Q and
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every A < R we have
A A

][/!Ts V(Vu)*dz Se][/hsV(Vu)]deds

0Q 04Q

R2
1Q

Proof. We multiply the inequality 3.23 on 2Q by h?, set f = 1 and discard
11

A2 A2
+c. /cp(|Vu])dz+R/|Vu|2dz (5.11)

/ Th i A(Vu)V (1 jup(t)n?) dz < hQ/H(](ShuDat (n?) dz
2Q’ 2Q

We now take n € C§° such that xg < n < x20, |Vn| < R~!and |0 < R™!
and get

I = /ThJA(Vu)V(Th,ju) dz < R_l/]ThuIde =:1I” (5.12)
Q 2Q

Since u € L2(W'?) we have ;5 Jag |Tpul?dz — J2g |[Vu|?dz and therefore
for every A > h

2
I < Rh2/yvu\2dz §2A2/]Vu2dz

20 4Q
We then handle I” like in lemma 5.13 and take max{c., 2} as our new ¢,
to get the result of lemma 5.16 O

Proof of theorem 5.15. We use the Giaquinta-Modica type lemma 5.14 with
2
(R, \) = RQ, Yo = R? g1 = ¢(|Vu|) and g = |Vul?. We get

A2 A2
][]TAV(Vu)IZdz <ec RQ][QD(\VuD + R][ ]Vu|2
Q 5Q

5q
Dividing this by A? leads to

1
][|5)\V(Vu)\2dz <c R2][ (|IVul]) + ][ Vul? | < o0
Q 50

which implies V(Vu) € W2(Q) for every cube Q with 5Q € Q. The
same simple covering argument as in the elliptic case leads to V(Vu) €
Wi () O

loc
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