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ABSTRACT

The Jordan Wigner transformation is an important tool in the study of one-
dimensional quantum spin systems. After reviewing the one-dimensional Jordan
Wigner transformation, generalisations to graphs are discussed. As a first res-
ult it is proved that the occurrence of statistical gauge fields in the transformed
Hamiltonian is related to the structure of the graph. To avoid the difficulties
caused by statistical gauge fields, an indirect transformation due to WosIek and
SzczeRBA is introduced and applied to a particular quantum spin system on a
square lattice — the constrained Gamma matrix model. In a random exterior
magnetic field, a locality estimate on the Heisenberg evolution — a zero-velocity
Lieb Robinson type bound in disorder average — is proved for the constrained
Gamma matrix model, using localisation results for the two-dimensional Ander-
son model.
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Chapter 1

Introduction

QUANTUM spin systems are an important playground for studying many-body
quantum phenomena. Due to the fact that the Hilbert space at each lattice
site is finite-dimensional they are relatively simple models, yet still capture some
important physical features that would otherwise be too difficult to treat in the
general framework. This includes the study of quantum dynamics, thus focussing
on many-body scattering effects.

In the study of one-dimensional quantum spin systems, a transformation
between spins (or hard-core bosons) and fermions first introduced by JorpAN
and WIGNER [W]28] has proven to be a valuable tool. It can be used to transfer
results from (non-interacting) fermionic systems to spin systems with nearest
neighbour interactions (Heisenberg model, XY-model, X XZ-model et cetera).

Recent developments in the theory of random Schrédinger operators, in par-
ticular the Anderson model, make it possible to analyse random quantum spin
systems and look for analogues of dynamical localisation (the notion of spec-
tral or eigenfunction localisation does not make sense any longer in many-body
systems).

This thesis has the following objectives:

(i) Review the one-dimensional Jordan Wigner transformation and discuss gen-
eralisations to general (finite, connected) simple graphs. In particular it will
be proven that the occurrence of statistical gauge fields in the transformed
Hamiltonian is related to the structure of the graph.

(ii) Introduce an indirect Jordan Wigner transformation due to WosIiek and
SzczerRBA [Wos82, Szc85] and apply it to a particular quantum spin system
— the constrained Gamma Matrix model.

(iii) Present zero-velocity Lieb Robinson bounds (in disorder average), whose
validity can be used to define localisation of quantum spin systems in ran-
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dom magnetic fields similar to strong dynamical localisation in the Ander-
son model. These can be used to prove exponential decay of (averaged)
ground state correlations [HSS12], and therefore provide a simplified ver-
sion of the mobility gap concept introduced by HasTings [Has10].

(iv) Prove a zero-velocity Lieb Robinson type bound for the constrained Gamma
Matrix Model, thereby providing another example (next to the isotropic ran-
dom XY chain discussed by Hamza et al. [HSS12]) of the above concepts.

In the remainder of this introductory chapter, some basic notions of quantum
mechanics on combinatorial graphs and quantum spin systems are reviewed.

1.1 Quantum mechanics on combinatorial graphs

Combinatorial graphs are the underlying lattices in tight binding models of elec-
trons in solid state physics, hard core bosons in optical lattices, and spin systems
(just to name a few applications).

A combinatorial graph G = (V, E) consists of a set of vertices V = V(G) and
edges (or links) E = E(G) C {{x,y} : x,y € V} connecting them. Two vertices x
and y are said to be neighbouring, x ~ y, if {x,y} € E. The graph G is assumed
to be simple, i.e. two vertices are at most connected by one edge and vertices are
not connected to themselves. Let Adj(G) be the adjacency matrix of G, i.e. the
symmetric |V| X |V|-matrix with elements

) 1, ifx~
Adj(G)(x, ) = Y

0, otherwise

A simple path Zy is a graph with vertex set V = {v,, ..., vy} and edges
E = {{vg, 01}, {01, 0}, ., {on_1, On}} such that v, # o) for all k,j € {1,..,N}
There is a natural ordering on %y, namely v; < v} if and only if j < k, i.e. v; lies
on the path from v, to ;.

If additionally the first and the last vertex v, and vy are connected by an edge,
the resulting graph is called a cycle or simple loop %), of length N + 1.

Bethe lattice and Cayley tree

The Bethe lattice B, with coordination number z > 2 is the (infinite) connected,
cycle-free graph with the property that each vertex has exactly z neighbours. Fix-
ing one particular vertex as root o, the collection of its z neighbours is referred
to as the first shell. Each vertex in the first shell has another (z — 1) child vertices,
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T (N)
B.(N)

(a) (b)

Figure 1.1: (a) Cayley tree B,(N) and (b) its forward part T (N).

combined forming the second shell. Proceeding along up to N shells, the result-
ing tree B,(IN) is called Cayley tree (of size N). The nth shell has ./;, = z(z—1)""!
vertices and the Cayley tree B,(N) has a total number of

N N N
z-D¥ -1 z(z-1)V -2
N =1+ )M =1+z e R —

n=1

vertices.
There is a natural (partial) ordering on BB,, defined by

x<y :& xlies on the unique path from o to y.

Given two vertices x, y € B, their distance dist(x, y) is given by the length of the
unique path connecting them. In particular, the nth shell is the set of all vertices
x with dist(x,0) = n, and B,(N) = {x € B, : dist(x,0) < N}.

Sometimes it is customary to consider only the forward part T;(N) = B} (N)
of a Cayley tree, i.e. the regular rooted tree graph with branching number k =
z-1

1.2  Quantum spin systems

This section is intended to describe the usual mathematical framework when
discussing quantum spin systems [BR02, Nac06]. Let G be a connected (finite or
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infinite) graph, e.g. the d-dimensional lattice 7%, d > 1, or the Bethe lattice B,
with coordination number z > 2 (see section 1.1).

For each x € G let , = 9, be a finite dimensional Hilbert space’. For
simplicity it is assumed that all the Hilbert spaces %, have the same dimension

n > 2, such that , = C" Vx € G. Denote by (G) the set of finite subsets of G.
For A € B(G) define H,, = ®x€A 9y

Observables of the system at site x are elements of the C*-algebra ,, =
B(H,) of bounded linear operators on $,, which is isomorphic to the algebra of
nxn complex matrices I, (C). The algebra of observables for a system in a finite

set Ais Ay = B(Hy) = ®xeA Ay
Since for two disjoint finite sets A; N A, = @ one has H5,up, = D, ® Da,»
there is a natural embedding of A, into A, 5, given by

Q[Al >5A— A®]1A2 € QIAlL)AZI

ie Ay =y @1, €Ay, The C-algebra of local observables is defined as
the union of the increasing family (y)rep,(G)»

QIloc = U Ay,
AePH(G)

and its norm closure is the C*-algebra of quasi-local observables A = WOC

An interaction (or potential) on the quantum spin system, defining a quantum
spin model, is a map @ : P,(G) — A with the properties that D(X) € Ay
and O(X)* = O(X) for each X € By(G). It is called finite range if there is an
R > 0 such that for all finite sets X with diam(X) > R one has ®(X) = 0. The

Hamiltonian with a finite set A and an interaction @ is given by

Hy =HP =), O(X).

XCA

It is a self-adjoint element of A ,.

Time evolution

The time evolution (Heisenberg dynamics) of a quantum spin system correspond-
ing to an interaction @ (respectively, the Hamiltonian H,) is given by the one-
parameter group (ai);cg of automorphisms of U,

al(A) = éfh Aeith, A e U,

It is well-defined by the spectral theorem (H, being self-adjoint).

"The notation x € G is used throughout this thesis instead of x € V(G) if there is no room
for confusion.
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Example 1.1 (The XY model). Let $, = C? for each x € G. The anisotropic XY
model in an external field is defined by the one- and two-body interaction

[+ y)oxoy + (1 =y )oio;] if X = {x,y}and dist(x, y) = 1
d(X) =2 v,00 if X = {x}
0 otherwise

0 1 0 - 10
1 _ 2 _ 3 _
i U B

are the Pauli matrices, and the real-valued sequences {u,}, {y,} and {v,} describe
the coupling strength, anisotropy and external magnetic field strength, respect-
ively.

The Hamiltonian for a finite subset A of G is then given by

HY = Y wld+y)olol+(1-y)o2ed+ Nviod  (1L1)

x,yeA xXeA
dist(x,y)=1

where

and, formally, the Hamiltonian of the full system may be written as

HY = Y pl@+y)olol + (1-y o202 + Y v,0?
x,yeG xeG

dist(x,y)=1

Elements in A, A € Po(G), are 21 x 2\-matrices corresponding to polyno-
mials in the Pauli matrices and the 2 X 2 identity matrix. Quasi-local observables
are given by uniform limits of such polynomials.

For completeness and later convenience, the most important properties of the
Pauli matrices are stated below.

(i) The commutator between two Pauli matrices is given by
[G“, aﬁ] = 2i€,p,07

where € ;. is the Levi Civita tensor.

apy
(ii) The anti-commutator between two Pauli matrices is [0“, aﬁ] = 20,41,
(iii) (0*)? =1, Tr(c%) =0

(iv) 0%0F = 0,61 +i€yp,07
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Chapter 2

Jordan-Wigner transformation

HE Jordan Wigner transformation, introduced by JorpAN and WIGNER in
[W]28], has proven to be a valuable tool in studying spin chains and their
(quantum) phase transitions in one dimensional systems, most prominently in
the application to the quantum XY model in one dimension by L1EB et al. [LSM61].

2.1 TheJordan Wigner transformation in one dimen-
sion

Consider the XY model on Z as defined above. In particular, the following section
will be concerned with the Hamiltonians H[)S\/],N] for N € IN and make use of an
equivalence between the Pauli matrices and fermionic operators.

This method, known as Jordan Wigner transformation, dates back to JORDAN
and WIGNER [W]28] and was used by LieB, ScHULz and MATTIs [LSM61] in the
exact solution of the anisotropic XY chain. The infinite model was studied by
ARrak1 and MaTsul [AMS85] after the correspondence between the Pauli and CAR
algebras had been given by Araxki [Ara84].

2.1.1 Jordan Wigner transformation

For N € N let
N-1 N
Hy = H[)EK],N] = E ‘Ux[(l + yx)aalcaalﬁl + (1 - )/X)Oi(fiﬂ] + 2 ngg (2.1)
x=-N x=-N

As a first step towards establishing the Jordan Wigner transformation, one
introduces the set of raising and lowering operators (hard core bosons)

b, =0t =3 (o}( + io,?;) , by=o0y=1 (G}C —~ iai) (2.2)

11
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foreachx € [-N,N] N Z.
They are locally anticommuting, {by,b,} = 1, commuting on different lattice

sites, [, b,] = [b}, b;] = [by,b,] = 0 for x # y, and satisty a hard core condition,

b% = (by)* = 0 (mixed algebra of raising/lowering operators).
Furthermore, they have the properties

[03,by] =2b;, [o03,b,] = —2b,

2.3
o, = b, bod=b, obi=b, blod=-b, (23)

By definition, the raising/lowering operators preserve the local structure, and
satisfy the relations

ot=b,+0b;, o2=i(b,-by), od=2b,-1=0bib,—bb. (24)
In particular, one has for y # x

1.1, 2.2 _ nps .
0,0y + 030, = 2(bib, + byb,)

2.5
0x0y — 050, = 2(byb, + byby) 25)
These can be used to express Hy in terms of the b operators.
N-1 N
HN = Z Z#x[b;cbxﬂ + bjc+1bx + yx(bxbxﬂ + b;+1bjc)] + Z Vx(Zb;cbx - ]]-) (2-6)
x=—N x=—-N

In order to construct fermionic creation and annihilation operators c;-* and Cjs
respectively, obeying the canonical anti-commutation relations (CARs)

{e, eyl =01,  fey ey} =f{ci, ) =0, forallx,ye [-N,N]nZ (2.7)

y} y

one needs to break the local structure of the bosonic operators b defined above.
One possible choice is to define C(_?\, = b(_*l)\] and

x—1 x-1
=1t =t [ y=-N+1.,N (2.8)
y=-N y=-N

The operator S, = H;;l_N 03 is usually referred to as string, kink or soliton oper-

ator' (especially in the physics literature) [Fra13].

'Let |+) be the two eigenstates of ¢'. Then S, creates a kink at lattice site x,

S8 @) =888 @8
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D(x)
——0—0—0—0—0—0—0
-N X Y N

Figure 2.1: Graphical representation of the lattice sites contributing to the phases
®(x) and P(y) in the one dimensional Jordan Wigner transformation. They are
directly related to the string operator (see remark).

Lemma 2.1 (Jordan Wigner Transformation). The operators defined in (2.8) sat-
isfy the canonical anticommutator relations (2.7).

Proof. Without loss of generality let x < y. Then by relation 2.3 and the commut-
ativity of the b operators on different lattice sites one has (see also figure 2.1 for
a graphical representation of which sites contribute to the product in the Jordan
Wigner transformation)

y-1

x-1 y-1 x-1
C:Cy = I I a2 | b, b, I I a|=|b; I I o3| o3b,03 I I a2 | = —cyex
z=-N z=—N

z=—N —— | z=-N
:—bx

Since cyc, = b;, (Hx*1 Gf) (HJH N ag’) b, = byb, and the bs are locally anti com-

z=—-N z=—
muting the c operators inherit this property. By the hard core condition and

essentially the same calculation as above one proves that {c}, c;} = {c,,c,} =0
forall x,y € {-N, ...,N}.
[ |

Remark. Another, equivalent way of constructing fermionic operators ¢ from the
hard core bosons b is to define (c.f. [LSM61] and the discussion in section 2.2)

c, :=e®Wh ¢t = bie W (2.9)

with ®(x) =7t Z;;I_N byb, and inverse transformation

b, =e®Wc,, b= cLel®W, (2.10)

This is due to the fact that the operators (b;b,),—_y,.. n are mutually commuting
and thus

x-1 x-1 x-1 x-1
exp|in Z byb, | = H exp (inb;by) = H\’exp (%in(oi + Il)) = H\](—OS)
y=- y=-

y= -N Y= -N

which is unitarily equivalent to the string operator S,. ¢
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Using the relations c;c, = byb,, ¢iCyq = —bib,,; and c,cpq = b, by, One gets
N-1 N
HN = z Zﬂx[—CZCm - C:c+1cx + Vx(cxcxﬂ + C;+1C§c)] + Z Vx(ZC}Cx - ]1)-
x=—N x=—N
(2.11)

2.1.2 Extension to the infinite chain

The extension of the Jordan Wigner transformation to the (two-sided) infinite
chain Z reveals some subtleties that were studied by ArRAakI and MATSUI in their
discussion of ground states of the X Y-model on Z [Ara84, AM85]. It turns out
that the C*-algebra A““R generated by {c,, ¢} : x € Z}, and the C*-algebra A’
generated by the Pauli spin matrices {0¢ : a = 1,2,3, x € Z} are different C*-
subalgebras of an enlarged C*-algebra €A Only their even parts with respect to
a certain automorphism of A coincide. The problem is that the infinite product
H:E) 02 is not a quasi-local observable?.
Define the automorphism @_ : A’ - AP,

N—ooo

-N -N
©_(4) = lim | T] 3 |A|T] o3|,
x=0 x=0

which corresponds to a rotation of all the spins on the left half of the lattice x < 0
by 7t around the o3-axis. Indeed, a simple application of the (anti-)commutation
relations of the Pauli matrices shows that fora = 1, 2,

2
-N -N
31— ~2 15 31 — Ha
Ilay = 0% lim Ilay =0f forx>0,
N—oo
y=0 x=0

~————
=1

N
O_(0%) = lim Hai a?
y=0

N—-ooo

-N
O_(0%) = lim Ha; 0% 5
y=0

N—->oo

-N
H03 =-0f forx <0,
y=0

and ©_(03) = 02 for all x € Z. Further, one can easily see that ©_ is an involu-
tion, ®2 = 1.
Now let T be such that

T2=1, T*=T, TAT=0_(A) YAcU

?Indeed, one has ”H;Z) o3

=1 for all n € N, thus it cannot converge in norm.
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and define U as the C*-algebra generated by UA” and T. It can be decomposed
into a direct sum A = APTO + APT! = AP + APT and with this decomposition at
hand, the automorphism ©_ can be extended to A by setting

®—(A1 + AzT) = ®—(A1) + @_(Az)T, All A2 S QIP.

Remark. Introducing T and the enlarged C*-algebra A was necessary to adapt
the Jordan Wigner transformation 2.8 to the case of an infinite chain.

If A = [-N,N] N Z, then ©_(A) = ([T} 03) A(II .}, 03) = TAT for all

Ae U’ In particular T = H;i\]o o2 € A, so A=A , and the above reduces to
the discussion in section 2.1.1. ¢

Having introduced the enlarged algebra Wit is possible to define the creation
and annihilation operators ¢}, c, € A by

1,32

¢ = TS, 07 :Tsx(o"zw") Lo} ,ifx>2
1_ 2 S,=41 Jifx=1
ol—i

Cy = TSXG;:TSX( x 5 x) H;:(Jg; ,ifx <0

Here one can see that T was used to substitute Hg}m 03. In particular T has
all the necessary properties to make the family of operators c,, ¢}, x € Z, fulfil
canonical anticommutation relations. This follows from [S,, S,] = 0, S2 =1 and
©_(S,) =S, for all x, y € Z. Also notice that for x < y one has

(T 2oy, 222 ot (T o?), x22
Swoy=y,_ % x=lr= o5, x=1p =005,
(T, 0%) 02, x<0| |©(02)(IT,0%), x<0

and for x >y

(L5 od)or, x=22|  [-0.@)(eY), x=2
SxG-y_'— = O;, x=1% = O‘;, xr=1\4 = _@_(G-y_i—)sx
(IT,0) 05, x<0 o (T, 2), x<
Hence,

cxCy = (TS0 )(TS,0%) = 5,0 _(07)T?S,0% = 5,0 _(07)5,0% = 5,0 _(07)0_(07)S
=5, (1 -0 (67)0_(07)) S, = 1 - 5,0 (07)S,0; =1 - 5,0 (07)T*S,0%
=1-TS,0iTS,0; =1 —-cic,,
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and for x < y one gets

cxCy = TS0, TS, 0y = 5,0 _(0%)S,0y = =5,5,050, = =5,5,0, 0%
= -=5,0_(0y)5.0; = —Sy®_(a;)Tsz0; = -TS,0, TS0, = —cjC,.

Similarly it can be proven that {c,, ¢,} = {c}, cj} = 0.

Let AR denote the C*-subalgebra of U generated by those operators. It
follows immediately, that

* Jifx>1 Jifx>1
O (=4~ " O ()=4" "
-, ,ifx<0 —c, ,ifx<0

Next, the relation between A” and ACAR ig described. To do so, one has to

introduce another involutive automorphism © of 2, describing the rotation of
all spins around the o3-axis by 7. By the construction of it suffices to define

©(0F) =-0f (@=12)
O(d3) = o3
OT)=T

for x € Z and extend it to an automorphism on . Accordingly, the action on
the fermionic operators is

®(C§c) = —Cy, ®(Cx) = —Cx (x € Z)

Clearly, ®> = 1, and by definition ©® leaves A’ and AR invariant, i.e. for
A € AP/CAR als0 O(A) € AP/CAR,

© can now be used to decompose both subalgebras into an even (® = 1) and
an odd part (® = —1). For an operator A € A”AR one has A = A, + A_ where
A, = J(A = O(A)), and APCAR = QYCAR 4 QPICAR wigh ALAR = (A € APICAR ;
O(A) = £A}. The relation between the spin and CAR algebras is given by

AP = YSGAR - P = TUACAR, (2.12)
Define another involutive automorphism O_:A->A by
O_(A +TA) = A -TA, A,eW
Then
©(O_(A, + TAy)) = O (A, - TAy) = O(A)) - TO(A,)
= 0_(0(A) + TO(A,)) = ©_(O(A, + TA,))
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ie. OO._ i@‘G on . R
Since A = A + TA’ the extended algebra A can be decomposed into

—

A = UGAR 4 YCAR 4 TYCAR 4 TYCAR
AP = YCAR 4 TYCAR

The local Hamiltonian Hy (2.1) is quadratic in the spin operators, and there-
fore lies in the positive subalgebra of A”. But the positive subalgebras of the spin
and CAR algebras coincide, which concludes the discussion of the Jordan Wigner
transformation in the case of an infinite chain.

2.2 Generalisations to graphs

The LIEB-SCHULTZ-MATTISs ansatz 2.9 can be used to define a Jordan Wigner trans-
formation on arbitrary (connected, finite) graphs. In this setting the Hamiltonian
transforms to a more difficult one including statistical gauge fields which in gen-
eral cannot be removed by gauge transformations.

Let G = (V, E) be a finite, connected graph and {c,},cc a fermionic field on
G. Define the new operators

a, =eé®Ve,, gl =cle P (2.13)

with @(x) = Y p(x,z)cie, = n X, @x,z)cic,, px,z) € Rforally,z € G.
The latter equality uses that, without loss of generality, one can assume @(x, x) =
0, since ¢V = ¢, .

Indeed, since c;c, is bounded, one has the norm-convergent series represent-
ation

.k
doscre, = |1 + Z &(c}cx)" c,=¢ ,a€R
k>1 k!

due to the property ¢2 = 0. The same applies to cje!*& = c%.
By the canonical anti commutation relations the a operators satisfy

o @) D) — D) o+ o i®
a3y, = e*Vc,cie Y = 5,1 - eVc;c, e

— 6xyﬂ _ eimﬂ(x,y)c;cy C;e—iﬂ(ﬁ(x,y)@cy eiqD(x) e—iq)(y) eimp(y,x)c}cx Cxe—in(p(y,x)c}cx

:eim/:zhy)c; :e—in‘(p((y,x) o (2 1 4)
= (5xy]1 _ eiﬂ((P(X,y)—<P(er))C;e—id)(y) AP c,

= 6xyﬂ - eiﬂ(w(x,y)—<p(y,X))a;ax
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forx,y € G. If

o, y) - @y,x) =9 mod2 Vx#vy, (2.15)
then the a operators are said to satisfy hard core anyonic statistics, i.e.
aay, = 0,1 —e™aa, (2.16)

The parameter 9 € [0, 1] interpolates between fermionic (8 = 0) and hard-core
bosonic (9 = 1) statistics, and the hard-core property (agf))z = 0 follows from the
same property of the fermionic ¢ operators.

In the calculation above the equalities

eingo(x,y)c;cy C;e—in(p(x,y)c;/c}/ = ein(p(x,y)C;
eiﬂ(p(y,x)czcxCxe—iﬂ(P(]/,X)C;Cx — e_in(P(y/x)Cx

have been used. They follow from the following observation: in a basis where

cxC, is diagonal, cyc, = (é 8) ,Cy = ((1) 8) ,and ¢} = (8 (1)) . Then

0 1/1\0 O 0 0

) . . . . . ing(x,y) ing(x,y)
emgo(x,y)cycy C; e—m(p(x,y)cycy — em(p(x,y)c}/cy C; — (6 0) (0 1) _ (0 e
Y Y y

— piTP(x,Y) ~*
e Cy .

An analogous calculation yields the second equality.

Unless stated otherwise it shall from now on be assumed that 9 = 1, so that
the a operators describe hard-core bosons. Let H be the Hamiltonian of free
fermions on G with nearest neighbour hopping,

H = Z(c;cy + CjCy)-
x~y

Then the transformation 2.13 yields the unitarily equivalent Hamiltonian

H = E(a;e@(x)e‘@(y)ay + a;e@(y)e‘@(")ax) = Z(u;e‘iA("'y)ay + a;eiA("'y)ax)
x~y X~y
(2.17)

with a statistical gauge field

Ay =7 Y (o2 - e 2)]ce = Y [p,2) - px,2)|aia., (2.18)

Z#EX,Y Z#EX,Y

where it has been taken into account that ae#%% = g% and ¢!#%q_= g, for all
B € R due to the hard-core property (aﬁf))z =0.
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Statistical gauge transformations

From calculation 2.14 it follows immediately that transformations of the form
i, = "Wg with A(x) = 1t Ez:ﬁx A(x, z)aza, leave the particle statistics unchanged
iff

Alx,y) = Ay,x) mod 2 Vx=#uy. (2.19)
They can be used to modify the statistical gauge field A(x,y) (2.18) while pre-

serving particle statistics. Explicitly, the Hamiltonian 2.17 is unitarily equivalent
to

H = E(g;eiA(x)e—iA(x,y)e—iA(y)gy + g;eiA(y)eiA(x,y)e—iA(x)dx)
X~y
= ) @ Aeg, + @edeng)
X~y

(2.20)

with

A, y) =7 Y [(9p,2) - p(x,2)) + (A, 2) - A, 2)) | aza,

Z#EX,Y

=7 Y, [(p,2) - p(x,2)) + (A, 2) - A(x, 2))|@a,

Z#EX,Y

(2.21)

In principle one would like to use such statistical gauge transformations to get rid
of the statistical gauge field in 2.17 altogether. This could be achieved by letting
AMw, z) = —p(w, z) for all w # z. But by condition 2.19 one would have

-p(w,z) = —p(z,w) mod2 VYw#z
in contradiction to 2.15,
ow,z)—p(z,w)=1 mod 2 Vw #z.

In the following section it will be shown that the occurrence of statistical
gauge fields in Jordan Wigner transformations has to do with the structure of

the underlying graph G.

2.2.1 Examples and the existence of special Jordan Wigner trans
formations
It is an interesting question whether there are Jordan Wigner transformations

on a given graph G which map fermions to hard-core bosons without introdu-
cing a statistical gauge field A. Such fields correspond to higher order non-local
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interactions,

—1A(x,y _ —i ,2)—0(x,2))asa
a;e 1A( J)ay — a; H e in(p(y,z)-p(x,z))aza, ay
ZEX,Y

_ H (Il + (e HPlD-p(2) _ 1)a;az)a

ZEXY

y

since €%%% = ¢%aq, + (1 — aia,), a € R.
Equation 2.18 shows that A(x,y) = 0 if and only if

ex,z)=¢@y,z) mod2 Vx~y,z#xy.

Together with the statistics condition 2.15, this yields the following system for
the phases @(x,y), x # y € G:

Adj(G)(x, ) (p(x,z) —p(y,z)) =0 mod 2 Vz#x,y

P, y) - p(y,x) =1 mod 2, (2.22)

with the adjacency matrix Adj(G) of G. Letting ¢ denote the number of edges in

G and v the number of vertices, there are in total v(v — 1) variables ¢(x, y) and
@ equations defining the particle statistics together with e(v — 2) equations

for the non-occurrence of a statistical gauge field. For the graph to be minimally
connected, one has e > v — 1, thus the system will in general be overdetermined
for v > 4, since

v(v-1) Cew-2) < v(v-1)

—(v-1)(v-2)<0 ifv>4.

Definition 2.2 (Special Jordan Wigner transformations). A transformation of
the above type satisfying the conditions 2.22 is henceforth called special Jordan
Wigner transformation in this thesis.

Example 2.3 (Simple Paths). Let G = %y be a simple path of length N with ver-
tices vy, ..., Uy. Then, as in the one dimensional Jordan Wigner transformation,

1, ifz<x

, :®/ =
p(x,z) = O(x, 2) 0, ifz>x

is a solution to 2.22. This can be seen by noting that

fx<z

x> Z} =0(x,z)+1-65,. mod 2 (2.23)

O(z,x) = {(1)’
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(a) (b) (©)

Figure 2.2: The graphs considered in examples 2—4: (a) Simple path %y (b) Cycle
graph %y (c) Y-graph.

so0 O(z,x) - O(x,z) =1-6,, =1 mod 2 for x # z. Also, if x ~ y, one has

-0

O(x,z) - Oy, z) = { 6zy/ ifx<y

ify<x} =0 forz#x,y.

Hence there exists a special Jordan Wigner transformation on simple paths %,
which is of course not surprising, since this is the exact same case as in one
dimension. ¢

Example 2.4 (Cycle Graph). Let G be a cycle graph %, N > 3, then the system
of equations 2.22 determining the phases ¢(x, y) is given by

¢(1,z) =¢2,z) mod2 Vz>3
©(2,z) =93,z) mod2 Vz>4,z<1

(N -1,2) : @©(N,z) mod2 Vz<N-2
@(N,z)=¢p(1,z) mod2 V2<z<N-1
together with the statistics conditions
px,y)=¢ply,x)+1 mod2 Vx#ye(l, .. N}
In particular, one has

©(1,3) =9(2,3) =9p(3,2)+1=--=¢@(N,2)+1
=p(1,2)+1=¢(2,1) =¢(3,1) =¢p(1,3)+1
meaning that one can construct the contradiction 0 = 1 out of part of the above

conditions, so there exists no special Jordan Wigner transformation on %y for
any N > 3. ¢
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Example 2.5 (Y-graph). Let G be a Y-graph (sometimes also called 3-legged star
graph or claw), i.e. the graph with vertex set V = {0,1,2,3} and edge set E =
{{0,7} : j =1,2,3}. The system of equations 2.22 reads (everything mod 2)

¢(0,2) = ¢(1,2) (0,1) = ¢(2,1) »(0,1) = ¢(3,1)
¢(0,3) = ¢(1,3) ¢(0,3) = ¢(2,3) ©(0,2) = ¢(3,2)

px,y)=ply,x)+1 Vx#y
But then

0(0,2) = 9(1,2) =2, 1) +1 = 0,1) +1= 3, 1) +1
=¢(1,3) = ¢(0,3) = p(2,3) =¢(3,2) + 1 =¢(0,2) + 1

So 0 = 1, contradiction.
This shows that there cannot be a special Jordan Wigner transformation on
the Y-graph. ¢

Theorem 2.6. Let G = (V,E) be a finite, connected graph. Then there exists a
special Jordan Wigner transformation in the above sense if and only if the graph is

a simple path, G = Fy;_;.

Proof. If G = Ay |1, then the special Jordan Wigner transformation is given in
example 2.3.

For the converse assume that G is not a simple path. Then there are two
cases:

(i) Gisacycle graph &y, (i) G contains a Y-graph

Assume G is a cycle graph. It was proved in example 2.4 that the system 2.22
has no solution, so there exists no special Jordan Wigner transformation.

Therefore assume that G # Zy|,1, €}y|. In this case it contains a Y-subgraph
Gy = ({vo, 01,05, 3}, {{vo, vj} 1 j = 1,2,3)).

Assuming further that the system of equations 2.22 admits a solution on G,
the equations in particular have to be true for Gy. But as shown in example 2.5
these equations are enough to produce the contradiction

P(vg,0p) = P(01,0;) = P(0p,01) +1 = @(vy,01) + 1 = @(v3,01) +1
= @(0v1,73) = (Vo, V3) = P(Vy, v3) = P(v3,0y) +1 = P(vy, ;) +1,

ie. 0=1.

Hence the system 2.22 cannot have solutions on G. |
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2.2.2 The two-dimensional Jordan Wigner transformation

Let A = [-L,L]*> N Z? be a square in Z? centred at 0, and {c,, ¢ : x € A} be
a family of fermionic annihilation/creation operators on A. The canonical basis
vectors are denoted by e; and e;.

As an immediate consequence of theorem 2.6 there cannot exist a special
Jordan Wigner transformation on the two-dimensional lattice A. Nevertheless,
there do exist Jordan Wigner transformations leading to statistical gauge fields.
They are solutions to the condition 2.15 (for 9 = 1),

pxy)—ply,x)=1 mod2 Vx=#y, (2.24)

and shall be discussed in the following two subsections.

The FRADKIN-WANG solution

Let Arg(z) = ImLogz € [-m, ) be the relative angle between z (identifying
z = z; + iz, with z = (21, 2,) € A) and an arbitrary reference axis. Then by the

property
Arg(z) = Arg(-z) + m1 mod 2n
one can see that ¢(x,z) = %Arg(z — Xx) satisfies condition 2.24. The resulting

Jordan Wigner transformation goes back to FRADKIN and WANG [Fra89, Wan92].
Under this transformation a Hamiltonian of hard core bosons with nearest-

neighbour hopping
H = Z E (b;bxﬂ/ + b;{f‘l—k‘]‘bx)
xeA j=1.2

transforms to the Hamiltonian

_ + 1A(x,x+e;) * —1A(x,x+e;)
H = Z E (cxe ! Cx+e]v + Cx+e]-e ! Cx)
xeA j=1,2

of fermions with nearest-neighbour hopping coupled to a statistical gauge field

A(x,y) defined on the edges (x, y) of the lattice, with

Alx,x+e) =T Z [(p(x +e;,2) - p(x, z)] CiC,.

z¢x,x+ej

The statistical gauge field A generates a flux through elementary plaquettes
P of the lattice A. Let P be such an elementary plaquette with corners x, x+e;, x+
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xX+e, xX+e +e
1 y ° ® ° °
® 8P
° 3 ® ° . x+e
(a) (b)

Figure 2.3: Jordan Wigner transformation in two-dimensional lattices: (a) The
lattice sites contributing to the phases in the Azzouz solution (b) Elementary
plaquette in A.

e, + e, and x + e, (see figure 2.3). Then the statistical flux through P is given by
Bp = X, ,p A(0), explicitly
Bp=A(x,x+e)+Alx+e,x+e +e)—Alx+e,x+e +e)— A, x +e)
=7 [(p(x +e5,x) - p(x + el,x)] CxCy
+ 7 [(p(x,x +e)—@px+e +epx+ el)]cijrelc,ché,1
+ 7 [(p(x te,xte+6)-px+e,x+e+ ez)] Crrep+e,Crresle,
+7 [(p(x +e +e,x+e)—@xx+ ez)] Cite,Crte,

T % P P 37
- ECXCX + ECX+€1CX+81 + fcx+€1+€2cx+€1+€2 - TCX+€2CX+€2

The Azzouz solution

In his Ph.D. thesis M. Azzouz proposed another solution to the two dimensional
Jordan Wigner transformation® [Azz93]. It uses a more natural generalisation of
the one-dimensional solution, with a phase function taking only the values O or

*Apparently unaware of this result, SHAOFENG published the same solution a few years later
[Sha95]. His conclusions were wrong in several points, though [BA01].
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13
(P(X, z) = ®(x1 - Zl)(1 - 6xlzl) + ®(x2 - Zz)éxlzl' (2.25)
Here, x = (xq,X;),z = (21, 2,) and O is the step function
1 if -L< Z]' < Xj .

@(XJ - Z]) - 0 if x]' < Z]‘ < L

To check that condition 2.24 is indeed satisfied one only needs to recall the prop-
erty 2.23 of the step function to see that
@(Z/ .X') = (®(xl - Zl) +1- 6x121)(1 - 6x121) + (®(x2 - ZZ) +1- 6x222)6x121
= ®(x1 - Zl)(1 - 6x121) + (1 - 6xlzl)2 + ®(x2 - 22)63(121 + (1 - 6x222)6x121

= (P(xr Z) + (1 - 6x121) + (1 - 5x222)6x121
=@(,2) + 104,04, =@x,2z)+1 ifx#z

Then one has

Xl—l L X2—1
CI)(x) =N Z QO(X, Z)C;CZ =T E Z szllzz)c(zlzzz) + E szlrzz)c(xlrzz)
ZEX z1=—L zp=-L zp=-L

which results in a statistical gauge field of the form

L X2—1
Alx, x + 61) =N Z szlrzz)c(xlrzz) + E sz1+1,zz)c(x1+1,zz)

Zp=Xxp+1 zp=—L
Alx,x+e,) =0

in the transformed fermionic Hamiltonian, and thus the statistical flux

*

BP =N (C;C+€2 T Cx+el) .

It is interesting to note that even though the two Jordan Wigner transform-
ations produce a different flux Bp, the two transformed Hamiltonians are still
unitarily equivalent and the corresponding statistical gauge transformation (in
the sense of 2.19) is given by

/\(X, y) = _%Arg(z - X) + ®(x1 - Zl)(1 - 5x121) + ®(x2 - 22)6x121

Remark. Azzouz’s solution 2.25 has an immediate generalisation to higher di-
mensional lattices, for instance in three dimensions, A = [-L,L]> N Z3, the
function ¢(x, z) would read [BA01, Koc95, HZ93]

P(x,2) = Ox3 = 23)(1 = Oy,z,) + O(; = 29)(1 = 0y, )Osz,
+ ®(x2 - ZZ)(l - 6x222)6x1216x3z3
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x=(3,5)

Figure 2.4: Polar coordinates on the Cayley tree.

2.2.3 A Jordan Wigner transformation for tree graphs

Having discussed the Jordan Wigner transformation for two-dimensional lattices,
it is straightforward to construct such a transformation for Cayley trees B,(N)
by representing each vertex in terms of suitable polar coordinates and using a
modification of the Azzouz solution. Invoking theorem 2.6, also in this case
there will be a statistical gauge field in the transformed Hamiltonian.

To this aim one assigns each vertex x of the tree the coordinates x = (r,, 0,),
where 7, = dist(x,0) € {0, ..., N} denotes the shell in which x is situated and
0, € {1,..,.7, } is the “angle” measured from some reference path (see figure
2.4). Then, given a family of hard-core bosonic operators b on B,(N), it is possible
to define Jordan-Wigner fermions via c, = ¢/®@b, with

D(x) = 7 Y, p(x,2)bib, (2.26)
Z#EX
re=1 A2y N
=7 [Bibo + D3 D5 Vieoabiaon + 25 biroobien |- (2:27)
r,=16,=1 6,=0111

ie p(x,z) = O(r, —1,)(1-0,,) + OO, — 0,)0,, . The verification of condition
2.24 is done by a calculation analogous to the one in the two-dimensional case.

The Hamiltonian of nearest neighbour hopping hard-core bosons is then unit-
arily equivalent to

H=Y, (c}em(’“wcy + c;e‘iA(W)cx)
x~y



2.3. THE WOSIEK-SZCZERBA APPROACH 27

with statistical gauge field (assuming x ~ y, x < y)

0,-1 My
— * *
AW, Y) =T D B o000 T 0 DY T 0,0,
6.1 0.=0,+1

2.3 The WOSIEK-SZCZERBA approach

An alternative approach to a generalisation of the one-dimensional Jordan Wigner
transformation® is based upon the observation that the Pauli matrices ¢! and o2
are generators of a 2 X 2 matrix representation of the Clifford algebra €1(2), since
{0%, 0P} = 20,41

Clifford algebras in a nutshell

Let d € IN. The Clifford algebra CI(2d) is the algebra generated by 2d elements
satisfying the Clifford algebra relation

{T%,TY =TTY +TT" =26,1, a,be{l,..,2d) (2.28)
Thus the Clifford algebra consists of

1,

r<, a=1,..,2d

I'r’, 1<a<b<2d
I'Tre, 1<a<b<c<2d

1;1"'F2d

The special element I'?**! = (=i)T'!...T? with the property (I'’**1)2 = 1
anticommutes with all the other generators of the Clifford algebra, {I'?, [ %1*1} =
Oforalla=1,..,2d.

One can show that the antisymmetric products of two I”’s,

=17 =-1 , <a<b<L 2.29
re 211[F“ Fb] irere, 1 b<2d ( )

generate a representation of SO(2d), and for 1 < a < b < 2d +1 a representation
of SO(2d + 1) [Geo99].

*NaMBU [Nam50] used a similar argument in the one dimensional case, which is why WosIEx
and SzczerBA [Wos82, Szc85] refer to this method as the “Nambu trick”.
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The Clifford algebra €1(2d) can be represented by the algebra i,:(C) of 27x24
matrices, and generators satisfying the above relation for their anticommutator.
For d = 1 these are usually represented by the two Pauli matrices ¢! and 02 (in
this case, the element '3 is represented by 03, since 0® = —io'0?), whereas in the
case d = 2 a representation of the CI(4) generators is given by the Dirac Gamma
matrices T, ..., T4

For later use, some elementary properties of the elements I'“” are stated here:

[[*, T =0fora#b,c (2.30)
{Te,T% =0fora#b (2.31)
[T, T = 0 for (a,b) # (c,d) (2.32)
{T%, T} =0forb+# canda # b,c (2.33)

2.3.1 Link operators and their algebra

Let H be the Hamiltonian of free fermions, described by fermionic creation and
annihilation operators c,, ¢; on a finite, symmetric digraph’ I = (A, E),

H=2u E (c}cy + c;cx) + Z v,(2cic, — 1). (2.34)

xyeE xeEA

The parameter ¢ € IR models the hopping strength to the nearest neighbour
lattice site, and {v,}] C IR describe an on-site external potential in which the
fermions move. It will later be assumed that the external potential is given by
iid. random variables (see chapter 3.2).

The fermionic operators can be expressed in terms of two self-adjoint Major-
ana operators for each site,

Ec=cCr+c, and 1, =-i(c, —¢y), (2.35)
with the properties

G =G
{Cocyl = 20,0, with (cel{sn)

that is, the operators generate a representation of €I(2|Al). In particular, (2 = 1
forallx € Aand C =&, 1.

Then, substituting ¢; = %(Ex —in,) and ¢, = %(Ex + in,) in the Hamiltonian
H yields

(2.36)

H = U Z (igxny - inxgy) + Z ingxnx

xy€eE xeA

*That is, a directed graph IL = (A, E) with the property that if (x,y) € E, then also (y,x) € E
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/ /

n

Figure 2.5: Example of the double graph for a two-dimensional square lattice

To allow a more compact description of the products of two Majorana fer-
mions on neighbouring vertices and an easier framework for the proof of his
theorem, SzczZErBA used the notion of a double lattice (see figure 2.5) in his pa-
per [Szc85].

Definition 2.7. The (directed) double lattice/graph IL is the directed graph with
vertex set A = A X {&,n} and edge set E, where (xo, ) = ((x,0),(y,¢c) € Eif
one of the following holds: (i) xy € E, or (i) x=yand(#c.

Operators defined on the edges of the (double) graph are usually called link
operators. Given a family of link operators {S({) : £ € E}, andapathy = £;0---of,
of length n € IN, one defines the associated path operator as

S() = (=1)"7'S(6y) -+ S(L,)

(for a degenerate path consisting of only one vertex v one sets S(v) = ill).

Definition 2.8 (Link algebra). Let {S(£) : € € E} be a family of operators defined
on the edges of the double lattice (link operators). They satisfy the link algebra if
they have the following properties:

@) S(€)" = S(¢), (S(€)? =1L forall £ € E

(i) {S(€),S(€")} = 0 if the edges £, {’ € E have one common vertex, and
[S(£),S5(")] = 0 otherwise

(iii) Tr (TL,, SCxe x,)) =0
(iv) If y is closed, then S(y) = ill.
Example 2.9. The operators on IL. defined by S(xc,y.) = iC,c,, where C, ¢ € {& n}

and &, 1), being a family of Majorana fermions on A as above, satisfy the link
algebra.
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The Hamiltonian H, expressed in terms of these link operators, is given by

H=u Z (S(xé,y,]) - S(x,,,yg)) + Z Ve S(xg, Xp).

xy€E xeA

The first two defining properties (i)-(ii) follow immediately from the Major-
ana algebra 2.36. To see that (iv) holds, let y = {; o -+ o £y be a closed path of
length N in L, ¢; = ((x;, C'), (xi11, C*), i =1, .., N =1, €5 = ((xn, CY), (x1, TH)).
Then

S(y) = ()VTHAG, G, )ACE,CR,) -+ (GG G (G, )
= (DVHNG ()P (GG, =il

Finally, one has

Tr [ ] SGxe, x,) = Tr [ [G&en0) = Tr [ @cie, - 1) = J] Tro, (2c5c, - 1) = 0

xeA xeA xeA xeA

since the operators {2c;c, — 1}, are mutually commuting with eigenvalues +1
of the same multiplicity. ¢

SzczERBA now proved in [Szc85] that the properties of the link operators
(definition 2.8) determine the link algebra uniquely up to unitary isomorphisms.
This result can be used to prove an implicit version of the Jordan Wigner trans-
formation by finding a family of operators satisfying the link algebra. The main
result is a representation of the link algebra in terms of higher-dimensional gamma
matrices with appropriate constraints that reduce the dimensionality to the re-
quired two per lattice site describing fermionic degrees of freedom. The precise
statement of the theorem and its proof are presented in the following. The next
chapter will then deal with an application of this method to a square lattice.

Theorem 2.10 (Szczerba [Szc85]). Let I = (A, E) be a directed graph and L =
(A, E) its associated double graph. Then, given a set{S'(€) : € € E} of link operators
on a finite-dimensional Hilbert space $ satisfying the link algebra, there exists a
family of Majorana operators {E,, 1, - x € A} on $ obeying the relations 2.36, such
that

§(6)=ilc, ,(=(y)€E Ccefén) (2.37)

If{S(€) : € € E} denotes the link operators from example 2.9, there is a unitary
transformation U with

usu* =5 (t) forallt € E (2.38)
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The proof of theorem 2.10 proceeds in two steps by reduction of the problem
to a rooted spanning tree of IL, where the natural ordering on rooted trees can
be used to construct the required operators & and 7, and later extended to the
whole graph.

Lemma 2.11. Let T = (A, Ey) be a directed tree on A with an arbitrary vertex
fixed as root & = o, and let {S’(€) : ¢ € Ey} be a family of link operators on
a finite-dimensional Hilbert space £ with properties (i)-(ii) and (iii) replaced by
the condition

Tr(S' (o) [ 15025 (2)) =0, (2:39)

X£0

where y, denotes the unique path from the root of T to the vertex x¢ (property
(iv) holds automatically, since a tree does not contain any cycles). Then there
exists a family of operators {&,, 77, : x € A} obeying the Clifford relations 2.36,
such that

S()=ilc, ,€=(x,y)€Er, Ccefén) (2.40)

Proof [Szc85]. Consider the family of path operators {S'(y;) : X # 0 € Ey}. They
have the properties

S'(yz) = 5"(yx)
{Sl(yja), S,()/g)} = 265(? fOI‘ 5&,? ¢ 5
A proof of this and some other useful properties of the path operators are presen-
ted in appendix A. Defining S = i""7'8(y, ) I, S'(+,)S(yx,), by means of
2.41 one has

§' = ()N TT S0 0:))S 0,) = (D18 (0, ) TTS0r2,)S (02))

X#0 X#0

- (_i)IAI—ls/(yoq)(_l)lAl—l( H S’()/xg)S'(Vx,])) =S,

X#0

(2.41)

and

2 =im18 () [T 80 )S )18 o ) TT S 020 ()

xX#0 X#0

= (DM A TT S 08 0))

X#0

= () TS 02)S 0)S ()5 (%)

XF0

= DDA TS0 S O P = 1

XF0
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Further, by assumption 2.39, TrS = 0. Therefore there exists a unitary auto-
morphism W of $ that diagonalises S,

. (-1 0
wsw_(O ]1)

The corresponding eigenspaces are denoted by $*. Now for each X # 0 the path
operators S’(y;) commute with S, [S, S’(v;)] = 0, so that in the ONB where S is
diagonal the path operators are block diagonal,

T: 0

WS/(Y:‘C)W* = ( 0 T;'

), X # 0.

By the properties 2.41 it follows immediately that for all X, i/ # 0 one has

T =T #e(+,-) 2.42
S —J. .
{T}?/ T§} = 265@ ' +, ( )

It is a basic result in the theory of operator algebras (cf. Theorem 5.2.5 in [BR02])
that the operators T# are uniquely determined up to unitary transformations.
Hence, there exists a unitary isomorphism V : $~ — H* such that

VTI;V =T forallX # o0, (2.43)

Here it is important that from 2.42 it does not follow the existence of such a
unitary transformation for X¥ = 0,. One rather gets from

-1 0) . T, II,, T Ty 0
— WSW* — 1|A|—1 ( n X#0 & Ay
( 0 1 0 T IL,,, T T3,
— iIAI—l TO_'I Hx;&o Tx_é Tx_n 0
0 T;VIIL,, THTi V"

the relations

-1

i'A"l(T(;I 117 T;n)

XF0

1

i1 v [ T T V)

XF0
and thus by (T3 )* = 1,

T; =-VT; V" (2.44)

1]_
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This is the key observation in the proof of this lemma, since this unitary iso-
morphism can now be used to construct the desired operators. Also, the above
step reveals one drawback of the Wos1Ek-SzczerBA method: it is only used that
such a V exists, but not how it is constructed (which will be quite difficult if the
number of lattice sites |A| is very high).

Now define the operator

0o v
N, = (V 0 ), (2.45)
with the properties
(M) =15
(o) =1 (246)

{16, WS (y, )W} =0
[17,, WS'(yx)W*] =0 forall X # 0,0,

The first two equalities follow immediately from the definition of 1), for the third
equality one uses

nwsgow = (0 V(T 0o 0 VT
WS, v oojlo m)=\lvr, o

0 -T,;VY\ (-T. 0\{0 v\_ , .
‘(—T;V 0 )( 0 —To:)(v o)“WS‘”v’W’“

by means of 2.44. The same calculation for S'(y;) (¥ # 0, 0,) and 2.43 yields the
fourth equality.
Finally, define for x # o the operators

(So = _iWS,(yo”)W*no = iT]oWS'(Vo,])W*
Ex = —1EW S (yy, )WT (2.47)
Ny = =1, WS (yy, JW”

Since &2 = —iWS’()/OU)W*T]OiT]OWS’(yOW)W* = 1, the latter two equalities can

be used to represent a path operator as WS'(y, )W* = i&,C, for C = &, 1), and,
collecting all the previous properties, one gets

(€)= G
{Cocyt =20,,0, with (cefs n)

It remains to show that each link operators can be represented as product
of two of these operators. Thereto let £ = (x;,y.) € E and assume first that
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x¢ = 0g. Then §'(€) = S'(y,) = W"ig,c,W. For all other edges with x; # o
one has y, o (x;,y.) = , and therefore, by definition of the path operators,
§'(yy.) = =15 (y:)S' (x¢, y.). Since S/(Vx;)z = 1, it follows that

S'(xe, y0) =18 (2 )S' () = IW'iE LW Wi ¢, W
= W' (=i&,0.&0c )W = WHiESL o, W = Wil c, W
This concludes the proof. |

With lemma 2.11 at hand, it is straightforward to prove the theorem for gen-
eral graphs.

Proof of SzczERBA’s theorem 2.10 [Szc85]. Fix an arbitrary point x; = 0, and let T
be a directed spanning tree of IL with root o. By lemma 2.11, applied to the family
{S'(€) : € € Ey} of link operators on the spanning tree, there exists a family of
Majorana operators defined on all the vertices of IL such that WS (O)W™ = iC,c,
for any ¢ = (x;,y.) € Er. Indeed, the only property that needs to be checked
in order to be able to apply this lemma is the trace equality 2.39. This follows
directly from property (iii) (definition 2.8) of operators satisfying the link algebra
since S'(x;, X,,) = iS’(yxé)S’(qu) as argued at the end of the proof of lemma 2.11.
This reduces point (iii) of the link algebra to 2.39.

Using these Majorana fermions, one can define new link operators on the
whole double lattice L by

5(5) = iCny/ f = ('xC/ yg) € E

These operators are unitarily equivalent to the link operators S’(£) for £ € Ey.
Furthermore, for any edge in IL one has

S’(xC/ yc) = iS’(yxC)S,(yyC)
S(xe,yo) = 15(yx)S(yy)

where y, and y, denote the unique paths from the root 0 to x; (. respectively)
along the directed spanning tree T. Therefore the corresponding path operators
are products of link operators to edges in Et only, which implies

(2.48)

WS (yx )W™ = 5(yx,)-
By means of 2.48 it then follows that
S'(0) =18 (y:)S'(yy.) = iIW*S(y, )WW*S(y, )W = W*iS(y,)S(y, )W
= W*S(O)W

for all edges ¢ € E. This concludes the proof that the link algebra (definition 2.8)
defines the link operators uniquely up to unitary transformations (U = W*). B
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The reason why this result can be thought of as a generalisation of the usual
Jordan Wigner transformation is explained in context of the “Gamma Matrix
Model” in the following chapter.
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Chapter 3

The Gamma matrix model (GMM)

IN order to demonstrate the applicability of the WosIiek-SzczerBA method, the
quantum spin system on a square lattice A = [1, L]*NZ2 with periodic bound-
ary conditions and Hamiltonian (Gamma matrix model)

H = Y (TiT, + T3T 8, ~TET2, ~T¥TL, )+ Yvli, (1)

XeEA xeA

with nearest-neighbour interaction strength y € IR and in an external mag-
netic field described by {v,},co C IR, is discussed. The Hamiltonian acts on
9= ®xeA .

H' can be interpreted physically as the Hamiltonian of spin-3/2 particles
fixed at the sites of the lattice A with short-range quadrupole-octupole interac-
tions. A similar Hamiltonian (Gamma matrix model) has been discussed recently
by Yao et al. [YZK09] and WHITSITT et al. [WCF12] in the context of a spin-%
generalisation of the Kitaev model on a honeycomb lattice [Kit06] to lattices with
connectivity greater than three. It is argued in [YZK09] that the ground state of
their Hamiltonian is an algebraic spin liquid, i.e. a spin liquid whose fermionic
excitations (spinons) are gapless.

If one defines the matrices (([MNZ04])

V3 _i¥3 3
2 2 3
V3 1 i V3 i 1
st=|2 I , =l 2
1 g 1 —ig )
¥ iy 3

the Gamma matrices can be represented by symmetric bilinear combinations of

37
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the SU(2) spin-§ matrices, namely

Q23 {52 53} — G ®G T3 = le
r2=Qv®= %{51,53} =o’®0' | I*=Q? =L (S"- () =c"®l
I°=Q0 = (83?2 - fIIl =0’®d°

{S1 S’l=0’®1

Aol

Hence the I'” matrices may be interpreted as spin-% quadrupole (or nematic) op-
erators Q (the I'® operators corresponding to spin octupole operators) [MNZ04,
Wu06, TZY06, WCF12] or, alternatively, as two-orbit spin—% operators [Wen03,
WCF12].

3.1 Jordan Wigner transformation for the constrained
GMM

In the discussion of the Gamma matrix model it is useful to introduce a family
of (elementary) plaquette (flux) operators. For a vertex x € A the elementary
plaquette P = P, is defined as the square with corners x, x + e, x +e; +¢,, x + ¢,.
Its boundary dP will always be supposed to be positively oriented. Given such
a plaquette, one can define

(F 1Fx+e1 )(rx+€1 ]'—‘3%"'81 +éy )(Fx+€1 +€2]‘—|;+62)(I—'x+€2 )
_r;?)]‘_‘}?()‘%el I‘J%iel +€2r§}'32 *

Additionally, for a fixed value of x, (respectively x;), one can define two global
(flux) operators

(3.2)

Wx = Wx(xp) = H r(z1 ) r(221+1,x2)
(3.3)

WY - WY xl) - Hr(xl /Z2) (X1 Z2+1)

221

The collection of the plaquette and the global (flux) operators will be denoted
by (W, : a € {X,Y,P : P elementary plaquette}}. They have the following
important properties:

Lemma 3.1. The family {W,},c(x v,p:p clementary plaquette} Satisfies the algebra
Wi=WwW, W2=
[We., W] =0, [W,,H'] =0
Tr(W,, -+ W,,) =0



3.1. JorRDAN WIGNER TRANSFORMATION FOR THE CONSTRAINED GMM 39

for all , f and a; # «; whenever i # j.

In physics language, the operators W, correspond to Z, fluxes through the
elementary plaquettes P and two global Z, fluxes [Wen03, YZK09]. To make this
more apparent, one may write W, = —exp(i®,) with @, taking the values 0 and
.

Proof. The self-adjointness of the plaquette and global flux operators follows im-
mediately from the self-adjointness of I'* and T for a,b = 1, ..., 5, the identity
W2 =1 from I'")?> = ([*)? = 1 fora,b=1,...,5.

Given two elementary plaquettes P and Q that have no vertex in common,
the property [Wp, W] = 0 is trivial. If they have one common vertex, the com-
mutator is zero as a consequence of equation 2.32, e.g. if P and Q have their
lower left respectively upper right corner x in common, then

WpWo = (-TETE, T2, T (TR, T2, T4, )

X—€1—€3~ X—€y X—e1

—_ 13 32 24141 131732 24 41 —
- (_rx—el—ezrx—ezrx rx—el)(_rx rx+elrx+el+ezrx+ez) - WQWP'

In case they have two vertices in common, then the commutation property fol-
lows from equation 2.33. For example, if the bottom two vertices of P, x and
X + ey, and the top two vertices of Q coincide, then

— 131732 24 41 13 32 24 41
WPWQ - (_Fx rx+e1rx+el+ezrx+ez)(_Fx—ezrx+el—ezrx+elFx )

= (_1)2(_r;§€2I_‘;)‘%El—EZFJ%‘%@lrﬁl)(_r;?)r;)‘%ﬁl]‘—'3%3314'621—‘3%}'32) = WQWP'
As for the global flux operators, one has
L L
— 1 2 3 4 —
WxWy = 1—11 Tl ) 1—11 Tl zen) = Wy Wx
zZ1= Zp=

since the only non-trivial commutators are those between Gamma matrices at
the intersection point x = (x;, x,) of the two global loops

Yx =Yx(0) = (1,x) = (2,%) = - = (L, x) = (1, %)
Yy = yY(xl) = (xll 1) - (x1,2) — (Xl,L) - (x1/ 1)/

where the commutation relation follows from the short calculation
[2CIF4TS = T403r2r],
Given Wy and a plaquette operator Wy, there are three possible situations:

(i) P and the loop yx have no common vertex, in which case [Wy, Wp] = 0.
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Figure 3.1: Sketch of the assignment of the Gamma matrices to the edges of the
square lattice A.

(ii) The bottom edge of P, (x, x+e,), lies in yx. Then [Wy, Wp] = O follows from
[[2rIT2, L, TIr2,] = -[[2I, TIr2,] = 0, these terms being
the only operators in Wy and Wp that do not commute trivially. Indeed,
one has by (2.33)

121712 131732 _ 1712113112 32 _ 13112 32 12
wa I1x+e1rx I1x+e1 - I195 Fx I1x+e1rx+el - (_rx I-‘x )(_rx+elrx+el)

— 1713132 121712
- 1—‘x I—‘x+ell—|x 1—‘x+el

(iii) In case the top edge of P lies in yx, then [Wx, Wp] = 0 can be shown by a
similar calculation to the one in (ii).

Analogously, it follows that [Wy, Wp] = 0 for all elementary plaquettes P.

In the same manner, using (2.30)-(2.33), one can prove that the flux operators
commute with the Hamiltonian H', by showing that the commutators of each
summand in H' with W, are zero, distinguishing the cases where they have
none, one or two vertices in common.

The proof of the trace property is based on the identities TrI'* = 0 and
TiT® = 0 (I'’ being antisymmetric), as well as the tensor product structure
of the flux operators. Since the trace property is not essential in the remainder
of this thesis, its rather lengthy proof is omitted here. |

In the lattice A there are |A| = L? elementary plaquettes P, which give rise
to |A| — 1 independent plaquette operators W, since there is the constraint

II we=1

P elem. plagq.

which follows from the assumption of periodic boundary conditions and the fact
that ()2 = 1. As for the global flux operators, defining Wy = Wy(x,) and
Wy = Wy(x,) for fixed x, and x; determines Wy (1,1) for any other v, and y;.
This follows from Wy (y,) = Wx I, (o) Wp where .57 (x,, ,) denotes the set

of all elementary plaquettes in the strip {z € A : z, € [min(x,, y,), max(x,, y,)]}.
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Similarly, Wy (y;) = Wy HPE ) Wp. Therefore, there are altogether |[A| + 1
independent elements in {W,}.

Since they all commute with the Hamiltonian, eigenstates of H' can be chosen
to be eigenstates of the {W,} as well, such that the Hilbert space $) splits into sec-

tors 9y, of fixed flux configurations, i.e. W iy, | = Wy, for Y, ) € D,

and for each a,
5= P S (3.4)

{w, Jef£1}IA1
The orthogonal projections onto the respective subsectors are given by

(1 +w Wy 1+ w,Wy 1+wpWp

PclL
P elem. plaq.

(1]

The projection onto the sector with w, = 1 Va will be of particular import-
ance and is henceforth just denoted by & = Ey,. In particular, one has

H=EH®(1-2)9.

In view of the previous chapter, the connection to link operators is described
next. Let I = (A, E) be the symmetric digraph corresponding to the square

lattice, and let IL be its directed double lattice. For an edge € € E one defines the
family

S'(xg, (x +e1)g) = =ST((x + ), xe) = T35,
Sr(xg, (x+e):) = —ST((x + €y)s, Xg) = Fgr;q
ST (xy, (x +ey)y) = =S ((x + 1)y, x,) =TT 2, (3.5)
ST (xy, (x + €3)p) = =S ((x + €3),, X)) =TT,

Sr(xél xq) = _Sr(xq/ xé) = rg

of link operators.
In terms of these operators, the Hamiltonian can be written as

Hr = [J Z (Sl—'(xé’ (x + el)n) + Sr(xgl (x + 62)77)
xeA
(3.6)

~ ST, (xr + e)e) - STy, (v + ez)g)) + Y v S, x,)

xXEA

The link operators 3.5 clearly satisfy properties (i) and (ii) of the link algebra
(see definition 2.8). Also, ST(£™!) = —=ST(£) for all £ € E by definition.
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For an elementary plaquette P in A X {£} one has

ST(IP) = (—1)>ST(xg, (x + 1)) ST ((x + e1)s, (x + €1 + €5);)-
ST((x + ey +ey)e, (X +€2))ST((x + €3)e, X¢)
= (=)PW, = iW,.

Furthermore, for the loop
Vx = (xéi (x + el)é) - ((x + el)é/ (x + el)r]) - ((x + el)r]/ xr]) - (xr]/ xé)
with arbitrary corner x € A,

S (yx) = (-1)°ST(xg, (x + €1))ST((x + €1)e, (x + €1))ST((x + €1)y, x,)S" (3, x,)
= (FPTT 3T 20, (TRT 2 )(-T7) = (H)°TTPTRAN R, T,

= (—i)z(—F§F§F§5)]1x+el = i(r;5)2]1x+e1 =il
Substituting (1 <> 3) and (2 « 4) proves the identity S*(,) = ill for the loop
Vo= (e, (X +ey)) = (x +ep)s, (x + €2),) = ((x +e3)y, X)) = (X, X5)-

For the global loop yx = (1,x3)s = (2,%)s = -+ = (L, %) = (1, x,) (with x,
fixed) one has

SF(VX) = (_i)L_lsr((lzxz)gz 2, xz)g) Sr((L - 1/x2)g/ (L, xz)é)Sr((L, xz)gz (sz)g)
= (DT oy T o Ll G = ()7 Wy

Analogously, S'(yy) = (—i)l"'Wy, for a global loop in x,-direction at fixed x;.

Therefore, the link operators S'({) satisfy property (iv) of the link algebra if
Wp = 1 for all elementary plaquettes P, Wy = Wy = 1, and L € 4IN. In this
case, ST(y) = ill for all closed loops in the double lattice IL, since any such loop
operator can be decomposed into a product of loop operators corresponding to
elementary plaquettes or either of the two global loop operators Wy .

The identities W, = 1 Ya € {X, Y, P} hold exactly in the sector $,;, of the
Hilbert space.

Lemma 3.2. The projection operator £ commutes with all link operators, [Z, ST (£)] =
Oforall £ € E.

Proof. By the very same argumentation as in lemma 3.1 it follows that [W,,, S'(£)] =
0, and thus []HZW“, ST(£)] = 0 for all @ and ¢ € E. This implies [E, S*(£)] = 0 for
all £ € E. [
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By lemma 3.2 the link operators leave the space ;) = E$ = ranZ invariant.
It follows that the family of constrained link operators

St(6)=BS'(O)=| _ ,tekE (3.7)

inherits properties (i), (ii) and (iv) from the corresponding ones of the operators
ST(0).

Any other closed path in IL can be decomposed into a product of the above
elementary loops. Therefore, property (iv) holds for the family of constrained
operators {SL(¢) : £ € E}. The constrained Hamiltonian is given by

E= Y (S5 (e en)y) + S, (x4 ),

xeA

(3.8)
- S5 (x4 1)) = SE(x,, (v + e2)0)) + X vSEe, x,)
xeA
It still remains to check the trace property (iii). By the identity
[T = [Tierirzrars = (T rire)( [T rery)
xXeA xeA xeA xXeA
L L L L
= (_1)|A|(_1)2(L_1)( H H T (21, xz) (x1+1 xz))( H H F(xl X2) (x1 x2+1))
x1=1 xp=1 x=1x1=1
L L
= ( H WY(xl))( H Wx(xz))
x1=1 xp=1
it follows that, on the subspace 2%, one has E( er A I )E =1 and thus

ran=

Treg | [] SE(xe, x,) | = Treg E(HF5)E

xeA xeA

= Trgg (1ag ) = rkE = 21411

Hence, the family of constrained link operators does not fulfil the link algebra
and SzczerBA’s theorem is not directly applicable. Therefore an auxiliary Hilbert
space 9, = C? and an operator Iy on $, with the properties

(Fo)* = Fo, (FO)Z - 11, Trg)oro - O

needs to be introduced (e.g. Ty = o), and the definition of the link operators has
to be slightly modified.
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Let = 9o ® H and fix a vertex v, in the double lattice L. For concreteness,
the choice v = (1, 1); is made here. Then the modified link operators are defined
as

10S°(0) ifo, ¢¢

STt =
©) T,®S'(6) ifve el

(3.9)

By the identities iWp = S'(JP) and iWyx,, = S"(yx)y) the plaquette and
global flux operators can be naturally extended to $. Since in a closed loop con-
taining o, there are exactly two adjoining edges, and I'§ = 1, this extension is
trivial, Wa =1eW,.

Further, the restrictions S5(€) to 29 = (1®E)$ = H,®EH are link operators
satisfying (i), (ii) and (iv) of the link algebra. Property (iii) now does hold due to
the introduction of the I'y factor. Indeed,

Trag | [T SEGre x,) | = Trg, To - Treg | [T SEGxe, x,) | = 0.

xeA xXeA

SzczeRrBA’s theorem 2.10 hence applies to the Hamiltonian

H = U z (Sr(xg, (x + el)q) + gr(xér (x + eZ)n)
xeA

—80(x,, (x + e1)) - S (x,, (x + ez)é)) + Y08, x,)
xeA

=1®H" +u(Co-1)® (II %, +TL,I®+IT%, +T3, 5
—TIT2,,, —TE, T3 + TPl + T8, T4) +v,(To - 1) @ T3

U—eq

constrained to the flux sector H ® Hyy).

Since the operator I'y ® 1 commutes with Il ® H' as well as with the other
terms in H, eigenstates ¢ of HT can be classified by the property I'y @ 1)y =
+1. In particular, in the sector of the Hilbert space where 'y ® 1 = 1 ® 1 one
has H' = 1@ H'.

This may help in the understanding of the physics of the extended Gamma
matrix model, is however not essential in the further discussion, which is based
on SzczeRBA’s theorem and therefore relies crucially on the validity of the link
algebra.

Corollary 3.3 (Jordan Wigner transformation for the Gamma matrix model). The
(extended) Gamma matrix model H' with constraints
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(i) Wp =1 for all elementary plaquettes P and

is unitarily equivalent to free fermions on the square lattice I = (A, E) (with peri-
odic boundary conditions),

H=2u E (cke, + cyey) + Z v,(2cic, — ).

xy€eE xXeA

In particular, there exists a unitary transformation U such that

H.

1=

= UHU" (3.10)

where HL = ZH'E

=

ran=

Remark. As illustrated by SzczerBa in his paper [Szc85], the above construction
with link operators expressed as products of Dirac Gamma matrices, also works
on a lattice with different vertex degrees, at least if they are all even. In this case,
the Dirac Gamma matrices have to be replaced by generalised Gamma matrices

(generators of Cl(deg(x))). ¢

3.2 Dynamical Localisation and Lieb Robinson Bounds
for the GMM

The correspondence between the constrained Gamma matrix model and free fer-
mions on the lattice A can be used to get insights in the behaviour of the system
when the on-site magnetic field is not deterministic, but given by i.i.d. random
variables. The theory of free fermions in a random on-site potential on a planar
lattice is well-understood in terms of localisation properties, which imply certain
locality bounds for the constrained Gamma matrix model.

3.2.1 The Anderson model on Z*

Let {0, }yeze (d > 1) be a family of real-valued independent and identically dis-
tributed (i.i.d.) random variables on a probability space (Q, , IP) with common
distribution P,

P{v, € A} = P(A) for all Borel sets A C R and x € Z*.

It is further assumed that P is absolutely continuous with respect to Lebesgue
measure on R with bounded density and compact support, P(dv) = p(v)dv
with p € Lg’(R).
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The Anderson model on Z is the random Hamiltonian
H,=K+AV, on (2% (3.11)
where K = —A—2d is up to a constant shift the graph Laplacian on Z, explicitly
for f € 3(2%),
KH@ == 2 fw)

yez?
dist(x,y)=1

the random potential V, is the multiplication operator by the i.i.d. random vari-
ables,

(Vo )x) = v.f (%),
and A > 0 models the disorder strength.

It is a classical result in the theory of random Schrddinger operators, that the
spectrum of H,, (as well as its spectral components) is almost surely deterministic,
o(H,) = L, 0"(H,) = Z* (# € {pp,ac,sc}). This follows from the ergodicity of
H,, with respect to lattice translations. In the i.i.d. case considered here, one has
o(H,) = [-2d,2d] + suppP [Pas80, KS80, KM82].

Definition 3.4 (Localisation Types). One says that the Anderson model exhibits
(i) spectral localisation in the energy regime I C R if there is IP-almost surely
only pure point spectrum in I, i.e.

INX*=INX*=g as.
(ii) exponential eigenfunction localisation in I away from some random centres
of localisation &, if for eigenfunctions ¢, of H,,
[, (x)] < C el P — almost surely

with inverse localisation length 1 = n(I) > 0

(iii) (strong) dynamical localisation in the energy interval I if
EE |sup [(6,, e_itHwPI(Ha))6x>|2 < Ce™ vl (3.12)
teR

with C = C(I) < oo and inverse localisation length = n(I) > 0. Here,
{6,}xez¢ denotes the canonical orthonormal basis of €2(Z7%), 6.(y) = Oy, for
all x,y € Z%, and P;(H,,) is the spectral projection of H,, onto I.

In this definition, dynamical localisation is the strongest notion of localisa-
tion, and if it holds in some energy interval I, then the spectrum in [ is a.s.
pure point. Dynamical localisation also implies that for energies in I there is
no quantum transport in the sense that all moments of the position operator” | X]|

(X [Y)(x) = [x[(x) for x € Z¢
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are finite for all times,

sup [||XPe ™o P (H, )¢ |* < oo P — almost surely
teR

for all p > 0 and ¥ € £?(Z?) compactly supported [Sto11].

One way of proving strong dynamical localisation in the Anderson model
on Z* is via the fractional moments method (or A1IZENMAN-MoLCHANOV method
[AM93]), which proceeds via exponential bounds on the fractional moments of
the Green’s function G,, of the random Hamiltonian H ,,

1
G (x,y;2) = (0,, —_Z(Sy), zeC\R

H

[

Restrictions of the Hamiltonian or the Green’s function to subsets A C Z“ are
denoted by H2 and GA(x, y; 2).

By a rank-two perturbation argument using Krein’s formula one can prove
for all s € (0, 1) the a priori bound®

E,,|G.(x,y:2)| < (3.13)

C(p)
As
for some constant C,(p) < o and all x,y € Z% z € C\ R, A > 0 [Sto11, AW13].

Making use of the resolvent identity

GA(x,y;2) = GEI(x, x;2)0, + GO(x, x;2) ), GAOW(u,y;2)

wd(u,x)=1

and noting that the Green’s function G2\ does not depend on V(x), one can
show that for x # y

ElcAxyaf < Y E[GAx x| |G, y;2)[ ]
w:d(u,x)=1

S% Z IElGQ\{x}(u,y;z)r.

wd(u,x)=1

The first inequality is a straightforward application of Jensen’s inequality, whereas
in the second step first a disorder average over V (x) was taken, using the a pri-
ori bound E, |G£(x, X; Z)|s < C,A7°. Iterating this expansion, one can prove the

following theorem [AW13] due to A1ZENMAN and MoLCHANOV [AM93]

Eyyl[1=E [ . | { V(u)}ugx,y] denotes the conditional expectation with {V (1)}, fixed
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Theorem 3.5 (Complete localisation for high disorder). For any disorder strength
A satisfying

A > (2dC,)Ys (3.14)
for somes € (0,1) there is a constant C < oo such that for all A C Z* and x,y € A

sup E|GA(x,y;2)| < Cemtw (3.15)
zeC\R

uniformly in A with a localisation length n < log(%).

The connection to the definition of dynamical localisation is established by
the eigenfunction correlator Q, (x,y;-) of H,, which is defined as the total vari-
ation of the spectral measure associated with two sites x, y € Z?. That is, for any
Borel set I C IR,

Q,(x,y;I) = sup |<5x,PI(Hw)F(Hw)6y>|.
Fe?Z (R)
[IFlleo<1

It has the important property that

. 2 .
sup [(,, e P, (H,)5,)[” < sup [(5,, e P, (H,)5,)] < Q. (x, ;1)
teR teR

where the first inequality simply follows from |((5y, e"itHo p, (Ha,)6x>| < 1 and the
second one by the particular choice F(H,,) = e Ho,

Under the present assumptions on the single-site distribution, for each s €
(0,1) there is a constant ¢,(p) < oo such that for any bounded open set I C R
the eigenfunction correlator, averaged over the disorder, satisfies [AW13]

EQ,(x, ;1) < c.(p) sup f E|G,(x,y;E +in)| dE. (3.16)
I

>0

Putting everything together, it follows that for large disorder A > (2dC,)"*
the Anderson model exhibits strong dynamical localisation throughout the entire
spectrum.

Of course, the above is just a sketch of the most basic localisation result in
the discrete Anderson model. Much more could be said about different disorder
regimes, and far more general methods than the one used here are nowadays at
hand. A more detailed account on the topic can be found in the notes by Kirscu
[Kir07] and Storz [Sto11], as well as in the book by AizENMAN and WARZEL
[AW13], which is still in preparation at the time of writing of this thesis.
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3.2.2 Lieb Robinson bounds and exponential clustering

Consider a quantum spin system on a finite vertex set A as described in section
1.2. Then for two local observables (cf. the definition in section 1.2) A € Ag ,
B € U, (€2, and Q, finite, disjoint, Q; U2, C A) one has

[A,B] :=[A®T)\\q, B®L,q,] =0

Lieb-Robinson bounds are bounds on the commutator after time evolution of one
of the operators of the form

| [2(A), B]|| < Ca, 0, ANIBI| st 02-ou (3.17)

The velocity v;r depends on the specific interaction @ and is finite for a fairly
general class of interactions, which are essentially finite-range [LR72]. Physic-
ally, vy is the group velocity with which information or excitations in €); can
propagate under the Heisenberg evolution to €2,.

Lieb Robinson bounds have been successfully used to prove exponential clus-
tering in presence of a spectral gap, i.e. a spectral gap implies exponential decay
of ground state correlations [Has04, NS06]. Since the converse implication is in
general false, and the assumption of a spectral gap quite strong, one would like
to find weaker requirements on quantum spin systems that allow one to infer
exponentially decaying correlation functions.

An interesting step in this direction is a result due to Hamza, Sims and Storz
[HSS12]. In their paper they prove that zero-velocity Lieb Robinson bounds imply
exponentially decaying ground state correlations up to a logarithmic correction
in the gap size. The validity of a zero-velocity Lieb Robinson bound has been
proposed by the above authors as a simplified version of HAsTINGS’ definition of
a mobility gap, i.e. a gap to propagating excitations [Has10].

Let H, be the Hamiltonian

d
Hy=2u E Z (c}cHek + c;+ekcx) + E v (2, - 1), pv,€R

xeA k=1 xeA
on 9 = ® A C2, A c Z° finite and connected. Using the anticommutation
X

relations it can be brought into a symmetric form,

d
HA =H Z E (C;cx+ek - cxcjc+ek + c;+ekcx - Cx+ekC;) + Z Vx(cjccx - Cxcjc)/

xeA k=1 xeA
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and introducing the vector C = (cy, ..., |z}, €1, --r Cl*Al)t this can be written com-
pactly as

0

(A
Hy=CMWC with M® = (AO _AW

) c C2|A|><2|A|

and AW e C"XAl given by
AW = uAdj(A) + diag(vy, ..., Vi)

Here, Adj(A) stands for the adjacency matrix of A C Z“ considered as (un-
directed) combinatorial graph. Since Adj(A) is symmetric, AW is self-adjoint,
thus also (M®)* = M®, In particular, by the spectral theorem for self-adjoint
matrices, there is a unitary matrix U that diagonalises AW UAWU* = D =
diag(Ay, ..., Ayy)). Then the unitary matrix W = U @ U diagonalises M®),

D 0
WW* =
WM@WW (0 _D)

This fact can be used to introduce creation and annihilation operators for new
fermions B = (by, ..., byp, b, ..., bys)), namely

B=WC

It follows from a straightforward computation that the canonical anticom-
mutation relations are in this vector-valued formalism equivalent to

CC'+J(CCYJ =1, J= (g 101)'

Since ] commutes with W, it follows that
BB* + J(BB*)'] = W (CC* + J(CCHH)W* =1

hence the b-operators indeed are fermionic operators. In terms of these operators
the Hamiltonian H, can be written as

0 -D
= Y A bib, - bby) = D 2A,bib, — EVL

xeA xXeA

Hy, =CMC =B WMW"B = B* (D 0 )B

where EW = 2ep M
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In this form it is particularly easy to calculate the time evolution of the fer-
mionic operators. For any x € A one has

[Ha, byl = 24,0,
and thus, by definition of the Heisenberg dynamics,
d A A .
aat (bx) = 1ay ([HA/ bx]) = _ZIAxbx'
Together with a(b,) = b, it follows that a*(b,) = e ?*<'b,, and consequently

e2Dt
“?(B) = ( 0 eZiDt) B

This result can be used to obtain the time evolution of C, for

e2Dt e 2Dt
o' (C) = af(W'B) = W'a'(B) = W* B=W"{", 2m|WC

0 2Dt
= ¢ 2MPtC (3—21(/:(% ezigm) C.
Introducing the short-hand notation A(x/;) t = (e‘iA(A)t)xy, one can immediately
write down the Heisenberg evolution of the c-operators,
afc) = Y, A (=20, + Y, A @ty (3.18)

yeEA yeEA

It shall from now on be assumed that the family {v, },c,, describing the on-site
potential in the fermionic Hamiltonian, is a family of i.i.d. random variables as
in section 3.2.1. Then H, is essentially the second quantisation of the Anderson
model on ¢*(A) with disorder strength A = % In particular it is reasonable to

define

Definition 3.6. The matrices M™Y) are dynamically localised if there exist C, 1 >
0 such that forall A ¢ Z? and x,y € A

E

sup
teR

A(,{,‘y)(t)|] < Ce M), (3.19)

It has been proved by HamzA et al. [HSS12], that dynamical localisation of the
matrices M ™) implies zero-velocity Lieb-Robinson bounds after disorder average
in one dimension.
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Example 3.7 (Dynamical localisation implies zero- Velocity Lieb-Robinson bounds
after disorder average in one dimension). Let = ® C? and consider the X Y-

model on $. Looking back at section 2.1.1 a short calculat1on shows that in this
case

Vi —H

AN) =
- TH
VN
The following holds:

Theorem 3.8 (Hamza, Sims, Stolz [HSS12]). M®™) is dynamically localised and
there exist C’, 1 > 0 such that for all1 < x <y, and any N > y one has

E |sup ||[a (X),Y1||] < CIIX|IY [le~ e (3.20)
teR

forall X € Ay and Y € Ay .
Furthermore, letting 1y be the almost sure (normalised) ground state of Hy,
there is a constant C < oo and a inverse correlation length " > 0 such that

E [ [(@o, XY1Po) = (o, Xo) (o, Ypo)| | < CIXIIYIINe 740, (3.21)
¢

If one instead considers the constrained Gamma matrix model on $, ® =9
in a random exterior magnetic field {v,},c, which is assumed to satisfy the as-
sumptions of subsection 3.2.1, it would be interesting to see if similar results also
hold.

Using a Jordan Wigner transformation in the sense of Szczerba (theorem 2.10)
it has been proven in corollary 3.3 that the GMM-Hamiltonian is unitarily equi-
valent to the second quantised version of the Anderson model on ¢?(A). In a
regime of high disorder A > 1 (cf. condition 3.14) or, equivalently, low kinetic
energy U4 ~ 1/A < 1, one has complete dynamical localisation, which corres-
ponds to dynamical localisation of the matrix A = uAdj(A)+diag(vy, .., Viap)-

Definition 3.9. For () C A let & be the C* algebra generated by the set {Sr ) :
¢ € Q) of link operators corresponding to edges ¢ in the (doubled) set Q-

°In the context of this theorem, g refers to the local algebra generated by the Pauli spin
matrices in Q.
*() being identified in a natural way as subgraph of IL.
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Figure 3.2: On the definition of the relation I < Q.

Lemma 3.10. For fixed x € A let ¢, be a fermionic annihilation operator and
Y € S such that x ¢ Q) (assuming for simplicity that € is a box subset of A
with the property x; < y; for all y € Q3,i = 1,2)°. Then dynamical localisation of
the matrix A implies

E[sup | [, uvu] ||] L oo 2
teR

N ——
=C’

with C being the constant from definition 3.6.

Proof. Fix the vertex (1,1) as root o of the (directed) spanning tree of A depicted
in figure 3.3 (directed away from the root) and complete it to a spanning tree of
I by adding the (directed) edges (x £, X,) for x € A. The assumptions on () imply
that o ¢ Q.

By equation 3.18 one has

[af(cy), U YU] = Y, AY@bc, UYUL + Y, AY(-2t)[c;, UrYU].  (3.23)

zeA zeA

Since

c. = 3(& +in,) = 3(-iE)U(SE(yz,) +iSE(y. )U  forz # o, (3.24)
Co = 3(& +1n,) = 3(-iUSE(y, UM, + i1, (3.25)

*To shorten notation, this shall be written as {x} < Q. More generally, for sets [, Q C 7% the
relation I < 2 is defined by x1 < y; and x, <y, for allx € I and y € Q. See figure 3.2.
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by the construction 2.47 in SzczerBA’s theorem (U = W™ here as remarked at
the end of the proof of theorem 2.10), the commutators in 3.23 can be examined
more closely.

Firstly, the properties of 1, (2.46) imply that for any v, w # o the commutator
[n,, U*SE (vg, w)U] is zero. This follows from the observation that

[no, u+Sk(v,, wg)ll] =u [Llnou*, SL(v, wg)] u

= U [un, U, iSL(y, )85 (v, ) U
il [Un, U, SE(r,) | SE (o U +il"SE(y,,) [Un, U, S5, ) U
i [, U*SE (o )U | U SE (o )UL + iU SE(y, U [, U*8E(y,, )U |

=0 by (2.46) =0 by (2.46)

=0.

The identity in the second line was proved at the end of the proof of lemma 2.11,
and third line is a simple application of Leibniz’s rule for commutators. Therefore,
Y being in the local algebra generated by the link operators corresponding to

edges in Q, it follows that [17,, U"Y U] = 0 (by repeated application of Leibniz’s
rule if necessary).
Further, one has

[£, UYU] = [-iU*SE(y,, )Un,, UYU|
= ~i[U" 80, U, UrYU |, = iU SE (o U [, U Y U]

= —ill" [8L(y,,), Y| Un, - il SE(y, )U [n,, U Y U]

S—— S—
=0 since 0¢Q) =0

=0,

concluding the prove that [c,, U*YU] = 0.
For z # o, the representation 3.24 yields

[e., UryU] = —4&, [U (SEr) +i85(y.)) U Uy U]
- L&, Uryul U (SE(r,,) + i85y, ) U
~—:,0_/

= —1&,U [SE(r.,) +i5E(.,), Y] UL

Denote by Q the set of all vertices in the strip to the right of () and of the
same height as Q (not including Q, see figure 3.3). Then by definition of the path
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0:(1,1);

Figure 3.3: The spanning tree with root of IL is shown, together with the defini-
tion of the set (2.

operators, the assumed spanning tree and Y € S, it follows that
[S5(y.,) +i85(y.), Y] =0 forallzg QUQ,
and therefore

[c, U'YU] =0 forallz¢ QUQ.

Since ¢;, = %(EZ —in,) for all z € A, analogous considerations show that
[c;,U"YU] =0forallz¢ QUQ.

Taking this into account, equation 3.23 becomes

[adc), U YUl = Y, AREHle, Uryul+ Y, A¥(-2[c;, UryUl.

zeQUQ zeQUQ

By dynamical localisation and the bound || [A, B] || < 2||A||||B|| on the commut-
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ator of two operators, one gets
[sup” [at (cy), U YU ”]

< ) E

c., UYU] || + Y E

sup 2 <zt>|]|

A;@><_zt>|] e, uvun)

zeQUQ zeQUQ
<uryul Y, E sup|A )|+ 2ryul Y E|sup [A%- 2t)|]
zeQUQ teR 20U teR
< 4|Y]|| Z Ce M2 < C!||Y]| e ndistx )
2eQUQ
with C’ = 4c(1+§g)2_ .

Clearly, the same estimate holds for a{*(c;). By the homomorphism property
of a* and Leibniz’s rule,

[ai(c.cy), U Y U] = [ (c)al(c,), U Y U]
= al(c,)[ad (c,), U Yu] + [ad(c,), U Y U]al (cy)

it follows that (assuming x, v ¢ Q)

sup ” [af(cyc ) Y]” < C||Y||edistx Q) 4 C7||Y || e ndistw.L)

< C'”Y” e—ndist({x,y},Q)

The inequality remains valid if c,c, is exchanged by cic,, cxc), cic; ete. Thus,

since the link operators S(x;, y.) can be expressed in terms of no more than four
of the above terms, e.g.

S(xg,ye) = iéxé’y =i(c;, + cx)(c; + cy) = i(c}c; + 00y + Gy + cxcy)

S(xcfl xn) = iéxnx = I(C:c + Cx)i(cjc - Cx) = C:ccx - CxC:c

one has

E fsup [Tt (See, o)), Y1||| < 4C Y llemistxn @) < 4C/(1 + 1) ||y [l e istix )

————
=C”
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and
suP” [af (S(xe, x,)), Y1||| < 2C (Y || enistixcd,

respectively.
Let 7" be the Heisenberg evolution associated with the Hamiltonian HE(A),

ﬁ{\(A) — eitﬁgAe—itltlg‘
Lemma 3.11. Let x,y € A,and Y € Sq such that x,y ¢ Q, x,y < (). Assume

further that the matrix A“Y is dynamically localised in the sense of definition 3.6.
Then

. [sup 1A GE Gy, V1 ||] < Y| (.26
telR

and

sup || [BA(SE(xe, x,)), Y1||| < 2C7||Y || endisteee) (3.27)

Proof. By Szczerba’s theorem, S5(€) = US(£)U* for all (directed) edges ¢ € L.
Since

| (B GE@n, Y] || = || ur [ Saen, Y]ul|

= |[ure U urSE U ure U UrY U - Uy U Ure U U SE (U U e |
= || eHaS()e A U Y U — U*Y U e'frS(£)e ||

= ||[arscon, uryul||

it follows by lemma 3.10 that

E|sup | [B/(S£(c o)) Ylll] [supll MSGee,yo), Uyl

< C”||Y||e ndist(x,Q2)

(3.28)

and analogously for §g(x5, Xp)- |

Having lemmata 3.10 and 3.11 at hand, the following zero-velocity Lieb Robin-
son bound in disorder average can be proved:
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Proposition 3.12. Assume that the constrained Gamma Matrix Model IA—E is dy-

namically localised in the sense of definition 3.6. Then there exist constantsc,n > 0
such that for any two sets 1, C A with1 < Q) one has

E[ [ 188X, Y1 ] < ¢ min(1, [6) 11X [[Y ]| e (3.29)
forall X € SyandY € Sq.
Proof. Part 1: E[ || [BA(X), Y1 ] < e XY e meist0©),
Let X € S}, Y € S(, and define the function
£(6) = [BNX), Y]

with derivative

F6) =i [A(HE X)), Y| =1 [BAHE®), X)), Y| = 1 [[BAHED), AL Y|
= -i [[BMX), Y1, BAHE®) | - i [[Y, pAEHEMD)], BAX)]
Here, IF—E (I) only contains the terms in IF—E that do not commute with X. The last

line is an application of the Jacobi identity for commutators. Thus, f satisfies the
differential equation

F1(0) = =i [f (), BAEED) ] +i [[BHHED), Y], AX)]

Lemma 3.13. Let A(t), t € R, be a family of linear, norm preserving operators®
in some Banach space B. For any function B : R — 3, the solution of

Y (t) = A(D)Y(H) + B(t)

with boundary condition Y'(0) = 0, satisfies the bound

Y (0)]l < f IB(s)||ds.
0

Proof. A proof of this can be found in Appendix A of NACHTERGAELE et al. [NOS06]
(Lemma A.1 therein). [ |

‘L.e. the mapping y; : B — B which maps x; € B to the solution X(t) of the differential
equation dX(t) = A(f)X () with initial datum X(0) = xp is an isometry, ||y(xo)ll = [|xol| for all
teR
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By the above lemma, one obtains
F ol = [pre0, Y] < f ' || [0y, B2EEM), 2] || ds
I —
<l || ALy, v]| ds

Since H. L(D) is given by

FE0) = 3 (Shre (x-+ e0),) + SErs, (v + ),

xel~

- 80 e+ en)e) = 850y (5 + 2)e)) + X v SE )

xel

where " = [IU (I—¢; —e,))] N A, one has

E|| [0, v]| <2 [ E | [srdzon, ]| o
< 8ulIXI| Y3 CVIIY [l st

xel~

) X 20 1Y —ndist(x,2)
max v, [|X]| 3} 2C"[[Y]le Il

xel
< ¢ [HIXY || et
Explicitly, the constant is ¢; = 8uC” +4C’ maX ¢, [Vl
Part 2: [E [ || [81(X), Y1|| | < co IXIII[Y [l ™50 for all £ € IR.

By lemma 3.11, the inequality holds for X being a link operator, X = gg(xc,yg),
with x,y € L. If X is the sum of such link operators, the claim follows by triangle
inequality. If X is the product of link operators corresponding to links with
vertices in I, a straightforward application of Leibniz’s rule yields the inequality.

It follows that for general X € G there exists a constant ¢, < oo such that

E[ || [B2X), Y1||] £ ¢, IXIN Y |90 holds for all t € R.
Part 3: Choosing ¢ = max(c;, ¢;) concludes the proof of inequality 3.29. [ |

This is a first step in proving zero-velocity Lieb Robinson bounds for the con-
strained, extended Gamma matrix model. The proof still relies on the additional
assumption of the relative positions of the sets I and €. It is also an open ques-
tion, whether or not the local algebras generated by the link operators cover all
physically interesting observables. Nevertheless, it has been demonstrated how
the methods in [HSS12] may be applied in the context of an approach via the
generalised Jordan Wigner transformation due to WosIEK and SzZCZERBA.
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Chapter 4

Conclusion and Outlook

N this thesis the Jordan Wigner transformation has been discussed as an im-
I portant tool in studying properties of one-dimensional quantum spin systems.
Various possible extensions of this transformation have been introduced. It turned
out that the appearance of statistical gauge fields after the transformation is re-
lated to the structure of the underlying graph. In particular, one (surprising)
result was that only simple path graphs allow for a special Jordan Wigner trans-
formation in the sense of definition 2.2.

An alternative approach, going back to NamMBU in the 1950’s and reformu-
lated in terms of link operators is based upon the observation that the Pauli spin
matrices are generators of a Clifford algebra. Using higher dimensional Clifford
algebras in expressing the link operators is the main idea behind the WosIEk-
SzCZERBA approach.

One of the most basic applications of SzczerBa’s theorem 2.10 — the Gamma
matrix model — was introduced, and its connection to the link operators estab-
lished. After slight modifications, the constrained Gamma matrix model allows
for a description by Jordan Wigner fermions. This relation allowed one to study
the constrained GMM in a random external field and prove localisation bounds
on the Heisenberg evolution — a zero-velocity Lieb Robinson type bound in dis-
order average (3.29). Even though the bound presented here relies on additional
assumptions, it is nevertheless interesting in that it provides another example of
a quantum spin system where some of the techniques developed by Hamza, Sims
and SToLz can be applied.

As hinted at the end of the general discussion of SzczerBa’s theorem and
the Gamma matrix model, these methods can also be applied to appropriate sub-
spaces of higher dimensional quantum spin systems or quantum spin systems
on general graphs (keeping in mind the restriction on the vertex degrees), using
higher dimensional generalisations of the Gamma matrices.
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Appendix A

Some missing calculations in
SCcZCERBA’s theorem

OME properties of the link and path operators that were left out in the present-
S ation of the proof of theorem 2.10 and lemma 2.11 are presented here for
completeness, since they mainly involve calculations and cannot be found in the
original paper [Szc85].

Lemma A.1 (Path operators). Let {S(f) : ¢ € E} be a family of link operators
satisfying properties (i) and (ii) of definition 2.8, and S(¢~) = —S(£). Then the
path operators S(y) (see definition 2.8, (iv)) have the following properties:

(i) S(q °y,) = —1S(y1)S(y,) if the vertex at the end of ), is the first vertex of

¥, and y; o v, denotes their concatenation,

(i) {S(y1),S(y,)} = 0if 4 and y, are simple paths with exactly one common
edge-point (beginning or end),

(iii) [S(), S(€)] = 0 for all closed paths  and ¢ € E.
(iv) S(y)* = S(y) and (S(y)?) = L if y is not a closed path,
(v) S(y)* = =S(y) and (S(y)?) = -1 if y is a closed path,
(vi) S(y™') = =S(y)7! for all paths .
Proof. Throughout the Brooflet y=y=Co-ol,,v,=C, 40 0l,,, for

m,n € N, be paths in IL with the property that £,, and ¢,,,; are neighbouring
edges.
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(i) Theny oy, =€y 0---¢,,, and

S(r10y2) = (=)™ 1S(6) -+ S(€)S(Crsr) -+ S(Crnn)
= (=) ((-0)"18(L1) -+ S(€)) ()" (Lys1) -+ S(Eren))
= —i5(y1)S(y2)-

(ii) Assume additionally thaty; and y, are simple paths. Then {S(¢,,), S(€,,11)} =
0, implying

S(r1)S(ya) = (=1)"*"25(L1) -+ S(€)S(Cynsa) =+ S(Cyiin)
= —(=1)"™"725(61) -+ S(Ly1)S(C) +++ S(Crrsn)
= =(=1)""25(Cs1) =+ S(Cinsn)S(1) -+ S(L) = =S(11)S(12),
the latter equality being a consequence of the fact that all other permuta-

tions involved in this calculation involve only link operators to non-neighbouring
edges, which commute by assumption on the link operators.

(iii) Suppose that y is a closed path, i.e. {1 and ¢,, are neighbouring edges, and
let £ € E. If £ and y have no common vertex, [S(), S(€)] = 0 is trivial. In
case they share exactly one common vertex, there are two adjoining edges
to € in y, say ¢} and {},; for some k € {1, ..., m} (identifying m + 1 = 1).
Hence

S()S() = (<)"7'S(6y) -+ S()S (L) -+ S(£,)S(L)
= (1)?S(O)(-)"1S(L1) -+ S(€,) = S()S(0)

If y and ¢ have two common vertices, i.e. { = {; € ), then
S()S() = ()" 1S(£1) -+ S(Ex-1)S(E)S(Lysr) -+ S(£,,)S(£)
= (=1?S(O)(=i)"*S(£y) -+ S(L,) = S(¥)S(0).

(iv) Assume Y is not a closed path. Then

SO = ((-i)"18(8y) -+ S(€,)) =1"18(L,,) - S(Ey)
U =D)S(E)S(E) -+ S(E) = i (=1)"1S(6)S (L) S(Ey)
=5(7)

and

SOP = ((1)"1S(6) - (6,)8(61) - (L)
= —(-1)" (6125 (L) + S(E,)S(E:) - S(E)
= (1)) IS PS () - S(E,) = 1.
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(v) If y is a closed path, then the steps in (iv) stay essentially the same, apart
from the fact that {S(¢;), S({,,)} = 0 instead of [S(¢;), S(¢,,)] = 0, leading to

an additional minus sign in both calculations.

(vi) Now let y be arbitrary.

SIS = (=1)"1S(y) -+ S(€,) - ()" S(L,)) -+ S(67)
= (=1)"H=1)"S(6y) - S(E,)S(E) -+ S(6y) = 1.
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