APPENDIX 111

In the common orthogonal cyrvi-

linear coordinates 1s often useful in the solution of physical problems. For

gradient, divergence, and curl.
tem and derive the required expre

valid for any curvilinear coordinates

e element
Cartesian, cylindrical,

corresponding line element may be written

(V)i = lim ¥t da) —yig) 1 gy

_'_‘—-—-__‘_u_‘_'-_—\_

= - ¥ 4
ds;—0 ds, hy dq, (4)

1S the general form of a gradient component.
To find the divergence, we shal] conside
dv = (s, dss ds; bounded by the surfaces

constant, etc., as indicated in Iig. TTI-1. et us apply Gauss’s diver-
gence theorem, fv. A g, — JA .

dS, to a vector A(q1, g2, q3) with com-
bonents A4, 4, A, Integrating over this infinitesima] volume, The

integral of the outward norma] component of A over the two surfaces
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I an infinitesimal volume
91 = constant, ¢, -I- dg; =
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Fig. 11I-1. Element of volume for Fig. 11I-2. Element of area in the
computing the divergence. q2, g3 plane for finding the ¢1 com-

ponent of the curl. Arrows show the
direction of the path of integration.

perpendicular to the direction of increasing ¢i 1S
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and analogous expressions hold for the other two sets of surfaces. Since
the sum of these three terms is, by Gauss’s theorem, equal to V - A dv, the
divergence is given explicitly by

1 (a(hghgfh) _ 3(hshiAs) g(hlhzﬂa))_
hihahs 3q1 | g2 1T

V-A (5)

The Laplacian of a scalar function can be written down immediately,
since it is just the divergence of the gradient:

vy — [a (hghg g_w_) o (hghl au,o) o (hlhg a..o)]_
hlhghg 6@'1 hl 6‘@1 '6qg hg aq; 16’@'3 hg dqs
(6)

To obtain a particular component of the curl of a vector, we may apply
Stokes' theorem to an infinitesimal area at right angles to the direction of
the desired component. Consider the area defined by ds; and dsg, as 1n
Fig. III-2. By Stokes’ theorem, #A - ds = f(v X A) - dS, which, in this
application, becomes

(42 dSE)q3 + (43 dﬂa)q2+dq2 — (A2 ds2)q,+dg, — (A3 dss)q,
— ("F X A)l dss ng.
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CURVILINEAR COORDINATES

IN

VECTOR RELATIONS

2?0 @ gUIS g4 | A% mEmv 6e g U5 g4 | (40 | .mm.mmm 2?0 | @ gt | [+ L) e 2?0 | e | zTe
e 1 t” ) e 1 T \fe¥)e 1| te te1 \se ) e te  fe ' e
ﬂmb = A pBIZ AIp = 4 Jo urlovjde]
g0 R P WO\ 4, fip e ,
‘re  (frye/) 1 (VX4) ‘e 3 4) v - (VXa) Aﬁ.m_ j..m,v = (vXa)
4 PQ guisL ’ s oo 20 .
_“ﬁ.ﬁqqhv_mv I L#..@ | m.ﬂ. X pu M v o ﬁd« X pu Au 170 H.wn_m_ - ﬁﬂ X pu
PP 60 guss+s 20 i e fip 2
Am_...m- (*17 g wis)p I (Vv X a) P10 71 v = 4V X A) o Vo = (¥ X A)
V¥ [1n9 Jo sjusuodwo))
am.. guIS s gQ guss 0 gd 20 9P Lo dp 4 20 fip zp
Yo 1 Crousie 1 (Vo0 I ‘e ‘rer  (raer ‘Fe  've
Y- ﬂ JO 90UIBIDAIP 3Y T,
PO g UIs & 4 20 2P
— A z —_ == #
fo 1 (7A) v (fA) o = T(14)
e+ _ P4 ip
€ _ . P _ . e _ s
20 = (1A) Ao = (1A) e (hA)
JUAIPBIZ JO sjuauoduwo))
PP g UIS L “gp L 4P 2p ‘op 4 Up 2p ‘fip ‘xp

SJUIWA[ aUI] [RU0Z0Y}I()

$9}BUIpI00d Iejod [eonaydg

S9)BUIPIOOD [BOLIPUI[AN)

$9}BUIPIO0D UBISIFIB))

SWHLSAS ELVNIQY00D [-J] @14V],

A M

)
y
f
11
1S




476 APPENDIX III

Therefore

(V X A),

1 [B(J’jgfl 3) a(h_ﬂﬂz)]; (7)

o fiahg aq2 943

and the other two components are obtained by cyclic interchange of the
coordinate indices.

In Table III-1 are listed the explicit forms for gradient, divergence,
curl, and Laplacian in the three most common coordinate systems. Ior
the definition of other othogonal coordinates see, e.g., Margenau and
Murphy, The Mathematics of Physics and Chemastry.




