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Problem set 11

Tutorial 11.1 Hertz potential

a) Starting from Maxwell's equations introduce electromagnetic potentials and derive the wave
equations (

1
c2

∂2
t −∇2

)
~A =

4π

c
~j ,

(
1
c2

∂2
t −∇2

)
ϕ = 4πρ

provided the potentials ful�ll the Lorentz gauge c−1∂tϕ + div ~A = 0. Hence, the �elds appear
to be decoupled, but the gauge constraint has to be satis�ed.

b) The continuity equation for the charge is solved automatically by introducing the polarization ~P
with ∂t

~P = ~j and −div ~P = ρ. Show that the Lorentz gauge is satis�ed automatically by
introducing the (electric) Hertz potential ~Z with c−1∂t

~Z = ~A and −div ~Z = ϕ. What equation
governs the dynamics of ~Z? Express the electric and magnetic �eld in terms of the Hertz
potential.

c) Perform a temporal Fourier transform and show that the solution compatible with Sommerfeld's
radiation condition is given by

~Zω(~x) =
∫

d3~y
~Pω(~y)
|~x− ~y|

eik|~x−~y| , k =
ω

c
.

d) Argue that the leading behavior of the Hertz potential far away from the source is obtained by
approximating

~Zω(~x) =
eikr

r
~g(kn̂) , ~g(~k) =

∫
d3~y e−i~k·~y ~Pω(~y) ,

where ~x = rn̂, |n̂| = 1 and determine the electric and magnetic �eld in the radiation zone.

e) In the case of a highly localized source, kd � 1, expand the exponential in ~g(~k) in powers of ~k
and show that the leading contributions to the angular dependence of the radiation are of the
following form,

~g(~k) = ~p− n̂× ~m− 1
6
i~k ·Q . . .

Interpret the individual terms.



Problem 11.2 Magnetic Hertz potential

In addition to the electric Hertz potential ~Z one may also introduce a magnetic Hertz potential ~Zm.
a) Show that the Lorentz gauge is automatically ful�lled provided one chooses ϕ = −div ~Z and

~A = c−1∂t
~Z + curl ~Zm. Show that the wave equations for the gauge potentials ϕ, ~A are ful�lled

if one requires (
1
c2

∂2
t −∇2

)
~Z = 4π ~P and

(
1
c2

∂2
t −∇2

)
~Zm = 4π ~M.

Express the electromagnetic �elds in terms of the two Hertz potentials.

b) Perform a temporal Fourier transform of the wave equation for the magnetic Hertz potential
and give a formal solution that ful�lls Sommerfeld's radiation condition. Show that the leading
behavior of the magnetic Hertz potential in a long-wavelength expansion far away from the
source is given by

Zω
m(~x) =

eikr

r
~mω , r = |~x| , k = ω/c ,

and interpret the vector ~mω.

c) Derive the corresponding electromagnetic �elds ~E, ~B as well as the time-averaged Poynting
vector in the radiation zone. Discuss the angular dependence of the emitted radiation and the
polarization of the electric �eld for the case of ~mω = mω(0, 0, 1).

Problem 11.3 Gravitational waves

As a relativistic invariant minimal generalization of Newton's theory of gravity consider the schematic
model [

1
c2

∂2

∂t2
−∇2

]
Φ(~x, t) = 4πGρ(~x, t) ,

where Φ(~x, t) denotes the gravitational potential, ρ(~x, t) the mass density, G the universal gravitational
constant, and c the speed of light.

a) Perform a temporal Fourier transform, Φω(~r) =
∫

dt eiωt Φ(~r, t), and show that the (causal)
solution for a localized source is given by

Φω(~x) = G

∫
d3y

ρω(~y)
|~x− ~y|

eik|~x−~y| , k = ω/c .

b) Argue that the leading behavior of the potential in the radiation zone r � λ and far away from
the localized source r � d is obtained by approximating

Φω(~x) ' G
eikr

r

∫
d3y e−ikn̂·~yρω(~y), ~x = rn̂, |n̂| = 1.

c) If the linear dimensions d of the radiating source are small compared to the wavelength, kd � 1,
the exponential e−ikn̂·~y can be expanded in a power series. Determine the lowest order contri-
bution in this long-wavelength expansion re�ecting that the mass and momentum conservation
laws hold

∂tρ(~x, t) +∇iJi(~x, t) = 0 , ∂tJi(~x, t) +∇jΠij(~x, t) = 0 ,

where ~J(~x, t) denotes the mass current also identi�ed with the momentum density, and Πij(~x, t)
corresponds to the momentum current.



Problem 11.4 Rotating dipole

Consider an electric dipole rotating in the x�y plane,

~p(t) = Re
(
~pωe−iωt

)
, ~pω = pω(1, i, 0)/

√
2 ,

and discuss the emitted electromagnetic radiation.
a) Determine the angular dependence of the time-averaged Poynting vector for radiation emitted in

the direction n̂ = (sinϑ cos φ, sin ϑ sinφ, cos ϑ). What is the total power radiated by the dipole?

b) Evaluate the polarization of the emitted radiation for directions n̂
(i) in the plane of rotation (ϑ = π/2),
(ii) perpendicular to it (ϑ = 0).
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