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Generalized Geometry & Double Field Theory

I T-duality in string theory relates distinct backgrounds, some of

which are “non-geometric”

I Manifest T-duality invariance: Correct description involves

algebroids and generalized geometry

I Generalized geometry doubles tangent bundle:

TM −→ TM = TM ⊕ T ∗M

with structure of Courant algebroid

I Double field theory (DFT) doubles the spacetime:

M −→M = M × M̃

Solving strong constraint (polarisation) reduces DFT structure to

standard Courant algebroid
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Generalized Geometry & Double Field Theory

I Courant algebroids determine (open) membrane sigma-models

describing coupling of (boundary) closed strings to (non-geometric)

tri-fluxes, and capture topological A/B-model string theories

through generalized complex structures

I What is the geometric origin of DFT data and strong constraint?

I Is there a “DFT algebroid” providing a DFT membrane sigma-model

unifying geometric and non-geometric fluxes with manifest T-duality

invariance?

I Closed string noncommutativity/nonassociativity?

I Is there a membrane sigma-model involving generalized complex

structures unifying the topological A- and B-models with manifest

S-duality invariance?
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AKSZ Sigma-Models

I AKSZ constructions: BV actions for topological σ-models with

n-dimensional worldvolume Σn, target space is a symplectic Lie

n − 1-algebroid E −→ M (Alexandrov et al. ’95)

I n = 2: E = T ∗M , (M,Θ) Poisson manifold

Most general 2D TFT from AKSZ construction is Poisson σ-model:

S =

∫
Σ2

(
ξi ∧ dX i +

1

2
Θij(X ) ξi ∧ ξj

)
(Ikeda ’93; Schaller & Strobl ’94)

X : Σ2 −→ M , ξ ∈ Ω1(Σ2,X
∗T ∗M) , Θ = 1

2 Θij(x) ∂i ∧ ∂j
When Θ = B−1, equivalent on-shell to string B-field coupling∫

Σ2

X ∗(B) =
1

2

∫
Σ2

Bij(X )dX i ∧ dX j

BV quantization =⇒ Kontsevich deformation quantization

(Kontsevich ’97; Cattaneo & Felder ’00)

I n = 3: Symplectic Lie 2-algebroids ⇐⇒ Courant algebroids

(Roytenberg ’02)
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Courant Algebroids
(Courant ’90; Liu, Weinstein & Xu ’97; Uchino ’02)

Quadruple (E , [−,−], 〈−,−〉, ρ : E −→ TM) satisfying:

1. Jacobi: [[A,B],C ] + cycl = DT (A,B,C )

where T (A,B,C ) = 1
3 〈[A,B],C 〉+ cycl and

D : C∞(M) −→ Γ(E ) is the derivative 〈Df ,A〉 = 1
2 ρ(A)f

2. Leibniz: [A, f B] = f [A,B] +
(
ρ(A)f

)
B − 〈A,B〉Df

3. Compatibility:

ρ(C )〈A,B〉 = 〈[C ,A] +D〈C ,A〉,B〉+ 〈[C ,B] +D〈C ,B〉,A〉

Additional properties:

4. Homomorphism: ρ([A,B]) = [ρ(A), ρ(B)]

5. “Strong constraint”: 〈Df ,Dg〉 = 0 (ρ ◦ D = 0)

for A,B,C ∈ Γ(E ) and f , g ∈ C∞(M)
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Courant Sigma-Models
(Hofman & Park ’02; Ikeda ’03; Roytenberg ’06)

I In local frame (eI ) with fibre metric 1
2 ηIJ = 〈eI , eJ〉 , anchor

matrix ρ(eI ) = ρI
i (x) ∂i , and 3-form TIJK (x) = T (eI , eJ , eK ),

data corresponds to TFT on 3D membrane worldvolume Σ3:

S =

∫
Σ3

(
Fi ∧ dX i +

1

2
ηIJ A

I ∧ dAJ − ρI i (X )Fi ∧ AI

+
1

3!
TIJK (X )AI ∧ AJ ∧ AK

)
X : Σ3 −→ M , A ∈ Ω1(Σ3,X

∗E ) , F ∈ Ω2(Σ3,X
∗T ∗M)

I Gauge invariance =⇒ axioms and properties of Courant algebroid

I When E = TM = TM ⊕ T ∗M with natural frame

(eI ) = (∂i ,dx
i ) and O(d , d)-invariant metric 〈∂i ,dx j〉 = δi

j ,

axioms give fluxes and Bianchi identities of supergravity
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Courant Sigma-Models — Examples

I General form of Courant bracket (Liu, Weinstein & Xu ’97):

[A,B]K = (ρJ
i AJ ∂iBK − 1

2 ρK
i AJ ∂iBJ)− (A↔ B) + AI BJ TIJK

=: (A ◦ B − B ◦ A)K + T (A,B, eK )

I Standard Courant σ-model:

ρI
j = (δi

j , 0) , TIJK = (Hijk , 0, 0, 0) , dH = 0

Equivalent on-shell to Wess–Zumino coupling:∫
Σ3

X ∗(H) =
1

3!

∫
Σ3

Hijk dX
i ∧ dX j ∧ dX k

I Poisson Courant σ-model: (Besso, Heller, Ikeda & Watamura ’15)

ρI
j = (0, πij) , TIJK = (0, 0, ∂iπ

jk ,R ijk) , [π, π]S = [π,R]S = 0

For π = 0 reduces with exact BV gauge-fixing to R-twisted open

membrane σ-model (Mylonas, Schupp & Sz ’12):∮
∂Σ3

Ai ∧ dX i +
1

3!

∫
Σ3

R ijk Ai ∧ Aj ∧ Ak
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Basic Double Field Theory
(Siegel ’93; Hull & Zwiebach ’09; Hohm, Hull & Zwiebach ’10)

I Doubled coordinates/derivatives:

XI = (x i , x̃i ) , ∂I = (∂i , ∂̃
i ) , i = 1, . . . , d , I = 1, . . . , 2d

I O(d , d)-structure / generalized metric H ∈ O(d , d)/O(d)× O(d):

η =

(
0 1d

1d 0

)
, H =

(
g − B g−1 B B g−1

−g−1 B g−1

)
I Generalized Lie derivative:

δεHIJ = (∂I εK − ∂K εI )HKJ + (I ↔ J) + εK ∂KHIJ =: LεHIJ

I Strong constraint: ∂I ⊗ ∂I = 0

Solutions select polarisations defining d-dimensional ‘physical’

submanifolds of doubled space, DFT reduces to supergravity in

different duality frames related by O(d , d)-transformations

I C-bracket: Closure [Lε1 , Lε2 ] = L[[ε1,ε2]] after strong constraint:

[[ε1, ε2]]J = εK1 ∂K ε
J
2 − 1

2 ε
K
1 ∂

Jε2 K − (ε1 ↔ ε2)
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Doubling, Splitting and Projecting

I Local model for doubled space: M = T ∗M (para-Hermitian

manifold), with Courant algebroid on E = TM = TM⊕ T ∗M
and sections A = (AÎ )Î=1,...,4d

I Frame: e±I = ∂I ± ηIJ dXJ defines splitting E = L+ ⊕ L−

I O(d , d)-vectors: Projection p+ : E −→ L+

A = AI ∂I + ÃI dXI 7−→ A := p+(A) = Ai (dx i + ∂̃ i ) +Ai (dx̃i + ∂i )

I O(d , d)-structure: 〈〈A,B〉〉 := 〈p+(A), p+(B)〉 = ηIJ A
I BJ

I C-bracket: [[A,B]] := p+

(
[p+(A), p+(B)]

)
I Generalized Lie derivative: LAB := p+

(
p+(A) ◦ p+(B)

)
I Structure maps: ρÎ

J = (ρJ
I , ρ̃IJ) and

TÎ ĴK̂ = (AIJK ,BIJ
K ,CI

JK ,D IJK ) on E projected as:

(ρ+)I
J = ρI

J + ηIK ρ̃
JK

T+ IJK = AIJK + 3B[IJ
L ηK ]L + 3C[I

LM ηJL ηK ]M + DLMN η[I L ηJM ηK ]N
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J = (ρJ
I , ρ̃IJ) and
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J = (ρJ
I , ρ̃IJ) and

TÎ ĴK̂ = (AIJK ,BIJ
K ,CI

JK ,D IJK ) on E projected as:

(ρ+)I
J = ρI

J + ηIK ρ̃
JK

T+ IJK = AIJK + 3B[IJ
L ηK ]L + 3C[I

LM ηJL ηK ]M + DLMN η[I L ηJM ηK ]N



Doubling, Splitting and Projecting

I Local model for doubled space: M = T ∗M (para-Hermitian

manifold), with Courant algebroid on E = TM = TM⊕ T ∗M
and sections A = (AÎ )Î=1,...,4d
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DFT Algebroids

I (L+
R2d

−−−→M, [[−,−]], 〈〈−,−〉〉, ρ+ : L+ −→ TM) satisfying:

• Leibniz: [[A, f B]] = f [[A,B]] +
(
ρ+(A)f

)
B − 〈〈A,B〉〉D+f , where

〈D+f ,A〉 = 1
2
ρ+(A)f

• Compatibility:

ρ+(C)〈〈A,B〉〉 = 〈〈[[C ,A]]+D+〈〈C ,A〉〉,B〉〉+〈〈[[C ,B]]+D+〈〈C ,B〉〉,A〉〉

• 〈〈D+f ,D+g〉〉 = 1
4
〈〈df ,dg〉〉

I Prop. When strong constraint is imposed, ρ+ is a homomorphism

and L+ is a Courant algebroid over M = T ∗M

I Prop. If MP ⊂M is a d-dimensional submanifold defined by a

maximally isotropic polarization P (with respect to η), then

EP := L+|MP is a Courant algebroid over MP

I Prop. If MP −→ MP′ is any O(d , d)-transformation, then the

Courant algebroids on EP and EP′ are naturally isomorphic
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Pre-Courant and Metric Algebroids

I Violate Courant algebroid axioms 1, 4, 5 independently:

Pre-DFT
algebroid

�5←−− Ante-Courant
algebroid

�4←−− Pre-Courant
algebroid

�1←−− Courant
algebroid

I DFT algebroid: A pre-DFT algebroid where all violations controlled

by strong constraint:

Doubled Courant algebroid E p+−−−→ DFT algebroid
5−−→ Courant algebroid

I Pre-Courant algebroid (Vaisman ’05; Hansen & Strobl ’09; Liu, Sheng & Xu ’12)

is a ‘symplectic almost Lie 2-algebroid’ in AKSZ (Bruce & Gabrowski ’16)

I Pre-DFT algebroid related to ‘metric algebroid’ (Vaisman ’12),

corresponds to ‘symplectic nearly Lie 2-algebroid’ (Bruce & Gabrowski ’16)

I Other approaches:

• Supergeometry (Deser & Stasheff ’14; Deser & Sämann ’16;
Heller, Ikeda & Watamura ’16)

• Para-Hermitian geometry (Vaisman ’12; Freidel, Rudolph & Svoboda ’17;
Svoboda ’18)
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DFT Membrane Sigma-Models

I Project doubled Courant σ-model to get O(d , d)-invariant σ-model:

(Chatzistavrakidis, Jonke & Lechtenfeld ’15)

S =

∫
Σ3

(
FI ∧ dXI + ηIJ A

I ∧ dAJ − (ρ+)I
J(X)FJ ∧ AI

+
1

3!
T+ IJK (X)AI ∧ AJ ∧ AK

)
X : Σ3 −→ M , A ∈ Ω1(Σ3,X∗L+) , F ∈ Ω2(Σ3,X∗T ∗M)

T+ IJK = (Hijk , fij
k ,Qi

jk ,R ijk) encodes DFT fluxes

I Parameterize (ρ+)I
J = (δi

j , βij , δi j + βik Bkj ,Bij),

then gauge invariance =⇒ strong constraint and Bianchi identities

in flux formulation of DFT (Geissbühler, Marqués, Núñez & Penas ’13)

I Gives unified description of geometric and non-geometric fluxes

realising T-duality chain (Shelton, Taylor & Wecht ’05)

Hijk
Tk←→ fij

k Tj←→ Qi
jk Ti←→ R ijk
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DFT Membrane Sigma-Models — Examples

I H-flux: (ρ+)I
J = (δi

j , 0, 0, 0) , T+ IJK = (Hijk , 0, 0, 0) again

gives Wess–Zumino coupling 1
3!

∫
Σ3

Hijk dX
i ∧ dX j ∧ dX k

I R-flux: (ρ+)I
J = (δi

j ,R ijk X̃k ,−δi j , 0) , T+ IJK = (0, 0, 0,R ijk)

gives topological boundary action (Mylonas, Schupp & Sz ’12):

S =

∮
∂Σ3

(
dX̃i ∧ dX i +

1

2
R ijk X̃k dX̃i ∧ dX̃j

)
Twisted Poisson bivector Θ = 1

2 ΘIJ(X) ∂I ∧ ∂J on M = T ∗M

for noncomm/nonassoc phase space (Blumenhagen & Plauschinn ’10; Lüst ’10):

Θ =

(
R ijk X̃k δi j
−δi j 0

)
{XI ,XJ}Θ = ΘIJ(X)

{X i ,X j ,X k}Θ = R ijk

(ρ+)I
J = (0, 0, δi j , 0) gives T-dual of H-flux Wess–Zumino

coupling under X i ←→ X̃i :
1
3!

∫
Σ3

R ijk dX̃i ∧ dX̃j ∧ dX̃k

I H-, f -, Q-, R-flux backgrounds correspond to standard Courant

algebroid over different submanifolds of doubled space; doesn’t

include noncomm/nonassoc models which violate strong constraint
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Topological String Theory
(Witten ’88; Bershadsky, Cecotti, Ooguri & Vafa ’93)

I Topological A/B-models: Twists of 2D N = 2 σ-models, gives

topological string theory when coupled to 2D topological gravity:

SA =

∫
Σ2

d2z
(
gaā ∂X

a ∂̄X ā − iψz̄ Dχa − iψā
z D̄χā + Raā

bb̄ ψa
z̄ ψ

ā
z χb χb̄

)
SB =

∫
Σ2

d2z
(
gij ∂X

i ∂̄X j + i ηāz (Dρaz + D̄ρaz̄ ) gaā + i θa (D̄ρaz − Dρaz̄ )

−Raābb̄ ρ
a
z ρ

b
z̄ η

ā
z θc g

cb̄
)

I Can be derived by gauge-fixing Poisson σ-model (Alexandrov et al. ’95)

(ΘA = k−1
A on M, ΘB ∼ JB on TM)

I Topological S-duality: Arises from IIB S-duality, exchanges
D-instantons with perturbative amplitudes (Nekrasov, Ooguri & Vafa ’04):

gA =
1

gB
, kA =

kB
gB

I DFT projection of doubled Poisson Courant sigma-model with
generalized complex structure ΠIJ = (πij , J i j ,−J j i , 0) and 3-vector
RIJK gives unified description in generalized geometry, and allows for
coupling A/B-models to geometric and non-geometric fluxes
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a ∂̄X ā − iψz̄ Dχa − iψā
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S-Duality in Generalized Geometry

I Eliminate X̃i by gauge-fixing (with R = 0), introduce overall

membrane tension 1
λ and rescale AI = (qi , pi ) −→ ( 1

λ qi , λ pi ):

S =

∫
Σ3

( 1

λ
Fi ∧ dX i − 1

λ
pi ∧ dqi + λπij Fi ∧ pj +

1

λ
J i j Fi ∧ qj

− λ

2
∂iπ

jk qi ∧ pi ∧ pk +
1

λ
∂iJ

k
j q

i ∧ qj ∧ pk
)

I λ = 1: Courant algebroid for (generalized) complex structure,

reduces to A-model on ∂Σ3 in exact gauge (for J = 0) and to

B-model using ‘Losev’s trick’ (Mnev ’08) (for π = 0)

I λ� 1:
λ

2

∮
∂Σ3

πij pi ∧ pj λ =
1

gA

I λ� 1:
1

λ

∮
∂Σ3

ξi ∧ dX i + X̃i ∧ dξ̃i + J i
j ξi ∧ ξ̃j − ∂jJ i

k X̃i ξ̃
j ∧ ξ̃k λ = gB

I Exchanges Poisson and complex structure Courant algebroids within
Courant algebroid for generalized complex geometry
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