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motivation

e non-abelian T-dualities

¢ beyond toroidal compactifications/abelian isometries
® generic group isometries: non-abelian T-duality
e 'Poisson-Lie’ manifolds: Poisson-Lie T-duality

o for abelian T-duality
e duality group O(d, d)
e 'duality covariant’ frameworks (DFT, gen. geometry)
e connecting geometric and non-geometric backgrounds

— similar things for non-abelian T-dualities?
e deformations of integrable string c-model

e 77- resp. Yang-Baxter deformations
originally motivated by algebraic structures
behind Poisson-Lie T-duality
— connections to non-abelian T-duality
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overview

@ review: non-abelian and Poisson-Lie T-duality

@® non-abelian T-duality group

© generalised fluxes of the Poisson-Lie o-model

O application to Yang-Baxter deformations
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(abelian) T-duality

e string o-model

S /d%(GMN(x") + Bun (X))o, xMa_xN
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(abelian) T-duality

string o-model

S /d2a(GM,\,(x") + Bun (X))o, xMa_xN

assume d commuting isometries - duality group O(d, d)

Hamiltonian density H:

L=X-P—H, with H—(X’,P)H(G,B)()fpl )

_ pc-1 -1
with generalised metric H(G, B) = ( G_g—GlB B BGGfl )

natural action of ¢ € O(d, d) on H(G, B):

H(G.B) - ¢ H(GB) ¢



O(d, d) subgroups

e standard subgroups:
e factorised dualities - Z»-dualities corr. to Buscher rules
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O(d, d) subgroups

e standard subgroups:

factorised dualities - Z»-dualities corr. to Buscher rules
GL-transformations - G+ B — AT(G + B)A
B-shifts - shifts of B by a constant skewsymmetric o
B-shifts - shifts of B by a constant skewsymmetric r
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O(d, d) subgroups

e standard subgroups:

factorised dualities - Z»-dualities corr. to Buscher rules
GL-transformations - G+ B — AT(G + B)A
B-shifts - shifts of B by a constant skewsymmetric o
B-shifts - shifts of B by a constant skewsymmetric r

e different parameterisation of H: g + f = ﬁ

e g1 open string metric
e BMN open string non-commutativity parameters,
conjugate (dual) B-field
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non-abelian T-duality (NATD)

e og-model with isometry group G

S~ [ &0 En(g'0:8)(g 0-8)"

with g: £ — G, g Lie algebra of G, €, structure constants
E = Gy + By constant
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e og-model with isometry group G

S~ [ &0 En(g'0:8)(g 0-8)"

with g: £ — G, g Lie algebra of G, €, structure constants
E = Gy + By constant
e same procedure as in abelian case [De la Ossa et. al 93]
e substitute g 101g — ju
e add Lagrangian multiplier term x(9(,j_y + [j+.Jj-])?
® Integrate out j4

2
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non-abelian T-duality (NATD)

e og-model with isometry group G

S~ [ &0 En(g'0:8)(g 0-8)"

with g: £ — G, g Lie algebra of G, €, structure constants
E = Gy + By constant
e same procedure as in abelian case [De la Ossa et. al 93]
e substitute g 101g — ju
e add Lagrangian multiplier term x(9(,j_y + [j+.Jj-])?
® Integrate out j4

S~ / 20 ( ) 31 x0_Xp.
. ab - chcab e b
® caveats:

e sugra solution generating rather than 'duality’
e 'duality’ does not always conserve conformal inv.
o G-isometric model dual to a non-isometric model?
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Lie bialgebras

e Given a Lie algebra g, can we define a Lie algebra bracket
on g®g+?
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e Given a Lie algebra g, can we define a Lie algebra bracket
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e ad-invariance with canonical O(d, d)-metric requires
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Lie bialgebras

e Given a Lie algebra g, can we define a Lie algebra bracket
on g g7 [t ] = Foupte, [P ] =F

e ad-invariance with canonical O(d, d)-metric requires

[t t°] = f t. + FP,EC.

e Jacobi identity: fcm,,fcab = f("’c(m?n)b)c

e (0,9,0%) - Manin triple decomposition
e 2d-dimensional Lie algebra o with O(d, d)-metric
e two complementary Lagrangian subalgebras g, g*

e examples:

e semi-abelian bialgebra: g @ u(1)¢
e any solution of the classical Yang—Baxter equation

rabta A tp (++ Poisson bivector on G) Vvia ?c = fla cdl b)d
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Poisson-Lie T-duality 1

[Klimcik, Severa '95; Sfetsos, von Unge, Hlavaty, Hull/Reid-Edwards, ..

e g-model for [ : £ — D (group of a Lie bialgebra 0)
S~ Swzw () — (719, 1, H(I710,1))
with H(G, B): generalised metric

e non-abelian generalisation of £L = X-P — H
e independent of choice of Manin triple decomp. of 0

J
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with H(G, B): generalised metric
e non-abelian generalisation of £L = X-P — H
e independent of choice of Manin triple decomp. of 0
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subbundles, defined by generalised metric H (G, B)
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Poisson-Lie T-duality 1
[Klimcik, Severa '95; Sfetsos, von Unge, Hlavaty, Hull/Reid-Edwards, ...]

e g-model for [ : £ — D (group of a Lie bialgebra 0)
S~ Swzw () — (719, 1, H(I710,1))

with H(G, B): generalised metric
e non-abelian generalisation of £L = X-P — H
e independent of choice of Manin triple decomp. of 0
e dynamics determined by decomposition into orthogonal
subbundles, defined by generalised metric H (G, B)

0= (I"t9sl,0%), od=0" Lo
o = span {ta L (G+ B)abfb}
e Reduction to a non-doubled action

e choose a Manin triple decomposition (groups G, G C D)
e Ansatz | = gg~!, integrate out g
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Poisson-Lie T-duality 2
e Manin triple (9, g, g*) — Poisson bivector on G

— ab . 1

I1%0 (g) = F.7"x° — fick(afb)dkxcxd+ .., forg =-exp(x7ty) € G,

2
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Poisson-Lie T-duality 2

e Manin triple (9, g, g*) — Poisson bivector on G

_ 1_
Hab( )= 7. ab cfifck(afb)dkxcxd+..., for g = exp(xt,) € G,

e Poisson-Lie o-model (determined by Gy + By and (2,9, g%))

1
~ | &0 (g7'01g) () (g "0-g)"
/ ﬁ +H(g) ab
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Poisson-Lie T-duality 2

e Manin triple (9, g, g*) — Poisson bivector on G

_ 1_
Hab( )= Fe ab C,Efck(afb)dkxcxd+..., for g = exp(xt,) € G,

e Poisson-Lie o-model (determined by Gy + By and (2,9, g%))

1
~ [ d%0 (g7 94 8) () (g '0-g)"
/ GoJero + H(g) ab

e Poisson-Lie T-duality - choose other Manin triple
decomposition (9, g*, g) [Klimcik, Severa 95]

B . 1 ab o )
S~ [ &0 @00 (g rpimig) € 00




Poisson-Lie T-duality - summary

e 'doubled’ string o-model
input: Lie bialgebra 9, #(G, B) — dynamicsviad =0t L 0~
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Poisson-Lie T-duality - summary

e 'doubled’ string o-model

input: Lie bialgebra 9, #(G, B) — dynamicsviad =0t L 0~
e reduction to 'normal’ Poisson-Lie o-model

choose a Manin triple decomposition 9 = g ® g*,

Ansatz | = gg~1, integrate out @

1
— 5~ /d2(7 (g '91g)° (
GoJero +11(g)

= ab(g)

> (g '0-g)"
ab

dynamics: with j =g ldg, ji.= iEEEbT) (g)j2

. 1 . w  l—ap. -
dJC+§fCabJa/\Jb:Ov djc+§fcaja/\Jb:O

Bianchi id. e.o.m.
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Poisson-Lie T-duality - summary

e 'doubled’ string o-model

input: Lie bialgebra 9, #(G, B) — dynamicsviad =0t L 0~
e reduction to 'normal’ Poisson-Lie o-model

choose a Manin triple decomposition 9 = g ® g*,

Ansatz | = gg~1, integrate out @

1
<5~ [ &0 (g0,0) () (679 g)°
GoJero + H(g) ab

~~

= ab(g)

dynamics: with j =g ldg, ji.= iEEEbT) (g)j2

. 1 3 I
dJC+§fCabJa/\Jb:Ov djc+§fca JaNjp =0

Bianchi id. e.o.m.

e Buscher-like duality gcb g* < g* @ g:

Bianchi id. <> e.o.m., E(e) < E Y(e)
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a non-abelian T-duality group



NATD group
o NATD group(?) =~ {Manin triple decompositions of }
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NATD group

o NATD group(?) =~ {Manin triple decompositions of }
~ vector space automorphisms ¢ of 0, that

@ preserve the natural pairing (| ), so ¢ €0(d, d)
® preserve the algebraic closure of g and g, i.e.

[9(8). ¢(8)] C 9(a) and [p(a"), ¢(g7)] C ¢(g7)-
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NATD group

NATD group(d) ~ {Manin triple decompositions of 0}
~ vector space automorphisms ¢ of 0, that

@ preserve the natural pairing (| ), so ¢ €0(d, d)
® preserve the algebraic closure of g and g, i.e.

[9(8). ¢(8)] C 9(a) and [p(a"), ¢(g7)] C ¢(g7)-

action on Poisson-Lie o-model.

e (0.9°.0") = (0.9(a). ¢(g")),
different group G’, different Poisson structure IT on G’

e standard O(d, d)-action on the generalised metric
H(Gh, BY) = 9~ H(Go, Bo).

e insights into group via standard O(d, d) subgroups
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non-abelian T-duality B-shifts 1

e B-shift as O(d, d)-transformation: ¢ = < g (]I )

€0(d,d b = T
¢€0(d,d) t‘{, —t, +Uabtb: t/a = F

ty, B
imposing closure

€0, 5] = Feout] + e
. — k
with  FCap = fap + O (af p) ‘

de !

k -
- Uk(af bc) — 0,
———
cYBe 2—cocycle

and  Hape = 01, a0ple] |o)
N —
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non-abelian T-duality B-shifts 2

e action on Poisson-Lie o-model
e g* is abelian: — 0,,(g " 1dg)? A (g~ 1dg)? closed
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non-abelian T-duality B-shifts 2

e action on Poisson-Lie o-model
e g* is abelian: — 0,,(g " 1dg)? A (g~ 1dg)? closed

gauge transformation of the H-flux:

5«/012 19, 6)? [Go + Bo + ], (g 10_g)",

e generic case: B-shifts connect groups G, s.t. original Poisson
bivector is still Poisson

Se o« [ (g 1asg)? [ 1 ] (g 'o-g")"
ab

G0+Bo+0' + H/( )

12/20



non-abelian T-duality B-shifts 1

e B-shift as O(d, d)-transformation: @5 = ( ]} 1(: )
e imposing closure condition
e = — ab_
[t/a, t,b] — Fca tlc + Rabcté
with Fcab = 7cab + rklagh) P

and  R?bc — ((ald lblegle) rk(a?kbc) L 0
—_—— ——
cYBe 2—cocycle
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non-abelian T-duality B-shifts 2

e action on Poisson-Lie c-model
e g* is abelian: — r?Pt, Aty classical r-matrix
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non-abelian T-duality B-shifts 2

e action on Poisson-Lie c-model
e g* is abelian: — r?Pt, Aty classical r-matrix

I'T Poisson structure to new dual algebra rk(""fb)kc

1
~ [ dc(g 04 g)? [ ] (g to_g)”,
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non-abelian T-duality B-shifts 2

e action on Poisson-Lie c-model
e g* is abelian: — r?Pt, Aty classical r-matrix

I'T Poisson structure to new dual algebra rk(afb)kc

1
~ [ d®c(g 'o,g)? [ ] (g 'o-g)®,
/ GoiBo +r+11g) ab

e generic case:

B-shifts connect different Poisson structures to the group G

1 B
~/d2 ~1o.g)° l ; ] (g to_g)®,
ab

m‘Ff‘FHl(g)

14 /20



generalised fluxes of the
Poisson-Lie o-model



definitions and Bianchi identities

[Shelton et. al 05; Grana et al. 09; Blumenhagen et al. 12]
e definitions in a non-holonomic basis t, = e,'d; = "9,"
Habe = 9(aBpe) + F¥ (2pBo)d
fap = € <eaiaiebj - ebiaieaj> = b
Q.”* =9 ‘Bab_i_ fla_ ﬁb)m
Rbc — _gmiay, be) 4 fla  gblmgle)n
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definitions and Bianchi identities

[Shelton et. al 05; Grana et al. 09; Blumenhagen et al. 12]

e definitions in a non-holonomic basis t, = e,'d; = "0,
Habe = 9(aBpe) + F¥ (2pBo)d
f 0 = € <eaiaiebj - ebiaieaj> = fp
Q.”* =9 ‘Bab_i_ fla_ ﬁb)m
Rbc — _gmiay, be) 4 fla  gblmgle)n

e fluxes not independent - Bianchi identities
0 =Hy(pfca), 0 = pf ) + Hi(hcQq)
0= RkakaCd + Qkabfccd _ f(ak(ch) b)k
0= Qk(abRCd)k, 0= Qk(adec)k + f(adebc)k.
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generalised fluxes of Poisson-Lie c-model

e open string variables

g+p= +11(g) = g+ Bo +11(g)
—_——

p

Go+ By
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generalised fluxes of Poisson-Lie c-model

e open string variables

g§+p=

IT = IT
Go—|—30+ (g) g+go_+\,£)/

p

e claim: generalised fluxes from 8

H.,. complicated
fcab = fcab
— ab
Qcab — ca +ﬁg(afb)dc
R = — 7, 4 pImpI )

e in general: B-shifts gauge transformations of H-flux,
B-shifts for R-flux

16

20



generalised fluxes and cohomology

e relation of (f, Q, R) to underlying bialgebra?
e generalisation of results in abelian case? [Bakas, Liist 13]

'B ~ H?(a,a), 'R~ H3(a,a)’
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generalised fluxes and cohomology

relation of (f, Q, R) to underlying bialgebra?
generalisation of results in abelian case? [Bakas, Liist 13]

'B ~ H?(a,a), 'R~ H3(a,a)’

Bianchi identities reduce to:
Qi g — 74 Qg) P = 0
f( kinC) _ Qk aQibC =0

(f, Q, R) describe quasi-Lie bialgebra structure
(0.Q € H'(g.gAg), (6R) € [0] € H' (3.9 A5 N g))

Q-flux dual structure constants up to S-shifts,
OR failure of their Jacobi identity

17/20



application to
Yang-Baxter deformations



Yang-Baxter deformed

principal chiral models
Yang-Baxter deformation [Klimcik 09]

2 -1 1 ‘ -1 b
s~ [ @ (608 (1) (670-0)"

R: g—g Rg :Adg—loRoAdg,
solution of (modified) classical Yang-Baxter equation

[R(m), R(n)] = R([m, R(n)] = [n, R(m)]) = c*[m, n]
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Yang-Baxter deformed

principal chiral models
e Yang-Baxter deformation [Klimcik 09]

2 -1 a 1 ‘ -1 b
S /d o (g 0+8) Kac<1_17Rg b(g 0-g)°,

R: g— g, Re=Ad;' o RoAdy,

solution of (modified) classical Yang-Baxter equation

[R(m), R(n)] = R([m, R(n)] = [n, R(m)]) = c*[m, n]

o propertles: [Arutyunov, Borsato, Delduc, Hoare, Magro, d.o., Tongeren,

Tseytlin, Vicedo, Wulff, Yoshida, ...]
e classically (Lax) integrable
e generalisations to coset and full Green-Schwarz o-models
e in some cases supergravity solution
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Yang-Baxter deformed

principal chiral models
e Yang-Baxter deformation [Klimcik 09]

2 -1 a 1 ‘ -1 b
S /d o (g 0+8) Kac<1_17Rg b(g 0-g)°,

R: g— g, Re=Ad;' o RoAdy,
solution of (modified) classical Yang-Baxter equation
[R(m), R(n)] = R([m, R(n)] = [n, R(m)]) = c*[m, n]
o propertles: [Arutyunov, Borsato, Delduc, Hoare, Magro, d.o., Tongeren,
Tseytlin, Vicedo, Wulff, Yoshida, ...]
classically (Lax) integrable
generalisations to coset and full Green-Schwarz o-models

in some cases supergravity solution

special cases:
e abelian R-operator - standard B-shift
e homogeneous R-operator - some NATD transformation?
e Drinfel'd-Jimbo solution (y-def.) - g-deformation

18 /20



Yang-Baxter deformations as B-shifts
e in Poisson-Lie o-model form:

1
~ d2 la < ) _18_ b
/ +g K_1+r+1—1(g) b (g g)

with r? = nKaCRCb, 1120 = yrd(@fb) x4
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Yang-Baxter deformations as B-shifts

e in Poisson-Lie o-model form:

1
5~/d2a 19 ( ) “1g_g)b
(g 0+8) T ), (g0-¢g)
with r?® = gk R, 172 = yra@Fb) gx€ + .
e non-geometric fluxes:
Qcab =0, Rabc — —7]2C2Kakfkbc,

e R solution of cYBe (c =0) <« rlaldplblegle) . — 0
— homogeneous YB-deformation <> NATD p-shift
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Yang-Baxter deformations as B-shifts

in Poisson-Lie o-model form:

1
5~/d2a -1 ( ) “19_g)b
(g 0+8) T ), (g0-¢g)
with r?b = qKaCRCb, 1% = nrd(afb)cdxc + ..
non-geometric fluxes:
Qcab =0, Rabc — —172C2Kakfkbc,

R solution of cYBe (c =0) < rlaldplblegle) . — 0
— homogeneous YB-deformation <> NATD p-shift

generic R: not a duality, also IT not Poisson

19/20



conclusion and outlook

e summary:
e insights into non-abelian T-group
e a possible generalised flux interpretation of the
Poisson-Lie type o-models
¢ Yang-Baxter deformations as NATD pB-shifts
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e future directions:
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e new insights into A <= 1 via generalised fluxes
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¢ Yang-Baxter deformations as NATD pB-shifts
o future directions:
e use integrability to understand non-geometry better
e new insights into A & 1 via generalised fluxes
o recently: AdS/CFT constructions for non-abelian
T-duals (w.r.t. a SU(2)) of e.g. AdSsxS®
use NATD group and generalised flux interpretation for
new examples and further understanding
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conclusion and outlook

® summary:

insights into non-abelian T-group

e a possible generalised flux interpretation of the

Poisson-Lie type o-models

¢ Yang-Baxter deformations as NATD pB-shifts
o future directions:

use integrability to understand non-geometry better

new insights into A & 1 via generalised fluxes
recently: AdS/CFT constructions for non-abelian
T-duals (w.r.t. a SU(2)) of e.g. AdSsxS®

use NATD group and generalised flux interpretation for
new examples and further understanding

Thank you for your attention!
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bi-Yang-Baxter deformations

e more general: integrable 2-parameter deformation [Klimcik 14]
2 (-1 1 ‘
d°o 0 —_——— ~19_g)P.

e non-geometric fluxes:

B = (C+m)r*® — nI1**(g),
Qcab _ _gf(acdrb)d
R2bc — —(C+ W)Zr(a\mr|b|nf|c)mn
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bi-Yang-Baxter deformations

e more general: integrable 2-parameter deformation [Klimcik 14]
1 c
d2 1a - _187 b'
/ +8) Kac<1_CR_17Rg> b(g g)

e non-geometric fluxes:

B = (C+m)r*® — nI1**(g),
Qcab _ _gf(acdrb)d
R2bc — —(C:'i‘ W)Zr(a\mr|b|nf|c)mn

e for { = —1: R-flux free model, not related to PCM by B-shift

20/20
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