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The aim of the talk:

@ Explain the concept of L, algebra: motivation, definition,
exemples and physical application.

@ Explain the idea of L., bootstrap programe as a generalization
of a Gauge Principle: starting from a certain initial data to
construct the Lo, algebra which governs both the kinematics,
i.e., gauge transformations of fields, and the dynamics,
providing EOM invariant under these gauge transformations.

o Exemplify the proposed ideas constructing the gauge theories
on the general NC space, with non-constant NC parameter ©.

e Construction of L83"®® algebra + recurrence relations.

e Explicit expressions for the non-commutative su(2)-like and
non-associative octonionic-like deformations of the abelian
gauge transformation in slowly varying field approximation.

o Construction of L algebra for NC Chern-Simons theory.
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Introduction

o L., algebras appeared in higher spin gauge theories with field
dependent gauge parameters [Berends, Burgers, van Dam’ 85]:

[0315002] @ = dc(ng 20, 0)P -

o As “generalized” gauge symmetries of closed string field theory
[Zwiebach' 93]. Higher products from

P = la(A 0", F(O) =D y(d").

@ The “standard” gauge theories (e.g., Yang-Mills) are realized in
terms of Lo, [Hohm, Zwiebach' 2017].

@ In mathematics are known as strong homotopy algebras [Lada,
Stasheff’ 93].

@ In particular, the proof of the Formality Theorem by
Kontsevich is based on the notion of Ly, quasi-isomorphysm

(QISO).
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Definition of L, in {-picture

@ is a graded vector space: X = @, X»,
o endowed with multi-linear maps: ¢,(xi,...,x,), of degree

deg(f,,(xl, . ,x,,)) =n—-2+ Zdeg(x,-),
i=1

@ which are graded anti-symmetric,

gn(‘ <y X1, X2, . ) = (_1)1+deg(X1)deg(X2) gn( ce s X2, X1y e ) )
e and satisfy the relations (generalized Jacobi identities):
Tolstreom) = D (10D 3, (<1)7 x(0%)

G Li(Xo(1) 5 - s Xo(i)) s Xo(i41)s - - -+ Xo(m) ) =0

where the permutations are restricted to the ones with:
o(l)<---<o(i),o(i+1) <--- <o(n), and the sign
X(0;x) = £1 can be determined from graded anti-symmetry.
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Definition of L

The first Ly, relations read

el(ﬁl(X)) :0,
€1(£2(X1,X2)) = ég(él(xl),xz) + (—1)X1€2(X1,€1(X2)) ,

meaning that /7 is a nilpotent derivation with respect to /5, i.e.,
the Leibniz rule is satisfied.

0= €1(€3 X1, X2, X3 ) +£3(€1 x1) x2,X3)
+(=1)3(x1, l1(x2), x3 ) + (—1) 22l (x1, x2, (1(x3) )
+05 (la(x1, x2), x3 ) + (—1 )(X2+X3)X152 (L2(x2,x3), x1)
+(—1)0atRbs 4, (0 (x3,), %2 )

the Jacobi identity for 5 is violated up to #; exact terms.

@ Any Lie algebra g can be represented as L., setting Xo = g
and all other X, empty. Then ¢; =0, and l2(x1, x2) = [x1, x2].
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bdug(

algebra

Relation to gauge transformations, L&

Consider X = Xy @ X_1, with Xp being the space of gauge
parameters f, and X_; the space of gauge fields A,.
The graded anti-symmetry in this case means:

(.. fg,.. )= ( )Ifel (g f )=l g, f, )
..., )=l LA,
E,,(...,A,B,...):E,,(...,B,A,...).
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B F gauge
Relation to gauge transformations, L52"&¢ algebra

Consider X = Xy @ X_1, with Xp being the space of gauge
parameters f, and X_; the space of gauge fields A,.
The graded anti-symmetry in this case means:

. . fg,. )= ( DIl (g f ) = =l
(..., )=l LA,
E,,(...,A,B,...)_E,,(...,B,A,...).

Since, deg(¢y) = n— 2, the only non-vanishing brackets can be
lpy1(F,A") € X and lnyo(f,g,A") € Xo,
satisfying the relations
Tni2(f,g,A") =0 and TInt3(f, g, hyA") =0

with Jnio(f, g, A") € X_1, and Jny3(f, g, h, A") € Xo.
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Gauge transformations

Gauge variations are:

n(n—1

n(n—1)
6fA :ZnEO%(_l) 2 gn-‘rl(f?Av7A):£1(f)+£2(f’A)+

n times

Off-shell closure of the gauge symmetry variations,

1 n(n—1)
C(f.g. A)=>_ ST na(fig A A).

n>0 n times

The Jacobi identity

> " [6¢. 16, 68]] =0,

cycl

is equivalent to the L, relations with three gauge parameters.
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Gauge field theory and L™ algebra

It is remarkable that L., defines not only kinematics but also
dynamics. Extend the vector space by X_5, containing the eom F,,
and so obtain L with

X=Xo® X185 X 2.

Non-empty X_», implies additional non-trivial brackets
(a(A")  and  Lnio(f, E, ALY,
as well as (infinitely) many non-trivial identities
Tn+1(F,A") =0 and Tn2(f,E;A") =0.
The equations of motion can be written as
Foy L,
n>1

1
&fzmﬁﬂ+@mfﬂy5&mfﬂ%+m
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L., bootstrap, arXiv:1803.00732

We have an infinite number of brackets ¢,,, which are not arbitrary,
since they should satisfy an infinite tower of L, relations.

Proposal: Promote the existence of L., to a guiding principle
for bootsrapping unknown gauge theories or consistent
deformation of well defined theories.

We start with L&"® algebra. Bootstrap input: ¢1(f) € X_1,
and 62(f,g) € Xp.

Then from J7>(f, g) = 0 one finds ¢>(f, A).

After that J3(f, g, h) = 0, defines ¢3(f, g, A), etc.

Once L&"8° is constructed we specify the undeformed gauge
theory by setting ¢1(A) € X_, with £2 = 0.

Then solving the corresponding L, relations we construct Ll
algebra.

Exemplify this idea for general NC gauge theories.
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Problem: non-constant ©

Given undeformed gauge theory, e.g., abelian Chern-Simons. The
problem is to construct the consistent gauge theory on the NC
space defined by [x', x/] = i©7(x), which in the commutative limit,
© — 0, reproduces the undeformed one.

One cannot simply substitute all point-wise products with a star
products in the action, since the Leibniz rule is violated,

Oa(f xg) = Daf % g + f % Dag + é(aaeff)a,-fajg +0(0?),

and the standard gauge principle is no longer applicable.

@ Old: Hopf-algebra approach, generalized Leibniz rule
(deformed co-product).

@ One may use the inner derivatives, D; = c[x;, -]+, leading to
the problems with the commutative limit.

@ New: Consider this problem in the framework of L.
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Construction of L& algebra

Let: ¢1(f) = 0af; ¢1(A) =0, and
bo(f,g) = ilf gl = —{f.g} + O(©%) € X.
l>(f, A) can be non-zero and should be found from J»(f, g) =0,

(1(6(F, 8)) = —{0u(f), g} —{f, i(g)} — (8.07) 8;f9;g + O(©3),
= lo(6i(f), g) + o(f, 1(8)) -
which implies that

O(F, A) = ilF, Al — %(aae"f) Oif A+ 0(0%).

Vladislav Kupriyanov L o -bootsrap approach to non-commutative gauge theories



Construction of L& algebra

Let: ¢1(f) = 0af; £1(A) =0, and
bo(f,g) = ilf.gl. = —{f.g} + O(©%) € Xo.

l>(f, A) can be non-zero and should be found from J»(f, g) =0,
exX_1 eX_1
T (A 7 (o) ij 3

tL(la(f,g)) = —{0(f), g} —{f, li(g)} — (0.0Y) 0if9;g + O(©7),

= l2(61(F), g) + £2(f, (1(g)) -
which implies that

O(F, A) = ilF, Al — %(aae"f) Oif A+ 0(0%).

Note that the solution is not unique, one may also set, e.g.,

O(F,A) = b(F,A) +sI(x)0f A, si(x)=s(x).
2 a J

a

However, the symmetric part sg(x) 0if A;j can be always “gauged
away”’ by L.-QISO, physically equivalent to SW map, see
arXiv:1806.10314 for more details.
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L&aUee algebra

Next step is to check, J3(f, g, h) = 0, and define ¢3(f, g, A),

0 = EQ(fQ(f,g), h) + gz(fg(g, h), f) + 62(52(/‘), f),g) -+
63(€1(f),g, h) + 63(f7€1(g)7 h) + £3(f7g7£1(h)) :

The first line is a Jacobiator, which in the leading order reads,
62(£2(f7g)5 h) + 52(62(g5 h)7 f) + £2(€2(h’ f)ag) = _nUkalfalgakh

For associative NC deformations we may just set, ¢3(A,f,g) =0,
while for non-associative one needs non-vanishing ¢3(A, f, g) to
satisfy it,

1 .
(3(A f,g) = §n'JkA,-ajfakg +0(0%) .
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L&aUee algebra

Then, we have to analyze J3(f, g, A) = 0, given by
0 =0(f(A f), g) + £2(62(F, 8), A) + La(La(g, A), ) +
G(l3(A, f,8)) — £3(A 4a(f), &) — (3(A, F, £1(8))-
We replace it with J3(g, h, ¢1(f)) = 0, written in the form
3(01(F), €1(g), h) — L3(€a(f), 41(h),8) = G(f, &, h),

G(fa g, h) = 61(£3(£1(f)7g7 h))
+la(b2(41(f), g), h) + L2(La(g, h), €1(f)) + L2(L2(h, £a(F)), 8) -

By construction, G(f,g, h) = —G(g, f, h). The graded symmetry
of ¢3(¢1(f),¢1(g), h) implies the graded cyclicity (consistency
condition) of G(f, g, h):

G(f,g,h)+ G(h,f,g)+ G(g,h,f)=0.

Below we show that it holds true as a consequence of the previous
“Jacobi identities”, J2(f,g) = 0 and J3(f, g, h) = 0.
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L&aUee algebra

G(f,g,h)+ G(h,f,g)+ G(g,h,f)=
U(la(C1(h), ), g) + La(la(F, &), 1(h)) + La(£2
U(l2(l1(g), h), ) + La(la(h, ), 1(g)) + L2(£2
la(la(41(F), &), h) + €2(La(g, h), L1(F)) + L2(42
U1(43(61(F), g, h)) + La(€5(F, (), h)) + £a (3
Using J2(f,g) = 0, we rewrite it as

U1 [02(L2(F, 8), h) + C2(C2(g, h), ) + L2(C2(h, ), g) +

U3(01(f), g, h) + €3(F, t1(g), h) + £3(F, g, (1 (h))] =

01 [J3(f,g,h)] =0.

Thus, the combination (symmetrization in f and g):
1
65(4(F). a(g). h) = =5 (G(F.8.h) + Gle. . 1)
has required graded symmetry and solves J3(g, h, ¢1(f)) = 0.
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L&aUee algebra

Setting
l3(A, B, h) = L3(6(F), €1(8), Moy (r)=a: t2(2)=B -

one gets in the leading order,
1

(3(A, B, f) = _g(ca’fk n Gaf"k)A,-Bjakf
1. 1.
+6I'I”k(8aA,-Bj8kf — A;0,B;Okf) — Erl'fk(a,-AaBjakf — A;0;B,0kf)
+0(03%).
with
.. 1 .. . . 1 . .1 ..
G,k = gaan'fk —0Mmy,,0,60k — 5c‘)t.,ef'"a,,,ek' — 5aaek'"ame'f .

@ Even in the associative case one needs higher brackets to
compensate the violation of the Leibnitz rule.

@ The consistency condition (cyclicity) holds true as a
consequence of Lo, construction.
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Higher relations

Non-associative case: J4(f, g, h, A) = 0, we substitute with
Ja(f, g, h,t1(k)) =0, written as

Ca(l1(F), g, h, L1(k)) + La(f, a(g), h, (1(k)) + La(f, g, L1 (h), (1 (K))
= F(f.g h, k),

with
F(f,g, h, k) = €2(€3(f7g>€1(k))> h) + £2(g,€3(f, hvgl(k)))
—Uo(f, l3(g, h, 1(k))) + €3(L2(f, g), h, La(k)) — L3(L2(f, h), &, L1 (k)
+3(Lo(f, l1(k)). g, h) — L3(f, L2(g, h), €a(k)) + (3(f, L2(g, €1 (K)), )
+03(f, g, £2(h, l1(k))) -

By the construction F(f, g, h, k) is antisymmetric in first three

arguments and the graded symmetry of 44(¢1(f), g, h, ¢1(k))
implies the graded cyclicity (consistency condition):

F(f,g,h,k)— F(k,f, g h)+ F(h k,f,g) — F(g,h,k,f) =0.
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Higher relations

Again, the consistency condition holds true as a consequence of the
previous Jacobi identities, graded symmetry and multi-linearity of
the products £,. One finds,

((01() 8, b (k) = 5 (F(F 8, h, k) + F(k .5, )

Then,

64(’47 g, h, B) = 64(61(7()7 &, hvgl(k))yél(f):A; l1(k)=B *
The explicit form in the leading oder,

1 _. A R o1 .
(4(A,g,h, B) = | (V70,08 + V70,0 — —M""0, 0

1 . . 1 .. 1 ..
——nkmyel — —ekmy, nil — —omy, .Nik| 9,g0;fAB; .
L N"0mel — - 0km) 5200 0,g0;fAB
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Recurrense relations for L52"&¢ algebra

For, Jnt2(g, h,A") =0, n > 1 we proceed in the similar way. First
we substitute them by J,12(g, h, ¢1(f)") = 0,

E,H_g(ﬂl(f)",fl(g), h) — E,-H_Q(E]_(f)n, El(h),g) = G(fl, ey f,,,g, h) y

The graded symmetry of £,2(¢1(f)", ¢1(g), h) implies the

consistency condition,

G(fla ey fn7g7 h)+G(f1) ey fn—lugu h7 fn)+G(f17 ey fn—1> h7 fmg) = 07

which follows from the previous L, relations and can be proved by
the induction.

The solution is constructed by taking the symmetrization of the
r.h.s. in the first n 4+ 1 arguments, i.e.,
1

(n+ 1)(n+2)
—|—G(f2,...,f,,,g,ﬂ,h)+---+G(fn,...,fn_l,h)).

lni2((F), La(g), h) = — (G(fl,...,f,,,g, h)
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Recurrense relations for L52"&¢ algebra

Identities: Jn+3(f,g,h,A") =0, n> 1, are substituted by,
jn+3(f7ga hagl(k)n) == 0, Written as:

Un3(Ca(£), &, hy a(K)") + Lnys(f, 1(g), h, £1(K)")
+€n+3(f gagl( ) (k) ) (f gvh kl,-- ,kn)

The r.h.s. should satisfy the graded cyclicity which follows from the
previous Jacobi identities, graded symmetry and multi-linearity of
the products /,,.

The solution is constructed by taking the corresponding
symmetrization of r.h.s.:

1
Coi3(F, g, a(h), (2(K)") = _m(F(f,g, h, ke, ..., kn)

+ F(f7g> k17 cey knv h) + -+ F(f7g) km ha k17 ceey kn—l)) P

see arXiv:1805.12040 for details.
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Slowly varying field approximation

The main aim here is to do some explicit calculations to illustrate
the proposed ideas. Consider the limit of slowly varying, but not
necessarily small gauge fields. We discard the higher derivatives
terms and take, ¢>(f,g) = —{f, g}, as a Poisson bracket. Then

lo(F,A) = —{f, A} — %(aa@’f)a,-fAj.

For some particular choices of © we may do the all orders
calculation. Taking, e.g., ©Y(x) = 2elkxk  we may see that

Ay = Daf + {Ag, Fle + £ ALF + (aafA2 _ 8bfAbAa> X(A2).

From the gauge closure condition, [df, 6g]A = d(f 4. A, one finds,

X(t):% (ﬁcotﬁ—l) ) X(O):—%.

@ NC su(2)-like deformation of the abelian gauge
transformations in the slowly varying field approximation.
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Slowly varying field approximation

One can do the same with the quasi-Poisson structure isomorphic
to the algebra of the imaginary octonions,

{f. g}y =2naBc&c 0af OE -

In this case, £y12(f, g, P") # 0, implying the modification of the
closure condition, [0f, 3g]® = 6_c(f g,0)P, with

C(fvgv (D) = _{fvg}n

sin 2v/$2 sin® V2
-2 f $ e 2—— O] .
nascp Oaf Opg ®c ( N &p + oz IDEFPESF

The expression for the gauge variation reads,

§¢®p = Oaf+{®a, Fly+nasc ©5 dcf+ (aqu>2 _ anchch) X(92).

@ Non-associative octonionic-like deformation of the abelian
gauge transformations for slowly varying fields.
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M-theory R-flux background [Giinaydin, Liist, Malek '16]

Defining the coordinates and momenta in terms of the original
coordinates £4 as

AR \/)\363
x'= 27 £3+i , Pi= 7%51 ’ = 57 )
we obtain from {£a, &g}y = 2naBcéc:
. . 3 o - 3
{Xlaxj})\ - % R47Uk4 Pk and {X47XI}/\ = )\é R4 1234p )
{x',p}r = 5fx4+)‘5ijkxk and <" pita = Nx,

{pipi}r = —Aejup”

with \ being the M-theory radius.
Sending A — 0 one recover the R-flux algebra.
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NC Chern-Simons theory, L algebra

The lower brackets (derivatives) are

O(f) = 0af, Gf.g) =O{f, g} (1(A) =™ DaAs.
Corresponding EOM are

Fy = e®9pA.+ 0 (5abC{Ab, A+ 24005 A0 — AsOpAp — AbabAa)

4
— 2 A, A0, A, — {A2, Ag}) + O(A%).

1
+02 <aabCAcab(A2) — gaab°A28bAc — 23 A A0 Ap

In the limit © — 0, reproduce undeformed CS eom and transform

covariantly,
0fF = bo(f, F) ={f, F}-.

We don’t have yet all order expression for F.
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Discussion

@ Given undeformed gauge theory and anti-symmetric bi-vector
field ©%(x) describing the non-commutativity of the space, we
have iterative procedure of the construction of NC gauge
theory, which reproduce in the limit © — 0 the undeformed
one.

e NC-YM is constructed taking ¢1(A) = OA, — 0,(0 - A).

@ The relation with the previous approaches needs to be better
understood.

@ Our construction is based on the principle that gauge
symmetry should be realized by L., and works for any given ©.

@ Physical consequences: interaction with the meter fields, etc.
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