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Sigma Models
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Susy Sigma Models

| Susy 0 models < Geometry of T |

d= |6 4 2 | Geometry
N=|1 2 4 | Hyperkahler
N= 1 2 | Kahler

N= 1 | Riemannian

(Odd dimensions have the same structure as the even
dimension lower.)

U. Lindstrom Superspace is smarter



Sigma models in d=2

The (1,1) analysis by Gates Hull and Rocek gives:

Susy | (0,0)(1,1) | (2,2) (2,2) (4,4) (4.4)
Bgd G, B G G,B G G, B
Geom Riem. Kéhler | biherm. | hyperk. | bihyperc.
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Complex Geometry

Manifold (M?29, J)
Complex structure: J € End(TM)  J? = —1
Projectors: 7y : § (1£iJ)
These define an involutive distribution if

ne[reu, vl =0 <= N(J) =0 (Nijenhuis)
Here

N (X, Y) = [X, Y] = [UX,JY] + J[JX, Y]+ J[X, JY]

or, in a local coordinates in a basis 9,

Nt =PI

wo A
pMJrJ AT

[v

This is integrability of J.



Hermitean

In local holomorphic coordinates, M29 > O ~ C?X, and the
transition functions are holomorphic.

Hermitean Metric: JigJ = g

(@—g=g+JgJ)

Symplectic 2-form:  w := gJ

Kahler: dw =0, VJ=0, 9-z = 0:0:K(z, 2)

Hyperkahler: JA, A=1,2,3 JAJB = —§4B  ABCYC
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Kéhler Geometry

Erich Kahler 1906-2000
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Gates-Hull-Rocek
Bihermitean.

(M797 J(i)7H)

J(zi) =-1, J(ti)gJ(i) =g, V(i)J(i) =0

r(+) :roi%g*1H, H=dB N(J+)=0.

E:=9g+B
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Generalized Complex Geometry

Complex structure:

J € End(TM@ T*M) j2:—1
My —2( ij)

Involutivity
NeNLU, N V] =0
where

= (w8, V=(v,p)
(U, V]g :=[u,v]+ Luyp — L€ — (zup wé) + i H
=:[U, V]c + wuwH .
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It follows that the “Nijenhuis” tensor vanishes:
Ne(T)(U, V) :=[U,V]c - [JU,TV]c + JTU, Vlc + TU, T V]c -

In a coordinate basis (9,,, du**), where we define
J P
7=(1 %)
the corresponding local conditions read
NF )+ P (Lipa sy + I, Hagon) =0
PPl =0 (0.1)

and two more relations. This is integrability of 7.
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"Newlander-Nirenberg"

When 7 is integrable there are local holomorphic and Darboux
coordinates such that M29 looks like CK x R29-k,
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The automorphisms of this courant bracket are
diffeomorphisms and b-transforms:

eb(u, &) = (u, & +wb), db=0.

In the coordinate basis (d,,, du”) a b-transform acts on J as
follows:
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In such a basis, the natural pairing

< (U’§)7 (V7 p) >=1yp + 1w

is represented by the matrix

0 1
=(10)
An additional requirement of GCG (used above) is that

JIT7=1
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Generalized Kahler Geometry

Two commuting generalized complex structures

\7(21’2):_1 ) [t7(1)7t7(2)]:07
Th2Tdna =T, G:=-InJe

Ex. Kéhler (w = gJ):

(J 0O (0 —uw (0 g
a=(5 %) 2=(2 70 ) o=(5% )

U. Lindstrom Superspace is smarter



The G-map

GKG « Bi-Hermitean :

Ji2) =

( 1 o> JnEdoy gy Feld) ( 1 0)
B 1 W) F W) _(J(t‘f‘) + J(t_)) -B 1
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GKG IV
Local Symplectic Description

(M7 J(i))

Locally, 3 “symplectic” two-forms F ) such that

f(i)(V, J(:t)V) >0, d(f(_,_)J(_H — J(ti)./r(_)) =0.
(2,0) (0,2)
Fla) = %I(B(:t) - B)) Fww)
1 1
Fy = —2E(ndn s For=—29E
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GKG V
Generalized Kahler Potential

Geometric data: (M, g, H, Ji4+)) or (M, g, Ji+y) or (M, F(), J+))-
In each case, there is a complete description in terms of a
Generalized Kéahler potential K. Unlike the Kéhler case, the
expressions are non-linear in second derivatives of K. E.g.,

J 0
Jn =
(Kir) '[J, Kl (Kir) ™ 'UKig
9 = Q) Il

Fiy=dMyy . Mgy = iKnd(Kir) KL -
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Generating function

There are two special sets of Darboux coordinates for the
symplectic form Q. One set, (X,Y),), is also canonical
coordinates for J ) and the other set, (XA, YRg) is canonical
coordinates for J_y. The symplectomorphism that relates the
two sets of coordinates has thus a generating function. This
generating function is in fact the generalized Kahler-potential

K(XL xA).
(XL,YL) < K(XL7XR) — (XH,YH)
i 0 i 0
J<+):<0 —i> J<>:<0 —i>
dQ = dX! AdY, + c.c. dQ=X"AY,+c.c

This fact is a key ingredient in the proof that we have a
complete description or GKG.
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d=2,N=(22)

Algebra: _
{Dy, Dy} =0,
Constrained superfields: .
Di¢? =0,
Dix* =D_x% =0,
®+X£ — 0 5
D_X"=0.
Notation: c¢:=a,a, t:=4,@, L:=00, R:=rrT.
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Superspace |

The (2,2) formulation uses the generalized K&hler Potential.
S= /D+®+D_D_K(¢°7X’,XHXR)
K — K(xt, xR)
Reduction to (2, 1) superspace
D.=D —-iQ , X|=X, QXi=vt
S-= / DB, D (KW + KaJD XF)
S= i/ID)+H3>+D_()\(+)aD_go" +c.c)

which uses the “Liouville form” (F;) = dA(4))
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Superspace Il

Reduction to (1, 1) finally yields
S_/D+D_(D+XED_X) :

The reduction goes viaDy =: Dy —iQ; , Q:XF|=: ¥ and
both the auxiliary spinors Wt and w# have been eliminated.

The (1, 1) formulation uses E = g + B directly.
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Superspace encodes and dictates
all the geometric formulations
of Generalized Kahler Geometry.
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Multi forms p on M are spinors of T @ T*.
U= (u,§) eTa T* acts on a form p according to
U-p=wp+&np

This satisfies the Clifford algebra identity for the indefinite
metric Z:

UV} p=(U-V+ V.U p=2I(U,V)p
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The null space of a spinor p
L,={Ue TMa T*M|U-p =0}

is isotropic. A spinor p is pure if its null space is maximally
isotropic, rank d.

A GCS J may alternatively be defined via decomposition
(TeT)eC=L+L
where L is the +/ eigenbundle of 7.

To every GCS 7 with +/ eigenbundle L s is associated a
complex pure spinor pr:

Ly =1Ly,
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Generalized CY

A generalized Calabi-Yau structure:

dp=0, (p,p)#0

A generalized Calabi-Yau metric structure is defined as a pair of
closed pure spinors p1 and p. such that the corresponding
generalized complex structures 7; and 7> give rise to a GKS
and

(p1,p1) = alp2, p2) # 0
Mukai pairing:
(p1:02) = D (=10 A pS & + o7 A pg 7T,

i
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Supergravity

The conditions for Type |l supergravity solutions in

dstyg) = €4 dsty) + gmndy™dy”

(e ®Rpy) = e*F
dH(eSA—d>p2) -0

(e *Sp1) =0

where F is (part of) the polyform of RR fields.
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The generalized CY metric structure defines a Type Il
supersymmetric supergravity solution.

(No RR fluxes).

Use the Gualtieri map to find (g, H.up, ).

(p1,ﬁ1) = Oz(pg,ﬁg) = e_2¢\/§ ax" A ... A dxP

R(D +2v()a,e =0,

automatically satisfied.
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Construction from the sigma model

Ansatz:
p12 = Nyp A efetiSiz (0.2)

where

Ny, = e@dgp' A...Adep%,

N, = e9¥dx"A.. . A dxg, ;

Ry = —-d(KdX.),

R, = —d(KrdXg),

Si = d(Krddx + K JdX| — KrJdXg) ,

S = —d(Kgddo + K JdX + KgddXR) ,

These are pure spinors with the correct properties.
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The Generalized Monge-Ampére equation

(p1,p1) = alp2, p2) =

o —Ki —Kir  —Kg
(—1)%dee(@ef9) det [ —K7 —Kir —Ky (0.3)
—Ki —Kr —Kg

- Kr Ki Kie
=« eg(X)eg(X) det K7 Kﬁ Kré
ch' K_

s Ky K, —Kj
e (9)g-1(3) i K K
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@ Include RR fields in the geometry.
See recent work by Waldram and collaborators.
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